Parametrix for wave equations on a rough 
background IV: control of the error term 



Jeremie Szeftel 



DMA, Ecole Normale Sirperieure, 
45 rue d'Ulm, 75005 Paris, 
jeremie.szeftel@ens.fr 

cV 

Abstract. This is the last of a sequence of four papers [15] . [TB] . [T7] , [TB] dedicated 
to the construction and the control of a parametrix to the homogeneous wave equation 
□ g = 0, where g is a rough metric satisfying the Einstein vacuum equations. Controlling 
^ , such a parametrix as well as its error term when one only assumes L 2 bounds on the 
curvature tensor R of g is a major step of the proof of the bounded L 2 curvature conjecture 
proposed in [8], and solved by S. Klainerman, I. Rodnianski and the author in [T2] . On a 
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more general level, this sequence of papers deals with the control of the eikonal equation on 



^ ■ a rough background, and with the derivation of L 2 bounds for Fourier integral operators 



on manifolds with rough phases and symbols, and as such is also of independent interest. 



1 Introduction 



We consider the Einstein vacuum equations, 

R Q/3 = (1.1) 

where R a ^ denotes the Ricci curvature tensor of a four dimensional Lorentzian space time 
(.M, g). The Cauchy problem consists in finding a metric g satisfying (II. ip such that the 
metric induced by g on a given space-like hypersurface S and the second fundamental 
form of So are prescribed. The initial data then consists of a Riemannian three dimen- 
sional metric gij and a symmetric tensor kij on the space-like hypersurface So = {t = 0}. 
Now, ( II. ip is an overdetermined system and the initial data set (S , g, k) must satisfy the 
5_i . constraint equations 

' V'fcy - VjTrA; = 0, 
R-\k\ 2 + {Tik) 2 = 0, 1 ' 

where the covariant derivative V is defined with respect to the metric g, R is the scalar 
curvature of g, and TrA; is the trace of k with respect to the metric g. 

The fundamental problem in general relativity is to study the long term regularity and 
asymptotic properties of the Cauchy developments of general, asymptotically flat, initial 
data sets (So,g, k). As far as local regularity is concerned it is natural to ask what are 
the minimal regularity properties of the initial data which guarantee the existence and 
uniqueness of local developments. In [12J, we obtain the following result which solves 
bounded L 2 curvature conjecture proposed in [8J: 
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Theorem 1.1 (Theorem 1.10 in |12j ) Let (Ai,g) an asymptotically flat solution to 
the Einstein vacuum equations (II -ip together with a maximal foliation by space-like hy- 
persurfaces T> t defined as level hypersurfaces of a time function t. Let r^ D ;(S t , 1) the volume 
radius on scales < 1 o/E/Q. Assume that the initial slice (Eo,g,A;) is such that: 

||^||l2(s ) < £, \\k\\i?CBo) + II V/c|| L 2(e ) < ^ and r vo i(E Q , 1) > -. 

Then, there exists a small universal constant 6$ > such that if < e < so, then the 
following control holds on < t < 1: 

IWU-^Et) < e, Wkh^L^t) + ||VA;|| £ «. i]L a (Et ) < e and Q Uif ^^(E*, 1) > -. 

Remark 1.2 While the first nontrivial improvements for well posedness for quasilinear 
hyperbolic systems (in spacetime dimensions greater than 1 + 1), based on Strichartz esti- 
mates, were obtained in JMj, Iffl$ , \W$ , JM/, FTD{ , FT3tf , Theorem \l.l\ is the first result 
in which the full nonlinear structure of the quasilinear system, not just its principal part, 
plays a crucial role. We note that though the result is not optimal with respect to the 
standard scaling of the Einstein equations, it is nevertheless critical with respect to its 
causal geometry, i.e. L 2 bounds on the curvature is the minimum requirement necessary 
to obtain lower bounds on the radius of injectivity of null hypersurfaces. We refer the 
reader to section 1 in [12] for more motivations and historical perspectives concerning 
Theorem li.il 



Remark 1.3 The regularity assumptions on So in Theorem \l.l\ - i.e. R and Vfc bounded 



in L 2 (S ) - correspond to an initial data set (g, k) e i?^ c (E ) x i?^ c (E c 



Remark 1.4 In ffity . our main result is stated for corresponding large data. We then 
reduce the proof to the small data statement of Theorem \1.1\ relying on a truncation and 
rescaling procedure, the control of the harmonic radius of E based on Cheeger-Gromov 
convergence of Riemannian manifolds together with the assumption on the lower bound 
of the volume radius of Eo, and the gluing procedure in |5]/, %4}j. We refer the reader to 
section 2.3 in fW{ for the details. 

Remark 1.5 We recall for the convenience of the reader the definition of the volume 
radius of the Riemannian manifold E t . Let B r (p) denote the geodesic ball of center p and 
radius r. The volume radius r vo i(p,r) at a point p G E t and scales < r is defined by 



r vo i(p,r) = inf 



\bAp)\ 



r'<r r 3 



with \B r \ the volume of B r relative to the metric g t on E t . The volume radius r vo i{Yi t ,r) 
of E 4 on scales < r is the infimum of r vo i(p, r) over all points p£S t . 

The proof of Theorem II. 1[ obtained in the sequence of papers [12], [15], [IS], [17], [IB] , 
[IT] , relies on the following ingredient^): 



1 See Remark 11.51 below for a definition 

2 We also need trilinear estimates and an L 4 (A4) Strichartz estimate (see the introduction in 
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A Provide a system of coordinates relative to which ( II. ip exhibits a null structure. 



B Prove appropriate bilinear estimates for solutions to D g = 0, on a fixed Einstein 
vacuum background 

C Construct a parametrix for solutions to the homogeneous wave equations D g = 
on a fixed Einstein vacuum background, and obtain control of the parametrix and of 
its error term only using the fact that the curvature tensor is bounded in L 2 . 

Steps A and B are carried out in [12]. In particular, the proof of the bilinear estimates 
rests on a representation formula for the solutions of the wave equation using the following 
plane wave parametrix^: 

Sf(t,x)= / e iXuit ' x '" ) f(Xu)X 2 dXdou,(t,x)eM (1.3) 
is 2 Jo 

where u(.,.,ou) is a solution to the eikonal equation g al3 d a ud/3U = on M. such that 
u(0,x,co) ~ x.uj when \x\ — > +oo on Therefore, in order to complete the proof of 
the bounded L 2 curvature conjecture, we need to carry out step C with the parametrix 
defined in (11.31) . 

Remark 1.6 Note that the parametrix (II. 3p is invariantly define^, i.e. without reference 
to any coordinate system. This is crucial since coordinate systems consistent with L 2 
bounds on the curvature would not be regular enough to control a parametrix. 

Remark 1.7 In addition to their relevance to the resolution of the bounded L 2 curvature 
conjecture, the methods and results of step C are also of independent interest. Indeed, 
they deal on the one hand with the control of the eikonal equation g^daudpu = at a 
critical leve$, and on the other hand with the derivation of L 2 bounds for Fourier integral 
operators with significantly lower differentiability assumptions both for the corresponding 
phase and symbol compared to classical methods (see in particular the discussion below 

In view of the energy estimates for the wave equation, it suffices to control the 
parametrix at t = (i.e. restricted to E ) 

p p+co 

Sf(0,x)= / / e iXu{0 ' x ' 0j) f(Xu)X 2 dX(ku, x e E (1.4) 
Js 2 Jo 



3 Note that the first bilinear estimate of this type was obtained in |J| 

4 (|1.3[) actually corresponds to a half- wave parametrix. The full parametrix corresponds to the sum of 
two half-parametrix. See [TH] for the construction of the full parametrix 

5 The asymptotic behavior for u(0, x, uj) when \x\ — > +oo is used in |16j to generate with the parametrix 
any initial data set for the wave equation 

6 Our choice is reminiscent of the one used in [13] in the context of H 2+e solutions of quasilinear wave 
equations. Note however that the construction in that paper is coordinate dependent 

7 We need at least L 2 bounds on the curvature to obtain a lower bound on the radius of injectivity of 
the null level hypersurfaces of the solution u of the eikonal equation, which in turn is necessary to control 
the local regularity of u (see [T7] l 
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and the error term 

Ef(t,x) = n s Sf{t,x) = e iXu{t ' x ' ul) n s u{t,x,u)f{Xu)X 3 dXdu, (t,x) e M. (1.5) 

is 2 Jo 

This requires the following ingredients, the two first being related to the control of the 
parametrix restricted to So fll.4[) . and the two others being related to the control of the 
error term (11.51) : 

CI Make an appropriate choice for the equation satisfied by u(0, x, oj) on S 0; and control 
the geometry of the foliation generated by the level surfaces of u(0,x,oj) on So. 

C2 Prove that the parametrix at t = given by (11. 4p is bounded in £(L 2 (M 3 ), L 2 (S )) 
using the estimates for u(0,x,u) obtained in CI. 

C3 Control the geometry of the foliation generated by the level hypersurfaces of u on 
M. 

C4 Prove that the error term (11.51) satisfies the estimate \\E f\\ L 2^ M ^ < C\\ Xf\\L 2 (R s ) 
using the estimates for u and \3 s u proved in C3. 

Step CI has been carried out in [T5] . step C2 has been carried out in [T6], and step 
C3 has been carried out in [TTJ . In the present paper, we focus on step C4. Note that 
the error term (II. 5p is a Fourier integral operator (FIO) with phase u(t, x, oj) and symbol 
□ g u(t, x, oj). Now, we only assume I? bounds on the curvature tensor R in order to 
be consistent with the statement of Theorem 11.11 This severely limits the regularity 
(t, x) we are able to obtain in step C3 for the solution u(t, x, oj) of the Eikonal equation 
g a/3 d a udpu = on M. (see [17] and section [23]) . Although R does not depend on the 
parameter oj, the regularity in oj we are able to obtain in step C3 for u(t,x,u) is very 
limited as In particular, we obtain for the symbol of E in (II. 5p : 

sup (|p g w|U-(H„) + l|DDgM|| L 2 (Wii) + \\dJ2 s u\\ L ^ Hu ^ < e, (1.6) 

UJ,U 

where H u denotes the level hypersurfaces of the function u(t, x,u). Let us note that the 
classical arguments for proving L? bounds for FIO are based either on a TT* argument, or 
a T*T argument, which requires in our setting taking at least 3 derivatives of the symbol 
in L°°(A4 x § 2 ) either with respect to (t, x) for T*T, or with respect to (A, oj) for TT* (see 
for example [14]). Both methods would fail by by a large margin, in particular in view 
of the regularity ( II .6p obtained for the symbol of the error term E. In order to obtain 
the control required in step C4 with the regularity of the symbol of the FIO E given by 
( II. 6p . we rely in particular on the following ingredients: 

• geometric integrations by parts taking full advantage of the better regularity prop- 
erties in certain directions tied to the level hypersurfaces 7i u of u, 

8 This is due to the fact that our estimates are sensitive to certain directions tied to the u-foliation 
of M.. Now, after differentiation with respect to lj, derivatives in "good" directions pick up a nonzero 
component along "bad" directions (see [T7] for details) 
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• the standard first and second dyadic decomposition in frequency and angle (see 
PI), 

• an additional decomposition in physical space relying on the geometric Littlewood- 
Paley projections of [TJ. 

Acknowledgments. The author wishes to express his deepest gratitude to Sergiu Klain- 
erman and Igor Rodnianski for stimulating discussions and constant encouragements dur- 
ing the long years where this work has matured. He also would like to stress that the 
basic strategy of the construction of the parametrix and how it fits into the whole proof of 
the bounded L 2 curvature conjecture has been done in collaboration with them. Finally, 
he would like to mention the influential work [13] providing construction and control of 
parametrices for H 2+e solutions of quasilinear wave equations. The author is supported 
by ANR jeunes chercheurs SWAP. 



2 Main results 

The error term E in (11. 5p is a Fourier integral operator on M. with phase u(t,x,u) and 
symbol \3 s u(t,x,u). The regularity assumptions on u(t,x,u) will be crucial to complete 
step C4, that is prove the following estimate for the error term: 

WEfWmM) < l|A/|U 2( M3). 

In this section, we state our assumptions on u(t,x,u) before stating our main result. 
2.1 Maximal foliation on M. 

We foliate the space-time M. by space-like hypersurfaces E t defined as level hypersurfaces 
of a time function t. Denoting by T the unit, future oriented, normal to E t and k the 
second fundamental form 

kij = - <~D i T,d j > (2.1) 

we find, 

kj = --C T gij 

with Cx denoting the Lie derivative with respect to the vectorfield X. Let Tr(fc) = g^kij 
where g is the induced metric on E t and Tr is the trace. In order to be consistent with 
the statement of Theorem II. If we impose a maximal foliation 



We also define the lapse n as 
We have (see for example [T7] ' 



Tr(fc) = 0. (2.2) 

n- 1 = T(t). (2.3) 
D T T = n _1 Vn, (2.4) 
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where V denotes the gradient with respect to the induced metric on £ t . 

Finally, the lapse n satisfies the following elliptic equation on H t (see [3] p. 13): 

An=\k\ 2 n, (2.5) 

where one uses (12. ip . (12. 4p . Einstein vacuum equations fll.ip and the fact that the foliation 
generated by t on Ai is maximal (12. 2p . 

2.2 Geometry of the foliation generated by u on M. 

Remember that u is a solution to the eikonal equation g a Pd a udpu = on M. depending 
on a extra parameter u G S 2 . The level hypersufaces u(t, x, uj) = u of the optical function 
u are denoted by % u . Let L' denote the space-time gradient of u, i.e.: 

L' = -g a(3 d p ud a . (2.6) 

Using the fact that u satisfies the eikonal equation, we obtain: 

D L ,L' = 0, (2.7) 

which implies that V is the geodesic null generator of rt u . 
We have: 

T{u) = ±\Vu\ 

where |Vm| 2 = Yli=i \ e ii u )\ 2 relative to an orthonormal frame on S 4 . Since the sign of 
T{u) is irrelevant, we choose by convention: 

T(u) = \Vu\. (2.8) 

We denote by P i>n the surfaces of intersection between E t and "H n . They play a funda- 
mental role in our discussion. 

Definition 2.1 (Canonical null pair) 

L = bL' = T + iV, L = 2T - L = T -N (2.9) 

where L' is the space-time gradient ofu (12.61) . b is the lapse of the null foliation (or shortly 
null lapse) 

ft -1 = - < L',T >=T(u), (2.10) 

and N is a unit normal, along E t , to the surfaces P tjU . Since u satisfies the eikonal 
equation g a/3 d a ud/3U = on M., this yields L'{u) = and thus L(u) = 0. In view of the 
definition of L and (12. 8p . we obtain: 



Definition 2.2 A null frame ei,G2, e 3, e 4 a t a point p G consists, in addition to the 
null pair = L, e^ = L, of arbitrary orthonormal vectors e±, €2 tangent to P ttU . 
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Definition 2.3 (Ricci coefficients) Let e\, &2, e%, e$ be a null frame on P tu as above. 
The following tensors on P t)U 

Xab =< D A e 4 , e B >, X AB =< D A e 3 , e B >, (2.12) 

(a = ^ < D 3e4, e A >, C A = g < D/te 3' e ^ >, 

£ A = ^ < D 3 e 3 , e A > • 

are called the Ricci coefficients associated to our canonical null pair. 
We decompose x and x into their trace and traceless components. 

trx = S AB Xab, trx = g A \ AB , (2.13) 

XAB=XAB-^trXSAB, X AB = X AB ~ 2 tr X%AB, (2.14) 

Observe that all tensors defined above are P ijM -tangent. 

Definition 2.4 We decompose the symmetric traceless 2 tensor k into the scalar 5, the 
P tjU -tangent 1-form e, and the P t , u -tangent symmetric 2-tensor 77 as follows: 

k NN = 5 

kAN = e A (2.15) 

kAB = rjAB- 

Note that Tr{k) —tr(r]) + 5 which together with the maximal foliation assumption (j2.2p 
yields: 

tr(7]) = -5. (2.16) 

The following Ricci equations can be easily derived from the properties of T (12. ip 
(12.41) . the fact that L' is geodesic (12. 7p . and the definition (12.121) of the Ricci coefficients 
(see [3] p. 171): 



(2.17) 



D A e 4 = 


Xab^b — e A e 4 , 


D A e 3 


= KAB eB + €Ae ^ 


D 4 e 4 = 


-Se 4 , 


D 4 e 3 


= 2 C A e A + £e 3 , 


D 3 e 4 = 


^Ca^a + (5 + ra _1 VArn)e 4 , 


D3e 3 


= 2£ A e A - (5 + n _1 VArn)e 3 , 


D 4 e A = 


fi e A + C A ^, 


D 3 e A 


= f 3 e A + Ge 3 +i A e 4 , 




«, 1 1 

= f B e A + ijXAB e 3 + 2 X AB e 4 







where, J7 3 , y7 4 denote the projection on P t)U of D 3 and D 4 , y denotes the induced covariant 
derivative on P t u and 5, e are defined by: 

5 = 8-n- l N(n), e A = e A - n~ l V A n. (2.18) 
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Also, 



X AB = ~Xab ~ 2k AB , 



C A = ~e A , (2.19) 
i A = e A + n~ x f A n - Ca- 

Let 9 is the second fundamental form of P t}U in £ t . Since L = T + N, 9 is connected 
to the second fundamental form k of S 4 and the null second fundamental form x of Pt, u 
through the formula: 

9ab = Xab + t1ab- (2.20) 
In view of the Ricci equations (j2.17j) . we have: 

V ' aN = 9ab^b } f 9 91 \ 

Recall that tr% satisfies a transport equation called the Raychaudhuri equation: 

L(trx) + ^(tr X ) 2 = -\x\ 2 ~ Sti X . (2.22) 
We also recall the transport equation satisfied by the null lapse b: 

L{b) = -5b. (2.23) 
The following lemma will allow us to identify the symbol O s u of the error term (II. 5ft : 

Lemma 2.5 For any scalar function <p on Ai, we have: 

□ g = -L(L((f>)) + ^ + 2(-f<f ) +(6 + n' l V N n)L{<P) + ~fr%L($ + ^L(0). (2.24) 
Proof We have: 

B s (j) = D a D Q = -D 2 0(£, L) + D A D A 0. (2.25) 

Now, using the Ricci equations ( I2.17p . we obtain: 

D A D B = e A (e B (<f))) - D-D A e B 4> 

= e A (e B ((f>)) - ff AeB <P - ^XabL.(4>) - 2X AB L((p) 

= f A fB^-lxABH<P)-lx AB L((f>). 

Taking the trace, this yields: 

D A D A = M - hixL^) - l -tTX_L(<P). (2.26) 
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Using again the Ricci equations (I2.17p . we also have: 

B 2 u(L, L)(f> = L{L{<f>)) - D D ^ L = L(L(4>)) - 2( ■ f<p - (6 + n^V N n)L{4>). (2.27) 
Finally, <ET25]> . flOg) and (l2"^7j) yield the conclusion of the lemma. ■ 

We conclude this section with the identification of the symbol O g u of the error term 
(II. 5p . In view of (I2.9p . (12. 10 j) . the fact that e^, A = 1,2 are tangent to P t)U , and the fact 
that is the Laplace-Beltrami on P tjU , we have: 

L(u) = 0, e A {u) = 0, A = 1, 2, = 0, and = 2b- 1 . 

Together with ffZTIM , this yields: 

□ g u = 6 _1 trx- (2.28) 
Thus, we may rewrite the error term i? as: 

Ef(t,x)= / e iA " { *' a: ' aj) 6" 1 (t,x,u;)trx(t,x,u;)/(Aw)A 3 rfA^. (2.29) 
is 2 Jo 

2.3 Commutation formulas 

From the Ricci equations (12.17j) . we immediately deduce the following four useful com- 
mutation formulas: 

Lemma 2.6 Let f a scalar function on M.. Then, 

f B fJ ~ fifsf = XBcfcf - n-'f^fj, (2.30) 

fsfsf ~ f 3 f B f = X BC f c f ~ i B fJ ~ b^BbfJ (2.31) 
[L, L]f = -5f.J + (S + n- l W N n)fJ + 2(Cb - C B )f B f- (2.32) 
Finally, (I2T301) . fl2UB together with the fact that N = \{L - L) yield: 

f B f N f ~ f N f B f = (Xbc + k BC )f c f - b- 1 f B bf N f. (2.33) 

For some applications we have in mind, we would like to get rid of the term containing 
a y 4 derivative in the Right-hand side of (I2.30p . This is achieved by considering the 
commutator )P nL ] instead of [ft, : 

?B?n L f - fmfsf = nXBcfc^A- (2.34) 

Also, we would like to get rid of the term containing a ^J N derivative in the right-hand side 
of (I2.33p . This is achieved by considering the commutator [J/, )P bN } instead of [ft, ^ N ]: 

T B fwf - fmfaf = Kxbc + k BC )f c f- (2.35) 
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2.4 Regularity assumptions on the phase u(t,x,cu) 

We define some norms on H. For any 1 < p < +00 and for any tensor F on H u , we have: 



\F\\l*(Hu) =( [ dt [ \F\*diH tU 

\ JO JPt „ 



'0 Jp t . 

where dfit,u denotes the area element of P t;U . We also introduce the following norms: 
Afi(F) = \\F\\ LHnu] + \\fF\\ L2{Hu) + \\f L F\\ L2{Hu) , 

AT 2 (F)=M 1 (F) + ||y 2 F|| L2( ^) + \\ff L F\\ LHHu) . 

Let x' a coordinate system on P 0u . By transporting this coordinate system along the 
null geodesies generated by L, we obtain a coordinate system (t, x') of %. We define the 
following norms: 

||F|U i? = sup ( [ \F(t,x')\ 2 dt 



\F\\l 2 ,L?- 



sup \F(t,x'))\ 

0<t<l 



L 2 (P ,u) 

We now state our assumptions for the phase u(t,x, u) and the symbol b^ 1 (t, x, u)trx(t, x, u) 
of the error term E which is given by (I2.29p . These assumptions are compatible with the 
regularity obtained for the functions u(t, x,u) constructed in [T7] (this construction cor- 
responds to step C3). The constant e > below is the one appearing in the statement of 
Theorem ll.il In particular, it satisfies < e < 1 and is small. 

Assumption 1 (regularity with respect to (t,x)): 

\\n - 1|U°°(«„) + ||Vn|| LOO(Wu) + ||V 2 n|| irL 2 ; + ||Vr(n)|| L «, £ a | < e, (2.36) 

+ \\fAi?VU>) + \\W)\\lhh u ) + \\4l~lI + ¥Wl-lI < e, (2.37) 

\\b-l\\L^H u )+M 2 {b) + 11^(6)11^- + \\f{b)\\ LliLr + \\L(b)\\Ll,L T < e, (2.38) 

IMU-W + Wftrxh^L? + \\Ltrx\\ L l,L? < £, (2.39) 

\\x\\lI,l T + M(X) + \\¥lX\\l*{h u ) Z £ > ( 2 - 4 °) 

||CIU^+M(C)<£- (2.41) 

Assumption 2 (regularity with respect to u>): 

\\d u N\\ Loo(na) < 1, (2.42) 
||JV(a;, w) — AT(x, a;')| — |u; — cu' \\<e\u-uj'\,Vx eo-,cu,uj' e§ 2 , (2.43) 

+ \\d uX \\ L \L ? < e. (2.44) 
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Furthermore, we have the following decomposition for \: 

X = Xi + X2, (2.45) 
where Xi an d X2 are two symmetric traceless P ttU -tangent 2-tensors satisfying: 

■A/i(xi) + II^XiIIl-l 2 , +M(X2) + IIX2IL-L 2 + II^X 2 ||l-l 2 , ^ e (2.46) 

c a;' x' z z x' 

and for any 2 < p < +00, we have: 

IIXi|U?j£ + II&/X2 1| L 6- (Wu ) < e- (2.47) 
Assumption 3 (additional regularity with respect to x): 

We introduce the family of intrinsic Littlewood-Paley projections Pj which have been con- 
structed in using the heat flow on the 2-surfaces P t)U (see section UTb)) . There exists a 
function /i in L 2 (IR) satisfying: 

IMU 2 (r) < 1 

such that for all j > 0, we have: 

WVNPjVNtrxWmn,) < *e + 2h^u). (2.48) 



Remark 2.7 In Assumptions 1-3, all inequalities hold for any u G S> 2 with the constant 
in the right-hand side being independent of u. Thus, one may take the supremum in u> 
everywhere. To ease the notations, we do not explicitly write down this supremum. 

Remark 2.8 The fact that we may take a small constant e > in Assumptions 1-3 is 

directly related to the conclusions of Theorem \l.l\ 

Remark 2.9 In the flat case, we have A4 = (M 1+3 , m) ; where m is the Minkowski metric, 
u(t, x,u)=t + x- u,b = l,N = —uj, L = d t — uj ■ d x , L = d t + 00 ■ d x , and X = X = C = 
£ = £ = k = 0. Thus, Assumptions 1-3 are clearly satisfied with e — 0. 

2.5 Estimates on P t}U and M. 

In this section, we state the embeddings on P tjU and M. that will be needed for the proof 
of the main theorem. We refer to section 3 in [IT], as well as [7] for (I2.49p . for their proof 
within the regularity assumptions of section 12.41 

We have the following Gagliardo-Nirenberg inequality on P t}U (see [7]). For an arbitrary 
tensorfield F on P tiU and any 2 < p < 00, we have: 

+ II^IU*(n,„)- (2-49) 
We have the classical Sobolev inequality on % (see [T7]): 
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Lemma 2.10 For any tensor F on H u , we have: 

\\F\W{Hu)<^i{F), (2.50) 

and 

ll*1Uf"£* <M X {F). (2.51) 
On H u , we also have the following estimate of the LfL\, norm for any tensor F on 

\\nh lLr <[ \F\\B L F\dtdfi t , u +\\F\\i HHu) . (2.52) 

The following lemma will be useful to estimate transport equations (see [17] for a 
proof). 

Lemma 2.11 Let W and F two P tu -tangent tensors such that y ' L W = F. Then, for 
any p > 1, we have: 

\\W\\zr,Lr < \\W{0) \\lp(p , u ) + \\F\\ LllL i. (2.53) 

Finally, we have the Sobolev embedding on Ai. Given an arbitrary tensorfield F on 
Ai, we have (see [T7] ) 

\\F\\lHm)<\\VF\\ l2{m) . (2.54) 

2.6 Geometric Littlewood-Paley projections on P tjU 

In [7], Littlewood-Paley projections have been constructed relying on the heat flow on 
2-surfaces, within our low regularity assumptions. They recover the basic properties of 
the standard Littlewood-Paley projections. We denote by Pj such a Littlewood-Paley 
projection on the 2-surface P ttU . In particular, we have from [7J 

(2.55) 

3 

Also, the following properties of the LP-projections Pj have been proved in [7J: 

Theorem 2.12 The LP-projections Pj verify the following properties: 

i) L p -boundedness For any 1 < p < oo, and any interval I C Z ; 

\\PiF\\ L p(P t , u ) < \\F\\ LP{Pt!u) (2.56) 

ii) Bessel inequality 

\\ p jF\\ 2 L 2 (p t , U ) ~ \\F\\ 2 L 2 {Pt:u) 

j 

Hi ) Finite band property For any 1 < p < oo . 

WfiPjF\\LP(P t>u ) < 2 2j J|F|| LP( p tu) ^ 5 ^ 

\\PjF\\LP(p t , u ) < ^ 23 \\^F\\ LP{Pt ^. 
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In addition, the L 2 estimates 

\\fPjF\\L H p t . u ) < nn^iw 

ll^llx"^,,) £ 2- s \\fF\\v&,*) 
hold together with the dual estimate 

\\Pj?F\\LZ(p t , u ) < V\\F\\v(p t , u ) 
iv) Weak Bernstein inequality For any 2 < p < oo 

II^IUw^( 2(1 ^ )i + 1 )ll i7, IU 2 (p t ,. 

\\P<oF\\LP(Pt, u ) ~ \\F\\L2(P t , u ) 



(2.58) 



together with the dual estimates 



\P 3 F\\ lH p, u) <(2^ + 1)\\F\ 
\P<oF\\v>(p t ,u) £ \\F\\ LP i iPttu) 



LP'(P t ,u)> 



We also have the following sharp Bernstein inequality for a scalar function / on P t u : 

WPjfh-iP^) < ^\\f\\ L , {Pt ^ (2.59) 
\\P<of\\L<~(P t , u) < \\f\\m Pt , uh (2.60) 

and the following Bochner inequality: 



\rfr< \ff\- (2.6i) 

Pt,u JPt.u JPt,u 

There is an equivalent of (12.611) for tensors, which yields the following consequence. There 
exists a function // in L 2 (R) satisfying: 

IIHU 2 (R) < 1 

such that for any scalar function / on P t u , we have: 

\\tf\W { P t , u) < || WlliW + KMMvvu) + At)e\m\\v(p t , u ). (2.62) 
Finally, we have the following lemma (see Lemma 5.10 in [1TJ ) : 
Lemma 2.13 For any 1-form F on Pt, u , f or an V 1 < p < 2 and for all j > 0, we have: 

\\P 3 dHF)\\ LHPttu) < 2^11^11^.). (2.63) 
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2.7 Commutator estimates 

In this section, we state the commutator estimates, as well as two additional estimates 
for tr%, that will be needed for the proof of the main theorem. We refer to section 9 in 
[T7] for their proof within the regularity assumptions of section 12.41 

Let / a scalar function on M.. Then, we have the following commutator estimates: 

||[6iV,P J ]/|| L2(Wu) + 2-iy[6iV,P J ]/|| L2( ^ ) < £ M(/). (2.64) 

and 

||[nL,P i ]/||^c«.)+2- i ||y[nL,P i ]/|| £acw . ) <eM(/). (2.65) 
We also have the following commutator estimates acting on tr%. 

2i[nP,P i ]tr X ||z^ / + \\f\nL,Pj\iT X \\L\i? y < e, (2-66) 

2i\\[nL,P j )tT X \\L^(n u ) + 2-i ||y[nL,P,]trx|U^(^)<£, (2.67) 

and 

2i[6iV,P i ]tr X ||^ L2(w „ ) + Hy^P^trxll^^^) < 2*e. (2.68) 

Finally, we have the following estimate for P m trx: 

HPntrxH^zoc, + ||P m (nLtr X )|| L 2 /Ll < 2~ m e, (2.69) 
and the following estimate for P< m tr\;: 

||yP< w trx|| L 2 ;Lr + ||y(P< m (nLtrx))|| L 2 ;L(1 < e. (2.70) 

2.8 Dependance of the norm L^L 2 {7i u ) on w G S 2 
Let a; and z/ in § 2 such that 

|w - v\ < 2k 

Let u = u(.,u) and = u(.,v). In this section, we morally evaluate the norm in 
L 2 (7-L u ) of the difference between various scalars and tensors evaluated at u and their 
corresponding evaluation at v. Consider a FIO where the integration in u is localized in a 
patch of size 2~2 and of center v. This will be used to morally replace the symbol of this 
FIO depending on u by its value at the middle of the patch is, so that one may take the 
symbol outside of the integral in u. The following decompositions are proved in section 8 
of [T7] within the regularity assumptions of section 12.41 

• We have the following decomposition for N(.,u) — N(., is): 

2i(N(.,co) - N(., is)) = Fi + Fi (2.71) 
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where the tensor F( only depends on v and satisfies 

rau~<i, 

and where the tensor F$ satisfies: 

\\Fo II r,oor,2(-w..1 5- 2 2. 



2 ||L-L2(H U ) 

We have following decomposition for tr%: 

tv X (.,uj) = f( + n 

where the scalar f{ only depends on v and satisfies: 

ll/flU-<e, 

and where the scalar f 2 satisfies: 

Let p E Z. We have following estimate for If: 

\\F(.,u;)~F(.,u)\\^ LHHu) <e\u-u\. 

We have following decomposition for x- 

x(.,u) = F( + Fi 
where the tensor F( only depends on v and satisfies: 

II Fi II roo T l T2 5~, E, 

and where the tensor F\ satisfies: 

\\Fi\\ L ~ LHHu) <E2-i. 

We have following decomposition for X2- 

\\X2(; w) - x 2 (., ^)|| LsoL 4_ (Wu) < e|a; - 

We have following decomposition for x' 

x(.,co) = X 2(,v) + Fi + Fi 
where the tensor F( only depends on v and satisfies for any 2 < p < +oo 

||i*Y II r p r™ 5~, £, 

and where the tensor F2 satisfies: 

IUs°l 2 (« u ) ^ e2 ~"- 
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• We have following decomposition for \x\ 2 : 

|£| 2 (., w) = \X2(, v)? +X2M-F( + X2(-, • ^' + /a' + H + /s, (2-77) 
where the tensor F( and the scalar fl only depends on v and satisfy: 

11-^1 llL«L?L~(Pt,„„) + \\fl\\L~LlL°°(P t , Uu ) % e, 

where the tensor F| , and the scalar fl satisfy: 

\\H\\l~l*{h u ) + \\fi\\L^mn u ) < e2~i, 
and where the scalar fl satisfies: 

• We have the following decomposition for x(.,w) 3 : 

X(.,w) 3 = X 2(,v) 3 + X2(.,v) 2 Fi + X2 (.,is) 2 Fi + X2 (.,is)Fi (2.78) 
+ X2 (., v)F{ + X2 (., z/)F| + F^' + Fy + F| + F 9 J 

where Ff, Fg and Fg do not depend on oj and satisfy: 

ll^ll|L-L?L-(P t , u J + 11-^3 L?L°°(P t , Ul/ ) + 11^6 IU~ L?L°°(P t , u „) ^ £ > 

where F|, F4 and F/ satisfy: 

II^IU-lW + \\Fi\\ L °°v(u u ) + ||F 7 J || L c« L2(Wti) < 2~h, 
where F| and F| satisfy 

II^'IU^M) + 11^11^) <e2-'. 

and where Fg satisfies 

II^IIl-(A4)<^-^. 

• We have the following decomposition for b(.,u) — b(., v): 

2HK,<o)-K,v)) = fl + ti (2-79) 
where the scalar f{ only depends on v and satisfies: 

H/flU~< £ , 

and where the scalar f 2 satisfies: 

WflW^LH-Hu) ^ 2 "4e. 
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We have following decomposition for £ and )P(b): 

((.,u),f(b)(.,u) = Fi + Fi (2.80) 
where the tensor F( only depends on v and satisfies for any 2 < p < +00: 

\\Fi\\l z lIlI, <e, 



and where the tensor satisfies: 



2 \\L^L 2 (Hu) 



<e2- 



Remark 2.14 Let us give some insight on these decompositions by considering the par- 
ticular example of the decomposition for tr% (I2.72p . A naive approach consists in writing 
the following decomposition 

trx(t, x, u) = trx(t, x, v) + (trx(t, x, u) - trx(t, x, v)) = f{ + ft. 

f{ does not depend on uj and satisfies, in view of the estimate (12.391) 

\\fih~<\\trx(.,v)\\L~ <e. 

Also, we have 

ft ={u>-v) / d w trx{t,x,u a )da, 
Jo 

which together with the fact that \u — u\ < yields 



II/2 1 Us ^ 2 ^) ~ 2 2 



1 



d^trxit^x^uj^da 



Unfortunately, we can not obtain the desired estimate for ft since we have <9 w ir\;(-, Wo-) G 
L^L 2 \%ua) , and L 2 {H u ) and L^L 2 (T-L Ua ) are not directly comparable. Nevertheless, 
in section 8 of fH\/, we are able to improve on this naive approach, in order to obtain the 



above decompositions within the regularity assumptions of section 2.4 



2.9 The boundedness of the error term 

The main result of this paper is the following L 2 bound on the error term (12.291) . It 
achieves step C4 and therefore, together with the results in [15], [16], [17] completes step 
C. 

Theorem 2.15 Let u be a function on .M x § 2 satisfying Assumption 1, Assumption 

2 and Assumption 3, as well as the assumptions of sections \2. 5§2~8\ Let E the Fourier 
integral operator with phase u(t, x, to) and symbol b~ l (t, x, u)trx(t, x, to): 



roc 



Ef(t,x)= / e iXu(t ' x ' u ' ) b~\t,x,u)trx(t,x,u)f(Xu)X 3 dXdu. (2.81) 
</§ 2 Jo 

Then, E satisfies the estimate: 

\\Ef\\ LH M)<e\\\f\\ LW - (2.82) 
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3 Proof of Theorem 12.151 (control of the error term) 



3.1 The basic computation 

We start the proof of Theorem 12.151 with the following instructive computation: 



\\Ef\\»M < 



b(t,x,u)-Hr X (t,x,u) / e iXu f(Xu)X 2 dX 



du 



L 2 (M) 



< / \\b(t,x,u) tTx(t,x,u)\\ L ^ L 2 (Hu) 



+00 



e lXu f(Xu)X 2 dX 



(3.1) 



du 



<4X 2 f\\ 



L 2 



where we have used Plancherel with respect to A, Cauchy-Schwarz with respect to u, and 
the estimates (I2.38P for b and (I2.39P for tr%. (13. ip misses the conclusion (I2.82p of Theorem 
12. 151 by a power of A. Now, assume for a moment that we may replace a power of A by a 
derivative on b(t, x, u)~Hrx(t, x, u). Then, the same computation yields: 



+00 



D(6(t, x, uyhix(t, x, u))e iXu f{Xu)XdXdu 



< / \\T)(b(t,x,u) 1 tTx(t,x,u)))\\ L o, I ?( :Hu ) 

< e\\Xf\\ L 2 { 



+00 



L 2 (M) 



e iXu f{Xu)X'dX 



du 



(3.2) 



which is f)2.82p . This suggests a strategy which consists in making integrations by parts 
to trade powers of A against derivatives of the symbol bit, x, a;)~ 1 trx(t, x, u). 

3.2 Structure of the proof of Theorem 12.151 



The proof of Theorem 12.151 proceeds in three steps. We first localize in frequencies of 
size A ~ IK We then localize the angle u in patches on the sphere § 2 of diameter 2~H 2 . 
Finally, we estimate the diagonal terms. 

3.2.1 Step 1: decomposition in frequency 

For the first step, we introduce ip and if) two smooth compactly supported functions on IR 
such that: 

tp(X) + J2ip(2- j X) = 1 for all A G E. (3.3) 

j>o 

We use (13. 3p to decompose Ef as follows: 



Ef(t,x)= ^ 
j>-i 



(3.4) 



where for j > 0: 



s 2 Jo 



b(t, x, u)-hrx(t, x, u)ij(2- j X)f(Xu)X 2 dXdu, (3.5) 



and 

E_ 1 f(t,x)= I I e iXu b(t,x,co)-hix(t,x,uj)ip(\)f(\co)\ 2 dXdu. (3.6) 



/S2 j 

This decomposition is classical and is known as the first dyadic decomposition (see |14j). 
The goal of this first step is to prove the following proposition: 

Proposition 3.1 The decomposition (13. 4p satisfies an almost orthogonality property: 

\\Ef\\l HM) < £ W E M^M) + e 2 ||/UW (3-7) 

i>-i 

The proof of Proposition 13.11 is postponed to section HI 
3.2.2 Step 2: decomposition in angle 

Proposition 13.11 allows us to estimate H-Ej/Hi^x) instead of ||-E/||i,2(^[). The analog of 
computation (13. ip for \\Ejf\\ L 2^ M ^ yields: 

WEjfW^M) < e||A^(2^A)/|| i3(ff) < £2^||^(2- J A)/|| i2(R3) , (3.8) 

which misses the wanted estimate by a power of 2 J . We thus need to perform a second 
dyadic decomposition (see [H]). We introduce a smooth partition of unity on the sphere 
§ 2 : 

Vj{") = 1 for all to E § 2 , (3.9) 

v<=r 

where the support of rfi is a patch on § 2 of diameter ~ 2 _J//2 . We use (13. 9p to decompose 
Ejf as follows: 

E j f(t,x) = Y,*%f(t>*), ( 3 - 10 ) 



where: 



»+oo 

E"f(t,x)= I I e lXu b(t,x,u)-hi X (t,x,u)tP(2-i\X(uj)f(\uj)\ 2 d\duj. (3.11) 



§ 2 JO 



We also define: 



which satisfy: 



7-1 = ||V(A)/||L2(R3), Jj = ||V>(2 J A)/|| L 2 (R 3), j > 0, 

7 J = \\i>(2-i\) V »(u)f\\ L 2 m , j > 0, v G T, 



(3.12) 



\\nh m = e 7? = £ EK) 2 - ( 3 - 13 ) 

j>-i i>-i ^er 
The goal of this second step is to prove the following proposition: 

Proposition 3.2 The decomposition (13.101) satisfies an almost orthogonality property: 

\\E J f\\l HM) <Y.\\ E if\\ 2 LHM)+^- (3-14) 
The proof of Proposition 13.21 is postponed to section [HI 
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3.2.3 Step 3: control of the diagonal term 



Proposition 13.21 allows us to estimate \\E^ f\\ L 2^ M ^ instead of \\Ejf\\ L 2( M y The analog of 
computation (13. ip for \\E^ f\\ L 2^ M ^ yields: 

\\EU\WiM) (3-15) 



< \\b{t,x,u) Hrx{t,x,uj)\\ L ^ L 2 {Hu) 



du 

LI 



< £ V /vol(supp(r 7 J))||AV(2- i A)^(a;)/|U 2(R 3 ) 



where the term yvo^supp^J)) comes from the fact that we apply Cauchy-Schwarz in u. 

Note that we have used in (I3.15P the fact that the support of rf^ is 2 dimensional and has 

diameter 2~^ 2 so that: § 

vol(supp(r#)) < 2-^ 2 . (3.16) 



Now, ( I3.15P still misses the wanted estimate by a power of 2^ 2 . Nevertheless, we are able 
to estimate the diagonal term: 

Proposition 3.3 The diagonal term Ejf satisfies the following estimate: 

\\E»f\\ L 2 {M) <EY 3 . (3.17) 
The proof of Proposition 13.31 is postponed to section [51 

3.2.4 Proof of Theorem [27T51 

Proposition 13.11 13.21 and 13.31 immediately yield the proof of Theorem 12.151 Indeed, (13. 7p . 
(EH, (EH and (EH]) imply: 



\\Ef\\h {M) < £l|£i/ll^)+e 2 U/lli 2 



j>-i uer j>-i 
<e 2 \\f\\ 2 L 2 



(3.18) 



which is the conclusion of Theorem 12.151 



The rest of the paper is dedicated to the proof of Proposition 13.11 13.21 and 13.31 In 
section HI we prove Proposition 13.11 In section El we prove Proposition 13.31 Finally, we 
turn to the proof of Proposition 13.21 which constitutes the most technical part of this 
paper and occupies sections El to [TUJ 
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4 Proof of Proposition 13.11 (almost orthogonality in 
frequency) 

We have to prove (13. 7ft : 

\\Ef\\l HM) < WWUm) +^11/11^3). (4.1) 

i>-i 

This will result from the following inequality using Shur's Lemma: 



3 

M 



E j f(t,x)E k f(t,x)dM 



< e 2 2-^ ljlk for \j -k\>2. (4.2) 



Before we proceed with the proof of (I4.2p . let us recall that the volume element on A4 
expressed in the coordinate system (u, t, x') is given by: 

dM. = nb du dt dfi t , u , 

where dfi t , u denotes the volume element on P tiU . Since we have: 

II" - < e, 

from the estimates for n (12.361) . the L 2 (M) norm of a tensor F on M is equivalent to: 

\F(t,x)\ 2 bdudtdfi t:U , (4.3) 

M 

where we have removed the lapse n in the definition of the volume element. To avoid 
unnecessary terms containing derivatives of n in the numerous integrations by parts of 
this paper, we will estimate the equivalent (14.3)1 of the L 2 (M) norm for Ef, Ejf and E v -f. 
By a slight abuse of notation which we shall do throughout the paper, this is equivalent 
to modifying the volume element by removing the time lapse n: 

dM. = b du dt dnt,u- (4.4) 

Remark 4.1 One may want to further simplify the expression of the volume element 
( 14.4)1 by removing the null lapse b. However, this is not possible since the decomposition 
(14.4)1 depends of the angle u G S 2 under consideration. Indeed, the coordinate system is 
(u,t,x') where u = u(t,x,u) and thus b = b(t,x,u) in (14.4)1 . while the time lapse n is 
independent of u. 

Also, recall that we have for all integrable scalar functions /: 

-HZ fdii t A= I b(V N f + ti6)dfi t . u (4.5) 
du \Jpt,u ' J Jp t ,u 

where 9 is the second fundamental form of P t)U in S f , i.e. 6^- = VjiVj. Note that from the 
definition oik, x an d 0, we have: 

Xab =< D A L, e B >=< V A T, e B > + < V A iV, e B >= -k AB + 9 AB . (4.6) 
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Together with the estimate ( I2.39P (I2.40p for x an d fl2.37j) for k, we obtain: 

Ni{e)<e. (4.7) 

Finally, we recall that we have: 

r v A iv = e AB e B , (A fi x 

\ v n n = -b-yb. (48) 

4.1 A first integration by parts 

From now on, we focus on proving (14. 2p . We may assume j > k + 3. We have: 



E j f(t,x)E k f(t,x)dM (4.9) 



3 
M 

oo r r+oo 



AXu—iX'u' 



e""" "' " b(t, x, cu) 1 trx(t,x,u)b(x,u')~Hrx(t,x,ui')dA4 
§ 2 Jo Js 2 Jo \Jm 



x^(2- : >\)f(\Lo)\^(2- k \')f(\'Lo')(\'yd\dujd\'duj'. 

In view of the expression of the volume element (14.41) on A^, we integrate by parts 
with respect to d u in 



e lXu ~ lX u b(t, x, u)-hix(t, x, ou)b(x, cu')-HTx(t, x, u')dM 

M 



= / e iXu - iX ' u %(t,x,u)-\rx(t,x,u)b(x,u')-Hrx(t,x,uj')bdudtdfi 
Jm 

using the fact that: 



iXn-iX'n' = q / iXu-iX'u\ ,± 1Q s 

\-\'$g{N,N<) uV h { } 



where we use the notation u for u(t, x,cu), b for b(t, x,u), N for N(t, x, cu), v! for u(t, x, cu'), 
b' for b(t,x,u') and N' for N(x,cu'). We will also use the notation tr% for trx(t, x,cu), 
trx' for trx(t, x, cu'), tr9 for tr9(t, x, cu), and tr6*' for tr9(t, x, cu'). Using f)4.10p and the 
expression for the volume element f)4.4p . we obtain: 

e iXu - iX ' u 'bFdM (4.11) 

M 

i ! e^u'b-^trxb' ^l dM f ei Xu-iX'u'b-hr X d (V-h^ dM 

Jm \-\'±g(N,N') J M X — X'^g(N 7 N') 



+z / ^u-ixwb-^xV-hrx'tre 
Im \-\'$g(N,N') 



+iX , f ^x'u' b-HrxV-hrx'i^g^N') - Z$Lg(N,N')) 
Jm (X-X^g(N,N')y 

,.w f e iAu-aV b-hrxb'-hrx'Ud^NN, N') + g(N, V^)) 
Jm (A-A'^(iV,iV')) 2 
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where we have used ( 14.51) to obtain the third term in the right-hand side of (14. lip . Since 
| X'^g(N, N')\ < A, we may expand the fractions in (14.111) : 

A~— A 

and 



= y p_±± ^Min ) (413) 



For p G Z, We introduce the notation Fj tP (u): 

r+oo 

F jyP {u)= / e a >(2^A)/(Au;)(2- J A) p A 2 dA. (4.14) 
Together with (jUD, (liTTD and (T4TT2D . this implies: 

f Ejf(t, X )E k f(t, x)dM = J2K + J2 A 1 + J2 A 1 + J2 A ^ ( 4 - 15 ) 

•* M p>0 p>0 p>0 p>0 

where A p , A^, A 3 and A^ are given by: 

/ ( / (6- 1 V JV tox+6"Hrxtr0)^ 1 iV y i5 , i ,_ p _i(ti)dw 

Vis 2 

y 6'" 1 trx / &^ p iV ,p F fciP (u')rfa;^dAl, 



(4.16) 



^42 _ 2 _ -5 , ' _p (J _fe ) 



/ ( / 6- 1 trx6 p+1 iV p+1 F ii _ p _ 1 (M)da; j 

J M \Js 2 ' / 



(4.17) 



J V{b'-hix'W' P N' p F Kp {u')du^jdM. 

A 3 p = (p+ l)2- j -( p+1)U - k) J b-hr X (y N bN + bV N N)b p N p F j ^ p _ 2 (u)du?J 

■Qf y-Hrx'^^N^Ffe.p+i^Odw'JdA^, (4.18) 



and 

= (p + l)2- J -( p+1 )( J '- fc ) 



/ (/ r 1 tr X 6 p+1 iV p+2 F i ,_ p _ 2 ( M )^ 

Vis 2 / 



(4.19) 



Remark 4.2 T/ie expansion ( I4.12p allows us to rewrite J M Ejf(t,x)Ekf(t,x)dA4 in the 
form (I4.15p . i.e. as a sum of terms A p , A 2 V , A 3 , A p . The key point is that in each of these 
terms - according to (14 . 1 6 j) - (14 . 1 9 j) - one may separate the terms depending of(X,u) from 
the terms depending on (A', u/). 
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4.2 Estimates for AL and 

Let H(t, x, oj) a tensor on M. such that ||if || £ c» l2 ( Wii ) < e. Then proceeding as in the basic 
computation (13. ip . we have for any p G Z: 



u)Fj tP (u)du 



L*(M) 'tr ( 4 20) 

< || J fJ|| LsoL2(Wtt) ||^(2^A)/(Aa;)(2^A) p A|| L2(R 3 ) 1 ' 1 



where we have used the fact that 1/2 < 2 3 "A < 2 on the support of ip(2 ■'A). Now, the 
estimates (I2.38j) on 6, (14. 7p on 8, and the equation for ViV (14. 8 p yield: 



IKfi-'VjytrX + rHrxtr^)^ 1 ^!!^^^) + || V^W^iVlz^^,) 

+ ||6- 1 tr X (V w 6iV + 6V,viV) W|| isoL2(Wu) 
+ ||6 / - 1 tr X '(Vlog(6')iV / + VN')b'- p - 1 N' p \\ L ^ {Hul) 

which together with (I4.20p implies: 



(4.21) 



< e, 



+ 



L 2 (M) 



L 2 (M) 



[ (6 -1 Vjvtrx + rHrxtr^)^ 1 ^^- _ p _i(n)rfa 
is 2 

is 2 

/ b-hr X (V N bN + bV N N)FN p F jt ^ 2 (u)dcu 
Js 2 

[ b'-hrx'iV \og(b')N' + ViV')6 , " p ~ 1 JV /p F JI , jH .i(u')dw / 

J§2 

Note that Proposition 13.21 together with Proposition 13.31 yields the estimate: 



(4.22) 



L 2 (M) 



L 2 (M) 



\Ejf\\i?(M) ~ £7i> 



(4.23) 



for any symbol satisfying the same regularity assumptions than & _1 tr\; where b satisfies 
(I2.38p . and tr% satisfies (I2.39p . Now, the terms containing no derivative in (I4.16p - fl4.19p 
have a symbol given respectively by b'~ 1 b'' p N' p , b-HT X b p+1 N p+1 , b'~ 1 tTx'b'~ p ' 1 N' p+1 and 
b^ 1 tixb p+1 N p+2 . Since N satisfies regularity assumptions which are at least as good as 
tr%, these symbols satisfies the same regularity assumptions than 6 _1 tr\;. Applying (14.231) . 
we obtain: 



+ 



/ b'-hrx'b'-VN'fFk^dcu' 
Js 2 

[ b'-hrx'b'-^N'^F^iu'W 
Js 2 



L 2 (M) 



L 2 (M) 



< 



s2 p lk 



(4.24) 
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and 



+ 



/ b- 1 trxU* 1 N p+1 F jt - p -. 1 (u)du 

[ b-hTxb p+1 N p+2 F j _ p ^ 2 (u)du 
is 2 



L 2 (M) 



L 2 (M) 



< 



(4.25) 



where we have used the fact that 1/2 < 2 J A < 2 on the support of ip{2 J A). 

Finally, the definition of 4~4 given by fTCT6]) -f l4TT9]) and the estimates ffl~22j) . f T4T24"j) 
and (Q5]l yield: 

141 < e2 2 ^~% lk , VP > 0, (4.26) 



and 



|4| + |4| + |4| < e2 2 P- ( P +1 ^-% lk , Wp > 0. 
( B2SD and (gZZZj) imply: 



(4.27) 



£4i+£(4i+4l+4l);$^ fc) fe 

p>l p>0 \P>0 



2 - P (j-*-2) 7 . 7fe < £2 -^- fe ) 7j7fc , (4.28) 



where we have used the assumption j — k — 2 > 0. ( 14 . 1 5 j) and ( I4.28P will yield (14. 2 p 
provided we obtain a similar estimate for Aq. Now, the estimate of A^ provided by ( I4.26P 
is not sufficient since it does not contain any decay in j — k. We will need to perform a 
second integration by parts for this term. 

4.3 A more precise estimate for A\ 

From (I4.16P with p = 0, we have: 



4 = 2"' 



M KJ'S 



(Vjytrx + tTX^)Fj,-i(u)duj E k f(t, x)dM. (4.29) 



Using the geometric Littlewood-Paley projections on the 2-surfaces P tjU , we decompose 
VArtrx as: 

V^trx = P<i+fe(Vjvtrx) + P >2 ±k (V^trx). 



In turn, this yields a decomposition for A\: 

1 1 _ A 1 I I 



(4.30) 



where: 




P > j+k(V N trx)F jfi (u)dou E k f(t,x)dM 



A 1 — 



(P <2 ±i(Vjvtrx) + tr X tr6) F j:0 (u)du E k f(t,x)dM 



(4.31) 
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We first estimate A\ v The finite band property yields: 

r j+k (Vjvtrx) = P i( V Ntr X ) 
l>i±k 

= 2- 2 '^(Vivtrx), 



j+k 



l> 2 



which yields the following decomposition for A\ x : 



/> 



j+k 



where A} )ll is given by: 

Al }1 = 2-i- 21 [ ([ fcPtVNtixjFjMdu) E k f(t,x)dM. 

J M \JS 2 J 

Now, the decomposition of the volume element (14.41) yields: 

(u)du dt duo. 
Integrating by parts ^ on P tu , we obtain: 

= -2-3 - 2l [ [ If fPi(V N ti X )f {E k f(t, x)b)dfi t>u ) F jfi (u)du dt duj 

JS 2 Jt.u \ JPt„ I 



Al A = 2->- 21 [[If m(V N tix)E k f(t,x)bd^ u ) F j>0 ( 
Jn 2 Jt,u \JPt,u J 



-o-ii I i fp l (V N tT X )F jy0 (u)f{E k f(t,x)b)b- 1 dM)duj, 
s 2 \Jm J 

where we used again the decomposition of the volume element ( 14. 4p in the last equality. 
We apply Cauchy-Schwartz to the integral on Ai and obtain: 

Kul < 2~ j ~ 21 [ \\fPi(VNtr X )F j>0 (u)\\ L 2 iM) \\f(E k b)b-%2 {M) duj (4.33) 
Js 2 

Js 2 

< 2- J - 1 \ \\V N tT X \\L^L 2 (n u )\\Fj,o(u)\\ L i\\f(E k b)\\ L 2 {M) duj 

Js 2 

< e2->- 1 [ \\F j>0 (u) \\ Ll \\f{E k b)\\ LHM) du, 

Js 2 

where we used the finite band property for Pi, the estimates (12.381) for b, and the estimates 
(12.39P for tr X . Plancherel yields: 

II^oIIl^ < ||V(2- J 'A)/(Aa;)A|| L2(K 3 ) < 2% (4.34) 
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In view of (I4.33p . we also need to estimate \\y/(E k b) H^^. We have: 

\\f{E k b)\\ L 2 (M) < \\E k fb\\ L 2 {M) + \\bfE k \\ L 2 {M) (4.35) 

~ liy&IlL 4 ^)!!^!^ 4 ^) + ll&IU°° \\DE k \\ L 2( M ) 

< \\T>E k \\L^(M), 

where we used in the last inequality the estimates (I2.38|) for b, the Sobolev embedding on 
H u (I2.50p . and the Sobolev inequality on the 4-dimensional manifold M. (I2.54p . We still 
need to estimate ||D_E , fe || i 2(_ A/( ). We have: 

p r+oo 

T>E k f(t,x)= / / e lXu T>(b-hr X M2- k \)f(\uj)\ 2 d\duj 

Js2jo f f+ oo (4.36) 
+t2 k / / e iXu tT X L^(2- k X)(2- k X)f(Xiu)X 2 dXdu. 



§ 2 JO 



Using the basic computation ( 13. ip for the first term together with the fact that D(6 Hix) & 
L™L 2 (H U ) from the estimates (12381) for b and (T2~39|) for trx, and (1^23]) for the second 
term together with the fact that trxiV satisfies the same regularity assumptions than 
b~Hix, we obtain: 

\\DE k \\ L 2 {M) <e2 k lk . (4.37) 
( ESP , (Olj) . (T05D and (TOZD yield: 



I 4I I < r 2r,-l+k 2 



Together with (I4.32p . this yields: 



A IA < Vr e2V 7 , 7fc < £ 2 2-^ 7i7fe . (4.38 



2 



4.4 A second integration by parts 

We now estimate the term A\ 2 defined in (14.31 j) . 

We perform a second integration by parts relying again on ( I4.10p . We obtain: 

K,2 (4-39) 
= 2- 2j / ( / (b(V N P <i±k (V N tT X ) + V ^1x^10)) +V N (b)(P <i±k (V N tT X ) 

./.M \</S 2 V ~ 2 " 2 



+trxtr^) + btr9(P <i± k(V N trx) + tr^trfl) F ij0 (w)du; )E k f(t } x)dM 



+2- 2 i 



( (^<i±fe(Vjvtrx) + trxtrf9)6A^F ii0 (M)rfw ] • VE k f(t,x)dM + 

\J§2 " 2 / 



where we only mention the first term generated by the expansion (I4.12p . In fact, the other 
terms generated by (I4.12p and the ones generated by ( I4.13P are estimated in the same 
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way and generate more decay in j — k similarly to the estimates (I4.26P (I4.27P . In view of 
(14 . 3 9 [) . we decompose the main part of A\ 2 as the sum of three terms: 



A 1 -A 1 4- A 1 -4- A 1 

^0,2 ~~ ^0,2,1 ^0,2,2 > ^0,2,3 



(4.40) 



where Aq 21 is given by: 



< 2 ,i = 2- 2j f ( f (bV N P <1± ,(V N tr X ) 



(4.41) 



+V N (b)P <1± k(V N ti X ) + 6tr0P <i± *(Vjvtrx) )F jfi (u)du )E k f(t,x)dM 



where A\ 2 2 is given by: 



A 1 ?- 2 i 

^0,2.2 — z 



M \ J§ 2 



bV N (trxtrO) 



(4.42) 



+Viv(&)trxtr# + btT9 2 tTx)F jfi (u)du }E k f(t,x)dM 



and where Aq 2 3 is given by: 



^23 = 2 _2i / (/ (P < iM(V JV tr X )+tr X tr^foiVF, i o(w)rfa;y VE k f(t,x)dM. (4.43) 
We first estimate Aq 2 1- We have: 



bV N P <1±k (Vjvtrx) + V7v(&) J P<2±fc(Vj V trx) + bti6P <1± u (V^tr*) 



L 2 (W„ 



< ll&IU- ]T ||V^(V^vtr X )|| L2 



j+fc 



+(||Vjv6|U«La(%.) + ||6||i,~ lltr^IUgf ||-^<ij* (Vjytrx) |U» 

< ^ (2 I e + 2^^(«))+e2^||V J >rtrxlU t -La # 



- 2 



< £ 2— +2— 



where we used the estimates (I2.38P for 6, the estimates (14.71) for 6 1 , the estimate (I2.48P for 
V ' nPi(S Vtrx), the strong Bernstein inequality (I2.59p . and the estimates (12.391) for tr%, 
and where \i in a function satisfying: 



MU 2 (R) ^ 1, 
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according to (|2.48p . In view of (14.411) . this yields: 



\Al j2>1 \ < 2-^11^11^ / 



bV N P <]+ k(V /ytry) 



(4.44) 



+V N (b)P <1± k(y N ti X ) + 6tr^P <1± fc(V7vtrx) 



L 2 (Hu) 



l?, 



< 2-^e lk j \\(e2^+e2^fM(u))F j>0 (u)\\ Ll dw 



e2~ y J|F iiQ (w)|| L 2tL; + 2— y JM|j*(R)ll^i,o(«)IU»<iwJ 



< 2 4 £ ^ 7fc7 . ; 



where we used (14.231) for E k f, Plancherel with respect to A for \\Fj >0 (u) \\ L 2, Cauchy- 
Schwarz in A for ||-fj,o(w)||L2=, and Cauchy-Schwarz in lo. 



Next, we estimate Aq 22 . We have: 



< 



< 



||6Vjv(trxtr#) + V N (b)ti X ^0 + btrehr^^^ ( ^ } 

\\b\\ L oo(\\V N tr9\\ L ^ L 2 iHu) \\trx\\L^^(Hu) + II ^N^xh^L^Hu) \\ti9\\ L ^ LG{Hu) 
+ \\^Nb\\ L ^L\Hu)\\ tT0 \\L^LHn u )\\^x\\L^ + ||6|U«||tr0||i«, i 3 (Wu) ||trx|Uoo 



where we used the Sobolev embedding (I2.50p on T-L u , the estimates (I2.38P for b, the 
estimates (I2.39P for tr% and the estimates (14 .7p for 6. In view of (I4.42p . this yields: 



1^0,2, 2l 



(4.45) 



< 2^ j ||&V*(trxtr0) + VAr(&)tr X tr0 + 6tr6? 2 tr X 1 1 3 ^ \\F j>0 (u)\\ L 2jE k f\\ LlLHnu) dw 

< 2-^e(^jjF ]fi {u)\\ Ll di^j \\E k f\\ L , {M) 

< 2-*e>y j \\DE k f\\ I ? iM) 

< 2-^ k h 2 l3lkl 

where we used Plancherel with respect to A for ||-^-,o( , w)||l 2 1 , Cauchy-Schwarz in u>, the 
Sobolev embedding on M d234|) . and ( jOZD for BE k f. 
Finally, we estimate Al 23 . We have: 

||(P<it*(Vjvtrx) + tr X tr6)b\\ L? . L 2 (Hu) 
£ ||6|U«(||-P<i±fc(V w trx)||L«La( Wu ) + ||trx|UHMIUs°z 2 (tt«)) 

< HVivtrxlU-z^) + £ 

< e, 



where we used the estimates (12.381) for b, (I2.39P for tr X and (14. 7p for 9. In view of (14. 43 p . 
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this yields: 

K,2,3l (4-46) 

< 2~ 2 ' (Jj{P^{V N U X ) +tr X tre)bN\\ L ^ L2{H J\F j!0 {u)\\ L 2juA \\VE k f\\ LHM) 

< e 2 2 k -^ lk (^JjF jfi ( u )\\ L ^ 

where we used (14.231) for E k f, Plancherel with respect to A for ||ij-,o(w)||i a j an d Cauchy- 
Schwarz in u. Finally, fl440|) . (jOj) , fQ5|) and flQBD imply: 

\AU<e 2 2-^ ljlk . (4.47) 
4.5 End of the proof of Proposition 13.11 

Since Al = A\ + the estimate fl4~38]) of Aj^ and the estimate (jQ7l> of A£ >2 yield: 

|^| < £ 2 2-^7i7 fe - (4-48) 
Together with (14.151) and (14.281) . this implies: 



E j f(t,x)E k f(t,x)dM 

M 

Finally, (I4.49P together with Shur's Lemma yields: 



< £ 2 2-^%. 7fe for \j -k\>2. (4.49) 



\\ E f\\h(M) 

j>-l 



This concludes the proof of Proposition 13.11 



5 Proof of Proposition 13.31 (control of the diagonal 
term) 

Since the orthogonality argument in angle in the core of the paper, we choose to deal 
first with the control of the diagonal term in this section. We will then proceed with the 
orthogonality argument in angle in the rest of the paper. 

In order to control the diagonal term, we have to prove (13.171) : 



\\E»f\\ LHM )<ei». (5.1) 

Recall that E 1 - is given by: 

E»f{t,x)= [ b-\t,x,u)tr X {t,x,u)FAu)ri v Au)du, (5.2) 
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where Fj(u) is defined by: 



Fj(u) 



e iXu i){2- j \)f{\u)X 2 d\. 



In view of the decompositions (12. 72 p . and the decomposition (I2.73P with p 
the following decomposition for b~ 1 trx'- 



b-hrx = f{ + f. 



2 ■ 



where f( only depends on (t, x, v) and satisfies: 



II/: 



(5.3) 
•1, we have 

(5.4) 

(5.5) 
(5.6) 



E%f(t,x) = fl(t,x,v) / F J (uX(u)du+ / Fj-(ii)/!(t, x, u, i/)rff(u;)du;. 

which together with the estimates (15. 5p and (15.61) implies: 

\\Ejf\\L HM ) (5.7) 



and where fl satisfies 



II/: 



1\\l%>L 2 (Uu) ~ 2 2£ - 



In view of (15. 2p . (15. 4p yields the following decomposition for Ejf: 



< 



< 



II /i IU°°(M) 



+ / \\ F j(u)\\Ll\\fi\\L^L 2 (H u )Vj(^)d^ 

L 2 (M) 



Fj(u)rfAuj)duj 



+ £7 



L 2 (M) 



3 ' 



where we used in the last inequality Plancherel in A, Cauchy-Schwarz in u, and the size 
of the patch. 

The following proposition allows us to estimate the right-hand side of (15.71) . 



Proposition 5.1 We have the following bound: 



§ 2 



Fj(u)riUu)du} 



j 2 roc 



< 1 V . 



(5. 



The proof of Proposition 15.11 is postponed to the end of this section. (15.81) and (I5.7P 
yield: 

\\Ejf\\v<M) < £l v y 

which is the wanted estimate (15.11) . This concludes the proof of Proposition 13.31 ■ 

Remark 5.2 In order to control the diagonal term, it suffices to have a bound of the 
L 2 (Ai) norm for the left-hand side of (I5.8p . The improvement to a bound for the L\ Xv L^ 
norm will be crucial when proving the almost orthogonality in angle. 
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We still need to prove Proposition 15.11 Note that it suffices to show: 



< 7?. 



(5.9) 



L 2 (M) 



Now, since the space-time gradient of u is given by b l L, we have: 

LA f Fj{u)rf<{u})dw ) = f b- 1 g{L{t,x,u),L{t,x,u))FHu) V Uuj)du, 
\Js 2 J Js 2 

where Fj is given by: 

r+co 

Fj(u) = / e !A >(2^A)/(Aw)A 3 cfA. 
Jo 

We have: 

g(L(t, x, u), L(t, x, u)) = g(N(t, x, u) - N(t, x, u), N(t, x, u) - N(t, x, v)). 
Thus, the estimate (I2.42[) for d^N and the size of the patch yields: 



(5.10) 



which implies: 



(6" A (t, x, u) - b~ l (t, x, v))g(L(t, x, u), L(t, x, v))FUu)rf(u>)doj 



(5.11) 



(5.12) 



(5.13) 



L 2 (M) 



< 



\\b 1 (t,x,u) - b 1 (t,x,v)\\ L ^ L 2 mu) \\g(L(t,x,u),L(t,x,v))\\ L ™\\F}(u)\\ Ll tf(u)du 



< E~1 V 



where we used in the last inequality (15.121) . the estimate (I2.44p for d^b, Plancherel in A, 
Cauchy-Schwarz in u, and the size of the patch. 
Now, in view of (I5.10p . we have: 



L v yj F j {u)rf{u)duJ=b- 1 (t,x,v) J & -1 g(L(i, x, u), L(t, x, v))Fj{u)rf^{uj)du) 

+ / (b~ l (t,x,u) - b' 1 (t } x } u))g(L(t } x } uj),L(t,x } iy))FUu)r]j(uj)duj. 
Js 2 

which together with (I5.13P and the estimate (I2.44p for d^b yields: 



L, 



Fj(u)ri y A<jj)duj 



(5.14) 



L 2 (M) 



< 



r(L(t, x, to), L(t, x, u))F}(u)^(u)dco 



L 2 (M) 
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Next, we estimate the right-hand side of (15.141) . Using the decomposition (I2.7ip . we 
have, taking into account (15.111) : 



r(L(t, x, u), L(t, x, u)) = (fi + fi)(u - v)\ 



(5.15) 



where f( only depends on v and satisfies: 



and where f 2 satisfies: 



ll/ilU- < i, 



Wfih^L^Hu) ^ 2 2, 



where we took into account the size of the patch in the last inequality. Thus, we may 
rewrite the oscillatory integral in the right-hand side of (I5.14p as: 



iL(t,x,u),L(t,x,v))F}(uX(u)du = fj(t,x,u) / (u - v) 2 F}(u) V »(u)du 



+ / f {t,x,uj,u){uj-uYF]{uX{uj)duj 



which yields: 



z 2 



g(L(t, x, u), L(t, x, v))F}{u)rfAoj)<kj 



L 2 (M) 



< II/, 1 ! 



{tu-v) 2 F}(u)rf(uj)dtu 



< 



u-vyFHu)rfAu)du 



L 2 (M) 



L 2(M) J& 

+ 7j, 



where we used in the last inequality the estimates for fj and /?, Plancherel in A, Cauchy- 
Schwarz in u, and the size of the patch. Together with (15.141) . this implies: 



L, 



Fj(u)r]Au)du 



< 



L 2 (M) 



{co-ufFAuX^dco 



7?- (5.16) 



L 2 (M) 



Finally, we need to estimate the first term in the right-hand side of (15. 14j) . We will 
rely on the energy estimate for the wave equation^. Recall from (I2.28P that: 



□ g u = b 1 tr%. 



Thus, we have: 



□„. ( / (uj-vfFjiu^^duj) = I b- l {t,x,u)tixit } x } uj){uj -pfF^iu^^du. 



(5.17) 



9 Let us note that in [13] . the authors also rely on the energy estimate for the wave equation to estimate 
the diagonal term in their parametrix 
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Arguing as in f l5.4p - fl5.7p . we have: 



b 1 (t, x, u)trx(t, x, us){uj — p) 2 Fj{u)rf^{ui)dui 



L 2 (M) 



< 



{u-u) 2 F}{u)rf{u)duj 



L 2 (M) 



which together with f)5.17p implies: 



□c 



< 



(u - v) 2 Fj{u)r) v Au)du) 



(5.1* 



(u-vyF}(u)ri»(uj)duj 
Let us now define the scalar function d> on M. as: 



L 2 (M) 



<f){t,x) 



(u — u) 2 Fj(u)r]j(u)du!. 



Then, satisfies the following wave equation on Ai: 

□ g = F, 

0|s o = 00, <9 O (0)|s o = 01, 

where in view of (I5.18p . F satisfies: 



\L 2 (M) 



< 



u-v) 2 Fj{u)^{u)duj 



L 2 {M) 



(5.19) 



(5.20) 



(5.21) 



Note also that 0o and 0i correspond to the initial data of the half wave parametrix <fi. 
The corresponding control is the subject of step C2 and has been obtained in 



||V0 o ||l2 (So) + ||0i|| L 2 (So) < 7 J. 



(5.22) 



Next, we recall how to derive the energy estimate for the wave equation f)5.20p . Recall 
that T, the future unit normal to the S 4 foliation. Let tt be the deformation tensor of T, 
that is the symmetric 2-tensor on Ai defined as: 

In view of the definition of the second fundamental form k and the lapse n, we have: 

■Kij = -2kij, 7c iT = n Ti = n _1 Vin, 7t TT = 0. (5.23) 
We also introduce the energy momentum tensor Q a a on Ai given by: 



QaB — Qc 



1 

2 { 



0. 



We have the following energy estimate for the scalar wave equation: 
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Lemma 5.3 Let F a scalar function on A4, and let O an d 4>\ two scalar functions on 
So. Let cf) the solution of the wave equation (I5.20p . Then, <p satisfies the following energy 
estimate: 



|D0|U-L2(E t ) < ||V0 o ||l2(s o ) + ||0i||l»(£ o ) + II^IU^M) + 



Q a sTi ap dM 



M 



where Q a/ 3 is the energy momentum tensor of <p, and where it is the deformation tensor 
ofT. 

Proof In view of the equation (I5.20p satisfied by 0, we have: 

D Q Q a/3 = Fd b <p. 

Now, we form the 1-tensor P: 



Pa = Q 



and we obtain: 



B a P a = B a Q a0 + Q a pB a T" = Fd <P + -Q a pir 



a/3 



where tt is the deformation tensor of Cq. Integrating over the region < t < 1, we obtain: 

(5.24) 



|D0||ic»i2( St ) 



< 



FT((j))dM 



M 



M 



< 



M 



iWollia(Eo) + H0l|lia(E o ) + 

|V0o||ia(E o ) + ll^lllia(Eo) + \\ F \\l\M)\\T(4>)\\l*{M) + 

which concludes the proof of the lemma. 



We are now in position to estimate given by (j5.19p . In view of the estimate (I5.2ip 
for F and (I5.22p for (j)o,4>i, Lemma [5.31 implies: 



|D0|U-L2(s t ) < e 



{u}-uYFj{u)rf<{u)dw 



+ 


[ Q a ^dM 


L 2 {M) 


Jm 



+ 7-- (5-25) 



Then, note from the decomposition of it (15.231) and the maximal foliation assumption 
f l2T2|) that: 

g a ^ = o 

which together with the definition of the energy momentum tensor Q yields: 



71 



35 



Together with the definition of <fi (I5.19p . we obtain: 

Q a ^ aP dM = tt q/3 ( f (u-v) 2 b- 1 (t,x,cu)L a (t,x,uj)F}(u)rf(Lu)duj) (5.26) 



M 



x( / (lo - u) 2 b 1 (t,x,Lo)L /3 (t } x } oo)FUu)r) l {(uo)doo 



2n~ 1 V i n ( / (u-u) 2 b~ 1 (t,x,u)Fhu)r]"(oo)du 



x( / (lo - u) 2 b~ 1 (t,x,u)N i (t,x,u)FHu)r]j(io)du 



-2k 



(w - v) 2 b- l (t,x,Lj)Ni(t,x,cj)F}(u)rf(cu)dcj 



x I y (w - ff& (t, x, w)A^(t, x, uj)Fj(u)tf(uj)duj 

where we used in the last equality the decomposition of n (15.231) and the fact that 
g(T, L) = —1 and Li = iVj. Now, we have: 



ki 



(u - vf(b~ l {t,x,oj)Ni{t,x,u) - b~ l (t,x,v)Ni(t,x, is))F}(u)rij(oo)doo 



< 



(lo — u) \\b (t, x,co)Ni(t, x,co) — b (t, x, v)Ni(t } x, v 



l* { hJF*(u)\\ liV »(u 



where we used in the last inequality the estimates (12.371) for k, (12.381) for b, (12.441) for 
djj and (12.421) for d w N ', Plancherel in A, Cauchy-Schwarz in to, and the size of the patch. 
Treating the other terms in the right-hand side of (I5.26P similarly, we obtain: 

2 



/ Q a /3^dM = 2n- 1 (t,x)V Nv n( t ^) b ~ 2 {t,x,u) ( 
Jm \Js 2 



'u-v) 2 F}(u)tf(u)du 



2 



-25(t,a;,z/)6- 2 (t,a;,z/) / (oo - u)* Ff (u)tf (u)du ) +0(ej"). 



which yields: 

Qapi^dM 



M 



< \\n x V Nv nb 2 \\ L o 



+ 



•l? \\b~ 



(uo-v) 2 Fj(uX(uo)duo 
oo -v) 2 F}(u)rf(oo)dco 



L 2 (M) 



(oo-u) 2 F}(uX(co)doo 



+ ^7 



< 



(to-u) 2 FUuX(u)dto 



+£ 



L 2 {M) 



L 2 (M) 
2 



(oo-u) 2 F}(uX(co)doo 
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where we used in the last inequality the estimates (I2.37P for 5, (I2.36P for n, and (I2.38P for 
b. Together with (I5.25p . this yields: 



|D< 



|L-L 2 (E t ) < £ 



{u}-u) 2 FHu)rfAu})dw 



+7r- 



(5.27) 



In view of the definition of <fi (I5.19p . we have: 



D0(t,x)= / (u - u) 2 b-\t,x,co)L(t,x,u)FAu)r]Au)du. 



Also: 



(u - v) 2 (b- l (t,x,u)Ni(t,x,u) -b- l (t,x,v)N i (t,x,v))F}(u)tf(uj)duj 



L 2 (M) 



< Y 



where we used in the last inequality the estimates (12.381) for b, (I2.44p for dj) and (I2.42p 
for d u L = dujN, Plancherel in A, Cauchy-Schwarz in u, and the size of the patch. Thus, 
we obtain: 



B<f>(t,x) - b~At,x,v)L(t,x,v) / (u - v) 2 FUu)rf(u)duj 



s 2 



< 7 



L 2 (M) 



3 ' 



which together with the estimate (12.381) for b implies: 



(u-pyF 3 L (u)rf(uj)dw 
Together with (15.271) . we obtain: 



L 2 (M) 



< ||D0|| i2(M) + 7 ;. 



(u-v) 2 FHu)rf(u)dLu 



< 



L 2 (M) 

Together with (15.161) . this implies: 



(LU-v) 2 FHu)rf(Lu)dLU 



S 2 



T 2 T oc 



L v (J Fj(u)^(u)du 



< 



L 2 (M) 



{u-vfFUu)rfAu)du 



and thus: 



Fj(u)ri1(u)du 



< Ce 



{u-v) 2 F}{u)rf<{u)du 



for some universal constant C > 0. Iterating, we obtain for any q > 0: 



j 2 J oc 

Ujj ,X V t v 



< C q e q 



Fj(u)r]j(u)dw 

(u - u) 2q F q (u)^(u)du 



(5.28) 



S 2 



r 2 r oc 



J=0 
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where Ff(u) is defined as: 



+00 



,,i\u 



^{2- 3 \)f\\uj)\ 2+q d\. 



We have: 



(u - v) 2q F q (u)tf{cu)duj 



< 



which together with the analog of (15.161) yields: 



< 



This implies the non sharp estimate: 

u - pf q Fj{uX{uj)duj 



{co - u) 2q F q (uX(u)dcu 



u-vfte + VF« +1 (u)rf(u)duj 



L 2 (M) 



+ 7?- 



L 2 {M) 



< 227^, 
~ '3 ' 

J u v ,x u ^tu 

where we used Plancherel in A, Cauchy-Schwarz in u, and the size of the patch. Thus, we 
have: 



C q e q 



{to - v) 2q F«{u)rf{u;)(ko 



< C q e q 2*rf ->■ as q -> +00, 



(5.29) 



since e > is small and may be chosen to ensure < Ce < 1. Finally, letting q — > +oc 
in (I5.28p and taking (15.291) into account yields: 



Fj(u)r] y Aoj)du 



J 2 TO 



This concludes the proof of Proposition 15.11 



6 Proof of Proposition 13.21 (almost orthogonality in 
angle) 

We have to prove (13.141) : 



\E ] f\\l> {M) <Y.\\ E U\\lHM)+ 



This will result from an estimate for: 



E»f(t,x)E»'f(t,x)dM 



M 



(6.1) 



(6.2) 



Remark 6.1 In fT3f . the authors rely on a partial Fourier transform with respect to a 
coordinate system on P i n to prove almost orthogonality in angle for their parametrix. 
In our case, coordinate systems on P t u are not regular enough, which forces us to work 
invariantly. More precisely, we will use geometric integrations by parts tied to the u- 
foliation on M. in order to estimate (16. 2p . 

Let us first explain why proceeding directly by integration by parts in (16. 2p results in 
a log-loss. 
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6.1 Presence of a log-loss 

Let us first introduce integrations by parts with respect to tangential derivatives. By 
definition of y, we have y/h = Vh — (Vn^N for any function h on o. In particular, we 
have f(u) = and f(u') = b'~ x N' - b'~ x g{N', N)N. Now, since \N' - g(N',N)N\ 2 = 
1 - g(N',N) 2 , this yields: 

ib' 

AXu—iX'u' V7 / „iXu—iX'u' \ la o\ 

~ \>(i- g (N>,Nyy N '- siN ' N ' )N{ } ' ( } 

where we have used the fact that N' — g(N, N')N is a tangent vector with respect of the 
level surfaces of u. Similarly, we have: 

ib 

AXu-iX'u' _ _ V7 ( AXu-iX'u'\ ( P. A\ 

-"A(l-g(iV,iV0 2 ) V ^ g(W ' (e } ' (6 - 4) 

where we have used the fact that iV — g(N, N')N' is a tangent vector with respect of the 
level surfaces of vl . 

Next, we also introduce integrations by parts with respect to L. Since L(u) = and 
L{v!) = b'^ x g(L, L'), we have: 

e i\ u -i\>u> = M L{e lXu - iX ' u '). (6.5) 
A g(-^ ; L ) 



Similarly, we have: 



e i\u-iXu> = & rj^iXu-iX'u'y 

*g{L, L') 



We have: 

p p p+oo p+oo / p \ 

/ E^f(t,x)Eff(t,x)dM = / / / e iAtt - iAV 6- 1 tix6 / " 1 trx / dM ) 

J M ' Js 2 xS 2 JO JO \Jm J 

We integrate by parts tangentially using (16. 3p . Since A' ~ 2 J , and 

1 - g(JV, N ) = — ~ \cj - co'\ 2 ~ \u - u'\ 2 (6.7) 



in view of (12.431) . we see that integrating by parts using (16 .3p gains roughly 2?\v — v'\ at 
the expense of a tangential derivative. Consider the term where the tangential derivative 
falls on tr%, which is roughly of the form: 

-I p p+oo p + oo / p \ 

— r / 11(1 e^-^'^b-ytTxb'^tTx'dM 

- V \ i§2 x§ 2 J J \J M ' ' J 

xrf{u)rf\u'W(2^X)^{2^X')f{Xu)f{X'u')X 2 X' 2 dXdX'dudu\ 

Since L^trx is the only derivative of ^trx for which we have an estimate, our next 
integration by parts must be with respect to L, that is we use ( 16. 5p . Since A' ~ 2 J , and 
since 

g(L, L') = -1 + g(iV, N')~\v- v'\ 2 , (6.8) 
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in view of (JSTJ), we see that integrating by parts using (I6.5P gains roughly 2 J \u — u'\ 2 at 
the expense of an L derivative. Consider the term where the L derivative falls on tr%', 
which is roughly of the form: 



1 



2 2 Av - z/| 3 



x§ 2 JO 



+00 p+00 



AXu—iX'u' l — 1^ 



M 



xrf(cu)rf (uj')^(2^\)ij(2' 3 \')f(\u)f(\'u')\ 2 \' z d\dX'dojdu'. 
Now, note in view of ( 16. 8 p and the estimate ( I2.42p for d u N, that: 

g(L,L') ~ \u-u'\ 2 , g(L,e' A ) = g(L-L',e' A ) ~ and g(L,L') = -2 + g(L,L') ~ 1. 

Thus, decomposing L on the frame L', L/, e^, we obtain: 



L~L'+\v- v\J + \u- u'\ 2 lJ. 



(6.9) 



We finally consider the term \u — v'\y tr%' in the expansion of L(trx'), and we obtain a 
term which is roughly of the form: 



1 



2 2 i\v - v'\ 2 



b-ytrxFjiuXi^du^J ■ (J b'^f'tTx'Fjiu'X'iu^du^j dM. 



We claim that such a term leads to a log-loss. Indeed, we have: 
1 



M VS : 



< 



< 



2 2 i\v - u'\ 2 
1 

2 2 i\v - v'\ 2 
1 

2 2 i\v - v'\ 2 



b- x ftvxFj{u)ri V j{uj)d 



10 



b^ftrxFjiu^i^duj 

L 2 (M) 

b~ 1 ftrxFj (u)\\ L 2 (M) r]j(uj)du; 



b'^f'tvx'Fjiu')^ '(u')dou' ) dM 
[ b'^ftrx'FJu'X'iu'W 

i§2 



L 2 (M) 



< 



S 2 
1 



x( / Wb'-ytix'F^W^M)^ (co')du 

b' 1 h^Wf tTx\\L^LHHu)\\Fj(u)\\ L 2^(uj)duj 



2 2 i\v - v'\ 2 
/-1 



s 2 



x / W lU-liytrx'lU-^^II^K)!!^,^^')^' 



< 



(6.10) 

where we used in the last inequality Plancherel in A and A', Cauchy-Schwartz in u and 
uj' which gains the square root of the volume of the patch, the estimates (12.381) for b, and 
the estimates (12.391) for tr%. This corresponds to a log-loss since we hava 10 !: 

SU P Yl 77Kt ~j- ( 6 - n ) 



v 1 1 X^lH^v-v'^HI'- 



^l 2 ^ -V<\) 2 



10 The log divergence in (|6.11l) is due to the fact that we are working at the level of H 2 solutions 
for Einstein equations. Indeed, summations similar to (|6.1ip appear in particular in |13) in the context 
of H 2+e solutions of quasilinear wave equations, albeit with a power strictly larger than 2, and hence 
without log divergence 
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Indeed, note that v' runs on a lattice on § 2 of basic size 2 • J / 2 so that (16. lip corresponds 
to the sum 

lez 2 , i<|i|<2J'/ 2 

6.2 A physical space decomposition for EJf 

To remove the log- loss exhibited in (I6.10P (16. lip , we need a further decomposition. The 
same problem was present when dealing with the parametrix at initial time in [TB]. In that 
case, we introduced a second decomposition in A and exploited the corresponding gain of 
the size of the patch in A when estimating Fj(u) in L°° and taking Cauchy-Schwartz in A. 
In the present situation, all norms for tr% are estimated by taking the L°° norm in u. In 
turn, we always estimate Fj(u) in L 2 using Plancherel and can therefore not exploit the 
size of the patch in A. 

Instead, we rely here on a decomposition of trx using the geometric Littlewood-Paley 
projections Pj. We have: 

trx = ^<i/a(trx) + Pltrx 

l>j/2 

which in turn yields the following decomposition for Ejf: 

E v j fit,x)= Y,Eff{t,x), (6.12) 

where: 

Eff(t,x)= [ b^x^P^xit^^F^uX^du VZ> 3 - (6.13) 
Js 2 1 

and: 

E^' j/2 f(t,x) = [ b{t,x,uy 1 P< jl2 tY X {t,x ) u)F, J {u)r 1 u J {uj)du. (6.14) 

6.3 The mechanism to remove the log-loss 

In order to prove almost orthogonality in angle, i.e. (I6.ip . we will estimate: 




(6.15) 



Let us assume for convenience that m < I in (16.151) . In order to remove the log-loss, our 
goal will be to always put more tangential derivatives on the lowest frequency, i.e. P m trx' 
(as opposed to the higher frequency P/tr%). This will be achieved as follows: 

1. Integrate by parts with respect to L using (16. 5p . 

2. One term corresponds to the case where the L derivative falls on the largest fre- 
quency Pitrx, while the other term corresponds to the case where L falls on the 
lowest frequency P m tr%'. For the second term, decompose the L derivative on the 
frame L',N', e' A as in (16. 9p . 
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3. We claim the the terms involving L and V do not contain any log-loss. Indeed, 
instead of the sum (16. lip containing the log-loss, they will ultimately yield 



sup 



E 



1 



— (2i/>-z/|) 3 

v 1 /l<23/' 2 \v~v'\<2i/ 2 V ' U 



< 1. 



4. We claim the the term involving N' does not contain any log-loss. Indeed, instead 
of the sum (16. lip containing the log-loss, it will ultimately yield 



sup 



E 



1 



— 2J7 2 (2i/>- 

i/'/l<2J/ 2 |i/-i/|<2J/ 2 



< 1. 



5. Finally, the last term is the one containing the derivative. This term is the only 
one which contains the log- loss exhibited in (16. lip . Now, we have achieved our goal 
since after integration by parts, the tangential derivative fell on P m tr%' which is the 
lowest frequency. 



Remark 6.2 Due to the decomposition (I6.12p . we now not only need to obtain summa- 
bility in {y,v'\ but also in (l,m). 



6.4 The main estimates 

Recall that in order to prove almost orthogonality in angle, i.e. (16. ip . we will estimate: 



V / Eff(t,x)E^ m f(t,x)dM 

Lm 



We will distinguish the following two regions: 

2 min(/,m) > y\ v - v >\ an d 2 min(l ' m) < 2 j \i> - v'\. 
We start with the estimate in the first region. 

Proposition 6.3 If v + v' and 2 min ('' m ) > 2*| v — v'\, we have the following estimate: 



E"' l f(t,x)E"> m f(t,x)dM 



M 



~ 2 ' 7 ||/ij>,z||L2( Rx§ 2)||/i J - j j y / jm || i 2( Rx§ 2), 



(6.16) 



where the sequence of functions ([J>j,u,i)i>j /2 on M x § 2 satisfies: 



^2 22 'll^>.'Hi 2 (IRx§2) ^ £ 2 2 2J 
v l>j/2 
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Proof We have: 



I Eff{t,x)E^ m f{t,x)dM 

J M 



< 



< 



'M 

7<V,l 



(6.17) 



m i f\\ LH M)\\E;' m f\\ LHM) 



b{t , x, oj) Pitix{t, x, u)Fj(u) 1 1 ^ 2 ) Vj '(w)du) 
\\b{t 

< mioo fj^||||fltrx||^( W .)F i («)||^^(w)dw 

IKtr X ||L. (W .)F i (ti)Jif (w) 



< 



L 2 



where we used in the last inequality the estimates 
uj' , and the size of the patch. 
Now, we have: 



for b, Cauchy Schwarz in u and 



J]^2 2 '|||P,tr X || L2(Wii) F J H^M 

v l>j/2 



(6.18) 



S 2 \ Ju 



2 2l \\P^x\\l HHu ) l*)(«)| 2 d« »^(w)dw 



= £ 

V 

< E / ll^llSffL.CK.)ll^(«)ll^( W )^ 

„ </§ 2 

< 2 2 % 2 ||f|| 2 r 



where we used the finite band property for Pi, the estimates (12.391) for tr% and Plancherel 
in A. (16.171) and (16.181) yield the proof of the proposition. ■ 

Remark 6.4 In (16.18P . we used the estimate: 

sup f 22l W P i tr x\\l*(Hu) £ sup||^rx||| 2(Wii) < e 2 , 



which is true in view of the finite band property for Pi and the estimates (I2.39P for tr%. 
Note that the sum in I has to be taken before the sup in u and u for the estimate to hold. 
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This explains why the L 2 norm on R x § 2 is present in (I6.16P and estimated only after 
letting the sum in I enter the integral as in ( 16.18)) . 

Next, we consider the second region. We have the following decomposition: 
Proposition 6.5 Ifu ^ v' and2 min ^ < 2?\ v—v'\, we have the following decomposition: 



[ Eff(t, x)E»'> m f{t, x)dM = A hvykm + B hV . 

J M 



u',l,mi 



(6.19) 



where Bj jV y^ m satisfies: 



(Z,m)/2 min ( i . m ) <2i\v-u' | 

1 1 



(6.20) 



< 



+ 



1 



+ 



+ 



1 



(2%-z/|) 3 (2*|i/-i/|)3 24(2i|^-^|)5 (2* \v - z/|) 2 2*(2*|i/- i/| 
1 



2%(2i\v - v'\ 



T + 2- 



Next, we estimate A j>v y^ m for (/,m) such that 2 min ^ m ) < 2^\ v — v'\. We consider the 
following two subregions: 

2 min(z,m) <<2?\v-v'\< 2 max C' m ) and 2 max( '' m) < 2 J > - v'\ 
starting with the first one: 

Proposition 6.6 If v ^ v' and 2 min ^ m ) < 2 j \u - v'\ < 2 max ^ m \ we have the following 
estimate: 



< 



^ A-j t i/,i>'.i.in 

(i,m)/2 min < ! ' m )<2J \v— iy'|<2 max ( ; ." 1 ) 

_^ 2~ 2j 22 min(i,m) 

777^ — ^ii/^iU 2 (iRx§ 2 )ii^j,, 



(6.21) 



(i,m) /2 min ( i . m ) <2^ \v— v 1 1 <2 max ( ! > m ) 



(2%- v'\f 



x§ 2 ) 



+ 



2-i 

+ — r — + 



(22 1^ — z/|) 3 (25|i/-i/|)2 (2S|i/-i/|)2 
where the sequence of functions (^j, v ,i)i>j /2 on M x § 2 satisfies: 



Finally, we estimate Aj jV y t i tT1l for (Z, m) such that 2 max (' ,m ) < 2 j \u — u'\ 
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Proposition 6.7 Ifv^v' and 2 max ('> m ) < 2 j \ v — v'\, we have the following estimate: 



< 



^ ^ -^-j,u,u' ,l,m 

(l,m)/2 m ^ l ' m )<2i\u-u'\ 

2— 2'+ m + m i n (^ m ) 

E 7^T\ ||^>,z|U2( Rx S2)||// J> / jm || Ij 2( Mx S2) 



(6.22) 



+ 



+ 



+ 



+ 



2 1/ i/ 



.(2%-z/|) 3 (2%-i/'|)s (2%-z/|) 2 2S(25|i/-i/|) 
where the sequence of functions (yU,>,;)i>j/2 on IR x S 2 satisfies: 

/j E 2 2 'll/ i J>,«llL 2 (IRxS 2 ) ~ £2 2 2j 11/11 L2( M 3). 

The proof of Proposition 16.51 is postponed to section [SJ, the proof of Proposition 16.61 is 
postponed to section [HI and the proof of Proposition 16.71 is postponed to section [TUJ 



6.5 End of the proof of Proposition 13.2 



We conclude the proof of Proposition l3.2l by using Proposition I6.3[ Proposition E31 Propo- 
sition EH and Proposition 16 .71 In view of f)6.12p . we have: 



E 



M 



E v j f(t 1 x)E u j ' f(t,x)dM 



s E 



V / Eff(t,x)E^ m f(t } x)dM 

l,m 

< E E / Eff(t,x)E;'> m f(t,x)dM 



^i/ 2 min ( ! ' m )>2^|!/— i/| 



+E 
+ E 



M 



E 



2min((,m)<2J'|!/ — I/' 



Eff(t,x)E»'> m f(t,x)dM 



M 
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In view of Proposition 16.31 and Proposition 16.51 we obtain: 



E 



M 



E»f(t,x)E»'f(t,x)dM 



(6.23) 



~ E E 2 j \\Vj,vA\L 2 (mx& 2 )\\f J 'jy,m\\L 2 (Bx§ 2 ) + 

v^u' 2 mln ( I > Tn )>2?|i/— u'\ v^v 1 

1 



+ E 



+ 



1 



+ 



1 



+ 



2min(!,m)<2j| I ,_ I /| ^ 

+ 



■^■j,u,u' ,l,m 



(2i\u-i/\)* (2*\v-i/\)z 24(2a|i/-i/|)f (2%-z/|) 2 2* (2* |i/ - 



2^(2i|i/-i/|)f 
Now, we have: 



r + 2- 



2 v v 1 

£ 7? Tj • 



E i 

\22|i/^i/'|<2 min(! ' m)_ 2 



<^ 2^ min(/,m)— j 



and: 



E 



+ 



+ 



(2a|l/-l/|) 3 (2S|l/-l/|)2 2t(2a|i/-iX|)f 



+ 



+ 



(2%-l/|) 2 2*(24|l/-l/|) 2^(23|^-^|)5 

Together with (16.231) . we obtain: 



E 



M 



E]f(t,x)Eff(t,x)dM 



Lm 



\l— m\ 



m|lL 2 (Rx§ 2 ) 



+E 



"(i,™)<2J|v-i/| ^ 



+ e 



2 II xl|2 



< 2"* ]T2 2 ^ 



s 'E 22m i^ 112 



^IIl 2 (RxS 2 ) 

l,V / 



^',m||L 2 (lRxS 2 ) 



+E 



E 



2min(i,m) <2J [ V — V l | <2 max ( ( > m ) 



M 



+ E 



E / Aj,u,v' ,l,T. 

2max(!,m)<23 



2|| ^ II 2 
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Together with Proposition 16.61 and Proposition 16. 7\ this yields: 



E 



M 



E»f(t,x)E»'f(t,x)dM 



(6.24) 



~ ^ ^ ( E ^H/^/Hl^RxS 2 ) I I y^2 2m ||/Xj^/ |m ||^2( R 
Z,f / \m,u' 

2~ 2j 22 min(i,m) 



+ E E 



||/^,V,z|U 2 (RxS 2 )||/^,l/,m||L 2 (]Rx§ 2 ) 



2 — ^ 2^+"*+min(Z,m) 



E E 

1 



(2%-z/l) 3 



||/ i j,i/,«IU 2 (Kx§ 2 )||A t j^',m||L 2 (RxS 2 ) 



E 

2 1 1 r||2 



1 2~^M 



(2%-z/|) 3 (2S|i/-i/|)f (22|zy-z/'|) 2 22(2S|i/-i/| 



Now, we have: 



/ 



E 



\ 



/ 



(2*|i/-i/| 



< log(2 max(i,m) ~ 2 ) - log(2 min(/,m) " 2 ) 

< max(/, m) — min(m, /), 



E ... 

\2^|^-v'|>2 max(! ' m) "2 



(2%-i/|) 3 



<^ 2 _ max(/,m)+ 



and: 



E 

vj=v> 



1 



+ 



+ 



2-(i)-^' 



+ 



1 



(2%-z/|)3 (2a|l/-lX|)3 (2a |^ — Z/'|) 2 2a(2a|l/-l/| 



+ 2^ 



< F 2 \\m 



II/IIl 2 (r3)- 
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Together with (16.241) . we obtain: 



E 



M 



E]f(t,x)Eff(t,x)dM 



l,m 

+2 ~ 23 5Z 22Z |l^>''l^ 2 (KxS 2 ) 



7_j Wr^jyV' ,rri\\ L' 2 ( 



LxS 2 ) 



^2 2m ||/i J> ' im ||^ 2 ( Mx§ 2) ) +^ 2 ||/||i2 



1,1/ 



< 2 23 I y]||^j>,i||jg(]RxS 3 ) 1 yjll^'.mllladRxS 2 ) ) + ^ll/lli 2 



1,1' 



Since the sequence of functions (/i 



j,u,l)l>j/2 



on 1 x S 2 satisfies: 



EE 22 'ii^iii 2 (Mxs 2) <^ii/iii 2 

v l>j/2 



we finally obtain: 



E 



E?f(t,x)E?f(t,x)dM 



M 



<e 2 \\f\\h 



This concludes the proof of Proposition 13.21 

The rest of the paper is as follows. In section [TJ we derive estimates for oscillatory 
integrals in various norms, as well as integrations by parts formulas tied to the w-foliation 
on M. In section [HI we prove Proposition 16.51 In section we prove Proposition 16.61 
Finally, we prove Proposition 16.71 in section [TUJ 



7 The key estimates 

7.1 Estimate of the L P (A4) norm of oscillatory integrals 
Lemma 7.1 Let H a tensor on M.. Then, we have the following estimate: 



HFj{u)rfAuj)du 



L 2 (M) 



< ^sup\\H\\ L? v L 2 iHu) ^J 227J. 



More generally, for 2 < p < +00, we have: 



HFj{u)rfAoj)duj 



LP{M) 



< \^xg\\H\\ L ^ L p {Hv ^j 2 



(7.1) 



(7.2) 
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Proof We have: 



< 



< 



< 



HFjium^du 

LP(M) 

\HFj(u)\\LP(M)Vj(u)du 
\H\\ L ~LP(Hu)\\ F j(u)\\ L zVj(u)du 



snp\\H\\ L ^ LP{Hu) \ / WFjiu^WFj^W'^i^duj. 



Using Plancherel to estimate ||Fj(M)|| L 2, Cauchy-Schwartz in A to estimate ||P;(w)IUs 
Cauchy-Schwarz in oj and the size of the patch, we obtain: 



LP(M) 



which concludes the proof of the lemma. 



Corollary 7.2 Let H a tensor on Ai. Then, we have the following estimate: 



L 2 (M) 



HPUt^F^uX^du 
More generally, for 2 < p < +oo ; we have: 

HP m (frx)Fj(u)rij(w)du 
Proof In view of ( I7.2|) . we have: 

HP m {tx X )F j {u)rf j {uS)du 



< sup||if|| LO o e2- m 22<y 



s 2 



Lp(M) 



< ( snp\\H\\ Loo ) e2- m h^-^ 



Lp(M) 

< (sup\\HP m (tTx)\\L^L H n u )) 2^Y 3 

< (suv\\H\\ L ^J ^sup||P m (trx)|U«=LP(w„)^ 2 



Using Bernstein on P t)U and the finite band property for P m , we obtain: 
HP m (trx)Fj(uX(u)du 

LP(M) 



< (sup\\H\\ L S) 2~ ml p UxLv\\firx\\L T Ll}j 2' 



(7.3) 



(7.4) 



Together with the estimates (I2.39j) for tr%, we obtain 
HP m {ti X )F 3 {uX{u)du 



LP{M) 



which concludes the proof of the corollary. 



49 



7.2 Estimates of the L l (M) norm of oscillatory integrals 

Lemma 7.3 Let u, v' in S> 2 such that v ^ v' . Recall the decomposition X = xi + X2 in 
(I2.45P . Let H a tensor on M . Then, we have the following estimate: 



M 



dM (7.5) 



< ( sup (\\H\\ L2uL 4 L2 J + \u- v'\\\H\\ l3+(m) + \\X2„>H\\ L 2 (M) ] 2%etf. 



M 



Proof We have: 

HT>(L(trx))F3(u)T$(u)du> 



dM < [ \\HB{L{tr X ))FAu)\\Li(M)Vj{u)du> (7-6) 

JS 2 

HBiLitrxMLiLHHjmun^i^du. 



< 



Differentiating the Raychaudhuri equation (I2.22p . we obtain: 

D(L(trx)) = -(tr X + 5)Dtr X - 2 X B X - D(5)tr X . 
Using the decomposition X = Xl + X2 in (I2.45p . we obtain: 

B(L(tr X )) = G 1 + X2 G 2 (7.7) 

where 

G x = -(tr X + 5)Dtr X - 2 Xl T> X - D(5)tr X 

and 

G 2 = -2D£ 

In particular, we have: 

+ H G ' 2 ll i S oi2 (^) ~ £ ( 7 - 8 ) 

where we used the estimate (I2.39P for tr%, the estimate £ for X , the estimate (I2.37P and 
(I2.36P for 5, and the estimate (I2.47P for Xl . In view of (17. 6p and (17. 7p . we have: 

' nT>{L{te X ))FAu)rfAu)dtt dM (7.9) 

< / \\HG 1 \\ LlL i ( K u )\\F j (u)\\ L 2rf(uj)du+ / \\ X 2HG2\\ L iLi(Hn)\\Fj(u)\\ L iVj(u)du 
Jn 2 Js 2 

< / llif II r2 r4i-2 ||Gl|| 4 || Fi (u) \ \ TJl T^iuj) did 

+ / ||X2^||2^(M)l|G 2 |U-^(7i u )||i ; i(«)||^i(w)dw 

< sup (||i?|| i?iX 4 i2; )£ / || .Py (-u) || ^2 77J (a;) da; + e / ^H^M^F^u^^^du, 
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where we used in the last inequality the estimate (l7.8p . In view of the estimate (I2.47P for 
X2, we have: 

\\X2-X2 A L e -(M) ~ W -v'\\\ d uX2\\ L 6 -(M) < 

which yields: 



\\X2H\\ L 2 (M) < \\X2u H \\l>(M) + \\{X2-X2v)H\\ L 2 {m) 
~ \\X2uH\\Ll{M) + \\X2 - X2 u \\l 

< \\X2 U H\\ L 2 {M) +e\v- u'\\\H\\ L 3 +{M) . 
Together with (I7.9p . we obtain: 



>-{m)\\H\\l 3 +{m) 



M 



dM 



^ ( sup {\\H\\ L 2 uL 4 L 2j + \u- u'\\\H\\ l3+{m) + \\X2 V >H\\ L 2 {M) 
wesupp(??^) 



x / WF^W^i^du 



< sup (\\H\\ L 2 L i L 2j + \u-u'\\\H\\ L 3 +{M) + \\x2 u 'H\\ L 2 {M) \2i£^ 



^Gsupp(»jp 



v 
3 ' 



where we used in the last inequality Plancherel in A for HF^w)!!^, Cauchy-Schwarz in u, 
and the size of the patch. This concludes the proof of the lemma. ■ 



Lemma 7.4 Let v^v' in S 2 such that v 7^ v' . Let I an integer. Recall the decomposition 
X = Xi + X2 in (I2.45P . Let H a tensor on M. Then, we have the following estimate: 



M 



HLiPttrdFjiuXWdu 



dM < sup \\H\\ L 2 jLf 2-2- l e^. (7.10) 



Proof We have: 



M 



7 , 



HL(Pitrx)Fj(umu)<kj 



dM < / \\HL{PMx)FAv)\\v{M)V V j{u)<^ 
Js 2 

Js 2 

< [ \\HnL(PitTx) Ik^^jll^Wlk^Hdu;, 
Js 2 

where we used the estimate (12.361) on n in the last inequality. This yields: 



M 



dM 



(7.11) 



< 



SUP ||#||z2 to 



i ajSsupp(r?p 



WnLiPtrxn^^WF^W^i^du;. 
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Next, we estimate nL(ptrx). We have: 

nL(P,trx) = [nL,Pi](tTx) + Pi(nL(ti X )), 

which yields: 

UnL^trx)!!^^ < II^PMII^ + llPKnLtrx)!!^ 
< 2"'e, 



(7.12) 



where we used in the last inequality the commutator estimate (12.661) and the estimate 
(|2j55P - Now, flTTTTD and (I712]l imply: 



A1 



dM 



< ( sup ||i?|| i2 /ir )2- , ef / || J P i («)|| £a ^(a;)du; > ) 



< [ sup \\H\\ LlxiLr ] 2i-'e 7 }' ; 
v wesupp(77p 

where we used in the last inequality Plancherel in u, Cauchy-Schwarz in u and the size 
of the patch. This concludes the proof of the lemma. ■ 



Lemma 7.5 Let v,v' in S 2 such that v ^ v' . Let I an integer. Recall the decomposition 
X = Xi + X2 in (I2.45P . Let H a tensor on M. Then, we have the following estimate: 



M 



HfiLiP^trxW^uXi^dw 



dM < sup \\H\\ L , fL? , 2* erf. (7.13) 



Proof We have: 



< 



< 



M 



§ 2 



HfiLiP^tixmiuXi^duj 



dM 



iHfiLiP^txxW^W^M^i^ 



iHfiLiP^trxMLlLHHjlFjiu)^^ 



< 



\Hnf(L(P^tTxmLiLHn^\F 3 (u)\\ LlV ^u)du, 
where we used the estimate (12.361) for n in the last inequality. This yields: 



M 



HfiLiP^tvxW^uXi^dcj 



dM 



< sup \\H\\ L 2 L? 

1 , II T' <- 



i aj£supp(»jp 



(7.14) 



InfiLiP^tixmL^LlllFjiu^L^i^du. 
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Next, we estimate ^(nL(P<itxx)) ■ We have: 

nfiLiP^trx)) = -fnLiP^trx) + f[nL, P<i](tr X ) + f(P<i(nL(tT X ))), 
which yields: 

WnfiLiP^txxML^Lj < Wn-ynlMlnLiPKitrx)]]^ (7.15) 

+\\f[nL,P< l }trx)\\LlLl, + \\V(P<i{nLtrx))\\ L 2, L i 
< r 



where we used in the last inequality the estimate ( I2.36P for n, the commutator estimate 
(ESHD and the estimate ( 12770|) . Now, fl7~T4j) and ( 1735]) imply: 



M 



HfiLiP^trxmiuX^cLu 



dM 



< sup \\H\\ L 2 Lf> \e[ \ WFjiujWLirfi^du) 



< 



sup \\H\\ L 2 jLT 2*erf. 



ojGsuppO^) 



where we used in the last inequality Plancherel in u, Cauchy-Schwarz in u and the size 
of the patch. This concludes the proof of the lemma. ■ 



7.3 Estimate of the L 2 U x ,Lf norm of oscillatory integrals 



Lemma 7.6 Let p G N. We have: 



b-Hrx [2i(N - N v )j F s (u)T%(u)du 



L 2 , Lf 



< (l+p 2 )s^. (7.16) 



Proof Note that it suffices to show: 



b- l tix (22 (N - N V )Y F^rf^duj 



L 2 , L\ 



<(l+p*)e^. (7.17) 



We have: 



L v (j 2 6-Hrx (2 2 (N - N^J Fj{u)rf<{u)du) 

r 2 tr X (2i(iV - N V )Y 'v S (L,L v )F jtl (u)r%{u>)du, 
+ f L v (b-hix) (2i(N - N U )Y Fj(uX(uj)doj 



p-i 



+p j b-hrx[2i{N-N v )) (2i(B Lv L--D Lu L v ))F j (u)r^(u)dcj 



(7.18) 
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where we used the fact that N — N u = L — L u since T does not depend on u, and the fact 
that b~ 1 L is the space-time gradient of u so that: 

L u (u)=b- 1 g(L u ,L). 

Next, we evaluate the various terms in the right-hand side of (17.18p . First, recall the 
identity flBTTTj) : 

g(L, L v ) = g(N -N„,N- N„). (7.19) 
Next, decompose L u on the frame L, L, e A , A = 1,2 which yields: 

Lu = \{l + g(N, N V ))L + (N u - g(N, N V )N) + g(N, N U )L, (7.20) 
which yields: 

L v {b- l tx X ) = ^l + g(N,N u ))L(b-hr X ) + (N u -g(N,N u )N)(b-Hrx) (7.21) 
+ ^l-g(N,N u )Ub-hix). 

Also, in view of the decomposition (I7.19P and the Ricci equations (j2.17p . we have: 

B Lv L - T> L L V (7.22) 
= -(1 + g(N, N U ))~D L L + B Nl/ - s{N>Nl/)N L + -(1 - g(N, N U )B L L - T> Lv L v 

= ~(1 + g(JV, N V ))6L + x{Nu - g(N, N„)N, e A )e A - e Nu ^ N , Nv)N L 
+-(1 - g(JV, N u )(( A e A + (5 + n-Vjv^L) - 8 V L V . 
Now, (JHHD, (JUS]), (E2D) and yield: 



6-Hrx (22 (JV - A^) V^JMc^j (7.23) 
= Ax + A 2 + A 3 + A 4 + A 5 + A 6 + A 7 , 

where Ai, A 2 , A 3 , At, A 5 , A 6 and A 7 are respectively given by: 

A 1 = J b~hr X (2l(N - iV,)) P+2 F jtl (u) V »(uj)du, (7.24) 

A = \(1 + g(iV,iV,))L(r 1 tr X ) (2^(iV - N V )) P F^uX^dw, (7.25) 

A 3 = j '{N v - g(N,N v )N)(b-hx X ) (2i(N - N V )J F^u^^du, (7.26) 

A, = j ^ 1(1 - g(iV,iV,)L(r 1 tr X ) (2i(iV - jV„)) P F J -(«)^(w)dw, (7.27) 
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A, 



= V [ l-(l + g(N,N u ))b-hrx(2HN 

JS 2 Z \ 

xFj{u)rf<{u)(Lj, 



-N V )Y 1 (2'(-5L + 5 v L v )) (7.25 



J§ 2 

x(22i 



o-l 



and: 



A 6 = p I b-hr X (2i(N-N u )y 

*(x(JV„ - g(N, N„)N, e A )e A - e Nv ^ N , N j N L))Fj{u)rff(u)ik), 



(7.29) 



>p-i 



(7.30) 



A 7 = p [ hl-g(N,N u ))b'hi X (2i(N-N 1 
Js 2 1 v 

x(2t(C^ + (5 + n- 1 V jV n)L)F i («)77]'(o;)d( 

We estimate Ai, A 2 , A 3 , A4, A5, A 6 and A 7 starting with A\. Recall the decomposition 
( EZED for 2i(AT- A^): 

22 (AT - A^) = + F{ (7.31) 
where the tensor F( only depends on v and satisfies: 



and where the tensor F 2 satisfies: 



This yields: 



iraL~<i, 



\\Fi\\ WHu) <2-i. 



(7.32) 
(7.33) 



and thus: 



p+i 

/ 3 \P+2 x / j \p-m+l 

[2i(N - N„)) = ( 2 "(^ - N v )) F 2J + Fff 

m=0 



p+1 



m=0 



- ( / r 2 tr X 



■ i \ p—m+l ^ 

2i(N — N V )J F 2J F j>1 (u)^(u)du 



+F^ 2 nb-hY X F jA (u) V »(uj)du?j , 

We obtain: 



o;. 



where we used the fact that F{ does not depend on 

a r 2 tr X (22 (AT - JV„)j F 2j jFj t i(u)r]j(uj)du 



p+i 



m 



PiIIl2 ( ^) < Elixir: 

m=0 



+ ll^l,illit 2 



/S2 



L 2 (7H) 



L 2 (X) 



< 



P+ 1 /• , 1 

b- 2 tTx(2- 2 (N-N u )j F 2J F jtl (u)7i](u)du; 



m=0 
+ 



b-hixFjiiu)r] u Au)duj 

2 



L 2 (M) 



L 2 {M) 
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where we used (I7.32p in the last inequality. The estimate in L 2 (M) (17. ip for oscillatory 
integrals yields: 



l\\L 2 (M) 



m=0 
+ 
p+1 



< ^ ( sup b-hrx (2* (N - N U )Y ^ F 2J 



b 2 tixFj ! i(u)ri v j (uj)duj 



2 2 



< 



t , ~T ± / 

( SU P b'hix (ti{N -N v 

m=(A " 



L 2 (M) 

p—m+l 



\\F 2)j \\ L ~ L 2 {Hu) 2^7 



+ 



b- 2 tixFjA{u)ri v Auj)duj 



L 2 {M) 



b 2 trxFj i i(u)r]j(ui)duj 



(7.34) 



L 2 (M) 



where we used in the last inequality the estimate (I7.33P and the estimates (I2.38P for b and 
fl2T39|l for trx- 

Next, we estimate the second term in the right-hand side of (17.341) . In view of the 
decomposition (I2.72p for tr%, and the decomposition (I2.73P for b, we have: 

b-hrx = ft + fi (7.35) 

where the scalar ft only depends on v and satisfies: 

ILtf'lU~<£, (7-36) 

and where the scalar ft satisfies: 

\\fi\\WH u ) < e2< (7.37) 

This yields: 

b- 2 ti X F jtl (u)r%{u)du> = ft f F jiX (u)n v j (w)du+ [ ftF^u^^du 
which together with (I7.36P implies: 



b-hixFj^uX^dcu 



< 11 to 



\\n 



Fj t i{u)r] v Au)doj 



< e 



F j:1 (u)r]ALo)dtu 



L 2 {M) 

L 2 {M) 
+ 



L 2 (M) 



5- 



L 2 (M) 



L 2 (M) 
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Using the estimate fl5.8j) and the estimate in L 2 (A4) (17. ip for oscillatory integrals, we 
finally obtain: 



b- 2 tr X F jA (u)tf(uj)du; 



< 



L 2 (M) 



£ 7 J + £ 7 p2 sup||/ 2 J || LS o L 2 (Wti) 



(7.38) 



where we used (I7.37P in the last estimate. Together with (I7.34p . we obtain: 

\\M\l*(m) < {1+vWj- 

Next, we estimate A 2 defined by (17.251) . In view of the Raychaudhuri equation (12. 2z 
satisfied by tr% and the transport equation (12.231) satisfied by b, we have: 



L{b-hix) = -b- 1 \{^X?-b- 



l \x\ 2 - 



Together with the decomposition (I2.72p for tr%, (I2.77P for \x\ 2 and (I2.73P for ft -1 , and 
with the L°° estimates for b and tr% provided respectively by (I2.38P and (I2.39p . we obtain 
the following decomposition for L(6 _1 trx): 



L{b-hx X ) = \X2 U ? + X 2u ■ H + X2 U ■ Fi + fi + fl + /, 
where the tensor F( and the scalar fl only depends on v and satisfy: 

\F{ \\ L ooqL°°(p t:Ul/ ) + ||/Illi-ifz,«(p t]U „) ^ £, 
where the tensor F 2 , and the scalar fl satisfy: 

\\ F i\\L^L\H u ) + Wfih^L^Hu) < £2_ 2, 



(7.39) 



(7.40) 



(7.41) 



and where the scalar fl satisfies: 

WttWvtM) < ear*. (7.42) 
Together with the definition (17.251) for A 2 , this yields the following decomposition for A 2 

■A, = (\X2„\ 2 + X2„ ■ F( + g] ' ' ' 



1 + Z{N,N V ))(2*{N-N V )) F^uWMdu 



+X2 V ■ 
+ 



l + g(N,N„)) (2i(N-N v )) FiFjiuWi^du 



J ±{1 + g(N,N v )) (2i(N - N V )) P fiF 3 {uX{uj)duj 
+ | / l -(l + f r(N,N v )) (2i(N - N V )) P flF^uX^doo) . 
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We may now estimate A 2 . We have: 



< 



(11X2^11x00 # L 2 + \\Fl\\ 2 L^LlL^{P ttUv ) + H/slU-LfL-CPt,^)) 



X 



L 2 , Lf 



+ 11X2 



J/.i/ ..17' m <■ 



1 



-(l + gCJV,^)) 2^(iV-iV,) FiFjiuXi^dw 



L 2 (M) 



+ 



+ 



1 



, 2 
1 



-(l + g(iV,iV,)) 2 2 (iV- i\g flFjiuX^du 



(1 + g(AT, AT,)) 2^ (AT - i\y f'FjiuWMdu 



L 2 (M) 
L 2 (M) 



< 



-(1 + g(iV, iV„)) 2 2 (iV - jV„) ^(uJi^CwJdw 



L 2 , Lf 



+e 



+ 



+ 



J(l + g(JV, N v )) (2i (iV - N v )f FiF^uX^dw 
1 



L 2 (M) 



2 2 

1 

s 2 



-(l + e (N,N v )) (22(N-N V )\ flF^uXHdu 



2 (l + g(N,N u )) [2HN-N^ flFjiuXi^dw 



L 2 (M) 



L 2 (M) 



where we used in the last inequality the estimate (I7.40p for F( and F| and the estimate 
(I2.46P for X2- Using the estimate in L 2 (A4) (17. ip for oscillatory integrals we obtain: 



WMl 2 , L\ 

11,7 J Wit L 



(7.43) 



< 



(l + g(iV,Ay) (2 2 (N-N„)) Fj(uX(u)du 
+ sup((||F|||^ i2( ^ ) + \\fi\\ L ^ L2{nu) ) (l + g(N,N u ))(2i(N-N v ) 



L 2 , hf 

U v x' v z 



+ 



< 



(l + g(iV,iV,)) (2 2 (N-N U ) 
(l + g(N,N u )) (2i(N-N„)y Fj(uX(u)duj 

+ej» + e2-i [ \\F,(u)\\ L ^(u)du 
Js 2 



II fi h 2 (M) II Fj (u) 1 1 loot?; (uj)du 



L 2 , Lf 



< 



(l+g(N,N v )) 2 2 (iV-i\g Fj{uXM^ 



L 2 , Lf 



where we used the estimates (17.411) and (17.421) . Cauchy-Schwarz in A to estimate ||-Fj(w)||zc 
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Cauchy-Schwartz in u and the size of the patch, and the fact that: 

pi{N-N v )\\ L «> <1 

in view of the estimate (I2.42p for d u N and the size of the patch. 

Next, we estimate A 3 and A4 defined respectively by ( 17.26)1 and (17.271) . Using the 
basic estimate in L 2 (Ai) (17. ip . we obtain: 



\A 



3\\L 2 (M) 



+ \\A 



4\\L 2 (M) 



(7.44) 



< snp (^\Btr X \\ L? . LHnu) ^\\(N u -g(N,N u )N) (2i(N - N v ) 
I(l-g(JV,JV„)) (2i(N-N v ) 



+ 



^7 



2^7- 



where we used in the last inequality the estimate ( I2.39P for tr%, the estimate ( I2.42p for 
d^N and the size of the patch. 

Next, we estimate A 5 defined in (17.281) . We first decompose — 5L + 5 U L U . We have: 



(7.45) 



2*(-6L + 6„L v ) = 2* 6(L - L u ) + (-6 + 6 V )L V 

= 2U -5 u (N-N u ) + (-5 + 5 u )(N-N u + L, 



Furthermore: 

-5 + 5 u 



-k NN + n l nV N n + k NvNu - n 1 Vjv„n 

n _1 Vn • (N - N„) - k Nv .(N - N v ) + k NvN - k NN 



(7.46) 



n -1 Vn - 2k 



n v )-{N -N v )-k{N -N U ,N -N v ) 
= (n^Vn - 25 U N U - 2e„) ■ (N - N u ) - k(N -N U ,N- N v ). 

([ZaSD, (177161) and the definition (1738]) of A 5 yield: 

A 5 

= -p5 v ~(1 + g{N, N v ))b'hv X (2i(N - N U )J F^uXi^du 

+p(n- 1 Vn - 25 U N V - 2e^ J {N - N v + £„)i(l + g(JV, JV I/ ))6" 1 trx (2*{N - N v 
xFj(u)r)j(u))du) 

+ P 2^ [ (N-N u + L u )k(N-N u ,N-N l/ )hl + g(N,N,))b- 1 tT X (2HN-N l/ - Xl " > 
xFj(u)r]j(u)du) 
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which implies: 



5\\L 2 . L\ 



(7.47) 



< 



p||<M 



(1 + g(N, N u ))b-Hi X [2i(N - N v j) F^uXi^du 



L 2 (M) 



+p(\\n VnH^^) + ||^|| L oo + ||e„||z°° 



X 



(N-N„ + L V ){1 + g(N,N u ))b-hr X ^(N - N^J F^u) t£(w) du 
(N-N u + L u )k(N -N V ,N- N V ){1 + g(iV, N^b'Hvx 
" (w)dw 

L 2 (M) 



L 2 (M) 



< 



x[2i(N-N u )) Fjiu^i^du 
pe 
+pe 



L 2 (M) 



(1 + g(JV, N u ))b-hi X [2HN - N u )j F^uX^duj 
j {N -N u + L V ){1 + g(N, N u ))b-hi X (2i(N - F 3 (u)tf(u)du 



L 2 (M) 



+p2° 



(N-N u + L v )k(N -N„,N- i\y (1 + g(N, N v ))b~ L tTX 



p-i 



x(2*(N-N v )) Fj(u)rf(u)(L} 



L 2 {M) 



where we used in the last inequality the estimates ( I2.36P for n and the estimates (I2.37P 
for 5 and e. The first two terms in the right-hand side of (I7.47P are similar to A\ and can 
be estimated in the same way. In view of f lT.38j> . we obtain: 



(N-N u + L v )k{N -N U ,N- N„) 



x (1 + S (N, N v ))b-\i X 22 (N - N v ) Fj{u)rfAuj)duJ 



p-i 



L 2 (M) 



Using the basic estimate in L 2 (M) (17. ip . this yields: 

II A || L 2 , L\ 

< (l+p 2 )7j+p22sup l\\k\\ L? * L 2 iHu) 



(7.48) 



(N-N„ + L V ){N - i\y 2 (l + g(N, N u ))b-HTx (2*{N - jV„)) 



p-i 



2*7? 



L°° 



< (I+P 2 )!-, 



where we used in the last inequality the estimates (I2.37P for k, (I2.38P for b, (I2.39j) for tr% 
and (I2.42p for d^N, and the size of the patch. 
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Next, we estimate A 6 defined in (I7.29p . We first decompose e. We have, schematically: 



e = k Nv . + k(N - N u , .) = 8 V N V + e u + k{N - N v , .). 
Together with the decompositions (I2.72p for tr X and (12.74)) x, this yields: 

= F(22(N - N u ) + F(2t (N - N v ) 
where the tensor F{ only depends on v and satisfies: 



(7.49) 



\ f I\\li,., x >l1 ~ e ' 



and where the tensor satisfies: 



\\Fi\\L~V{H u ) a. 
In view of the definition (17.29P of A Q , we obtain: 



(7.50) 



(7.51) 



A, 



5- 



pF( / b-hrx (2?(N-N V )) Fj{u)ri v Au)du) 



+p b-hrxFi (2i{N-N v j) F 3 (u)rfAuj)di 



1UJ. 



This yields: 



\A 



*>I|L 2 , L\ < vWi 



< 



+p 

pe 

+p 



b-hr X [2i(N - N V )J Fj(u)^(uj)du 
b'hrx hi{N - N„)Y Fj(u)^(uj)duj 



(7.52) 



L 2 {M) 



L 2 {M) 



L 2 (M) 



2- 



b'hrxFl (22(N-N V )) Fj(u)rf(u)du 



L 2 (M) 



where we used the estimate (17.501) in the last inequality. The first term in the right-hand 
side of (17.521) are similar to A\ and can be estimated in the same way. In view of (17.381) . 
we obtain: 



b-HxxFl \ 2*{N — N u ) ) Fj(u)rf(u)du 



Using the basic estimate in L 2 (A4) (17. ip . this yields: 



\A 



6||L 2 , L\ 



(7.53) 



< (1 +p 2 )e 1 » +psup {\\Fi\\ LTLHHu) \b~hix (2i(N - jV„)) 3 

< (1+P 2 )^7j, 



2*7- 



61 



where we used in the last inequality the estimate (I7.5ip for the estimate (I2.38P for b, 
the estimate (I2.39|) for tr%, the estimate (I2.42p for d^N, and the size of the patch. 

Finally, we estimate Aj. In view of the definition (I7.30P for Aj and the basic estimate 
in L 2 (M) flU]), we have: 

\\A 7 \\l 2 (m) ^ sup (||C||l~l 2 (w„) + \\&\\l°°i?(h») + ll^ -1 Vn|| iS o L2(Hu) ) (7.54) 



(1 - g(JV, N u ))b~hr X (2*(N - N v f) 



p-i 



2*7? 



where we used in the last inequality the estimate (I2.4ip for (, the estimate (12.371) for S, the 
estimate (12.361) for n, the estimate (I2.38P for b, the estimate (I2.39P for tr%, the estimate 
(I2.42p for dujN, the size of the patch, and the fact that: 

g(N-N v ,N-N v ) 



i-e(N,N v 



(7.55) 



We have: 



b'Hix (27 (N- N v )\ FjiuXi^dco 



L 2 , Lf 



< 



|L 2 , L\ 



\\L V U b'hrx (2*{N - N U )Y F 3 (uX(co)du 
< PJ^ £ i + L i + p 3 || L 2 , L i + \\A 4 \\ L 2 Lj + \\A 5 \\ L 2 L i 

+ \\M\l 2 , L\ + \\M\l 2 , L\i 

where we used (TT231 in the last inequality. Together with (17381) . ( I7231) . (17231) . (17281) . 
(1735]) and (17341) . we obtain: 



(7.56) 



L 2 , 



< 



(1 + g(iV, N v )) 2 2 (JV - iV„) F^uX^dw 

Now, we have: 

(1 - g(iV, N v )) (2i(N - N„)Y Fj{uX{u)dw 

(l-g(N,N v ))(2i(N-N v )YF j (u) $(u>)du L 2 , 
< sup f||l -g(N,N v )\\ L2 iL? (2i{N-N v ) 



L 2 , Lf 



L 2 , Lf 



< 



\mu)\\^( U )du 



< 2-i / 11^(1*) H^Hcfc; 
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where we used (I7.55p . the estimate (I2.42p for d^N, the size of the patch, Cauchy-Schwarz 
in A to estimate and Cauchy-Schwarz in uj. Together with ( I7.56p . this yields: 



b-Hx X (2 2 {N - N„)Y Fj(u)r^(u)du 



(7.57) 



L 2 , Lf 



< 



+ (l+p 2 )e 7 J- 



L 2 , Lf 



Note that the first term in the right-hand side corresponds to the left-hand side where 
b~Hrx has been replaced by 1. In particular, we have the analog of (17. 23ft : 

(7.58) 



2i(N-N u )j F^uXi^du 

= A' 1 + A' 5 + A' 6 + A' 7 , 
where A[,A' 5 ,A' 6 and A' 7 are respectively given by: 



(7.59) 



A' 5 = p I ^(l + g(N,N u ))(2i(N~N u )Y 1 + (7.60) 



xFj(u)r]j(uj)duj, 
A' e = p [ (2i(N-N u 



p-i 



(7.61) 



and: 



x(2*(x(N u - g(N,N u )N,e A )e A — e N„- s (N,N„)NL))Fj(u)r]j(u!)du!, 



A' 7 = p l^(l-g(N,N u ))(2i(N-N u f P 1 



(7.62) 



x (25 (( A e A + (5 + n" i V 7V n)L)F i («)^(w)dw. 
The analog of the estimates (17381 . ( jUSD , (17331) and (TTTMj) for A[, A' 5 , A' 6 and A' 7 yield: 



2l(N-N v )) Fj(uX(u)du 



L 2 , Lf 



< 



< 



Klb , li + \\A' 5 \\ L 2 , ii + IKH^ l + \\A' 7 \\ L2 £i 

(l+p 2 hj. 



Together with (17.571) . we obtain: 

b-Hix (2 2 {N - N V )Y Fjium^dcu 



< (1+p 2 )^- 



L 2 , Z/f 



This concludes the proof of the lemma. 
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Lemma 7.7 Let pel and q e Z. M^e /iai>e: 



and: 



b q trx 2t(AT-i\g Fjiu^i^du 



<(1+P 2 )7j- (7.63) 



<(l+p 2 ) £T J. (7.64) 



The proof of Lemma 17.71 is completely analogous to the proof of Lemma 17.61 and is left 
to the reader. 

Next, we obtain estimates evaluating the L 2 U X ,L^° of H where u = u(t, x, u), and where 
H is naturally defined with respect to the foliation of v! = u(t,x,cu'). We start with a 
basic lemma. 

Lemma 7.8 Let H a tensor on Ai, and u, u' two angles in § 2 . Let u = u(t, x, u), and L 
corresponding to u. Let v! = u(t,x, to'), and L',LJ, y' corresponding to v! . Then, we have 
the following estimate for the L\L^ L 2 ''(Pt, u ) °f H'- 

||f|lia L? o < || .CSC^W) II D^/^f^ || ^a^yv^^, IcfJ 1 — ^'l 2 -I" || -f^ll ^2(7^) || ^'-f^H 1^ — ^'1 

+ [ \H\\T> L/ H\dM+\\H\\ 2 L2{My (7.65) 

J M 

Proof Recall the estimate (12.521) on % u : 

\\ H WlI,l<f ~ / \H\\D L H\dtd^ u + \\H\\ 2 L 2 {nu) . 

Integrating in u, and using the expression of the volume element dAi in the coordinate 
system (u,t,x') (I4.4p and the control of b in L°° given by (12.381) . we obtain: 



H\\ 2 L2 < I \H\\D L H\dM + \\H\\ 2 L2{M) . 

u - x J M 



Next, we decompose L on the frame L',LJ, e' A , A = 1,2. We have: 



L = -ig(L, U)L> - ig(L, L')U + g(L, e' A )e' A . 



Now, we have: 



;(N,N') 



;(iV — N',N — N') 



\u — tu 



r\2 



(7.66) 



(7.67) 



(7.68) 



where we used (E3SD - (T7T68|) and the estimate <$M§ for d u N yield: 
g(L, V) ~ \u - uf, g(L, e' A ) = g(L - L', e' A ) ~ \u - u/| and g(L, V) 

Together with (I7.67p . this yields: 

L = (—2 + 0(\u - u'\ 2 ))L' + 0(\u - Lo'\)f + 0(\u - u/| 2 )L'. (7.70) 



-2 + g(L,L'). 

(7.69) 
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Finally, plugging (I7.70p in (I7.66P and using Cauchy-Schwartz yields (I7.65p . This con- 
cludes the proof of the lemma. ■ 

We have the following corollary of Lemma 17.81 

Corollary 7.9 Let u, u, u', v' four angles in § 2 such that u belongs to the patch of center 
v and oj' belongs to the patch of center v' . Let u = u(t,x,u). Let u' = u(t,x,uj r ), and 
L', L/, y' corresponding to v! . Let a tensor G on M.. Then, we have the following estimate: 



L 2 ,L% 



GP[tr^F 3 {v!)ri v .{u')dJ 
< (suj>\\G\\ L ~) e(2i\u - u'\2- l+ i + (2*|v - v'\)^ + i)^' . 



(7.71) 



Proof We have: 



GPfax'Fjiu'^'iu^du 1 



< 



< 



L 2 ,Lf 

U,X' L 

v 1 1, J\J, J 



IIGll^llP/trx'^^OIUs^,^^')^' 
(sup||G|| L ^ 2-i yvfiu'WItvx'Fjiu')]]^^ 



(7.72) 



where we used in the last inequality the estimate (I2.38P for b, Cauchy-Schwartz in u' and 
the size of the patch. 

Next, we apply (17.651) with the choice H = P(tix'Fj(u'): 

WPltvx'Fjiu')^ < ||P/tr X ^<nOIU 2( ^)||L'(P/tr X 'F,>0)IU 2( A4)k-^| 2 

u,x' c 

+ ||P/tr X 'F^ M OIU 2 (^)||y , (P/trxO^K)llL 2 (A 1 )k - A 



J M 

where we used the fact that \ui — to'\ ~ \v — v'\ and L'{u') = y(u') = 0. Also, since 
H(u') = -2b'' 1 and A' ~ 2 j , we have: 

L'(P,(0) ~ 2 :i b'- 1 F :j {u') 



and we obtain: 
WPfax'FAu'Wv 



< 



p;tTx'\\^mH u ){2 3 \\PltTx'\\L^mH u )W - »'\ 2 (7.73) 

+\W(Pitrx')\\L~L*(H u )W -v'\ 2 + \\f'P!trx'\\L-mn u )W ~ A) 



< 



+ / |P/tr^|P(P/tr X ')M?4 + II Wlll-L^) mW)\\U 

JHu J 

(2- l e(V- l e\v -uf + ||P/(P/tr X 0ll W ^ ~ A 2 + e\v - v'\) 
+ [ |P/tr X 'i|L'(P/tr X ')|^ + 2- 2 '£ 2 )||P i («')lll^ 

JHu J 
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where we used in the last inequality the finite band property for P[ and the estimate 
fTCTj) for trx- 

Next, we evaluate \\lJ (P[tix')\\L^L' 2 (Hu)- We have: 



\iJ(p;tTx f )\\^mn u ) < \\L'(p;tTx f )\\ L ^(H u ) + Wtf^Wivvou) 

< \\nL / (P{tr X , )\\ L ~L*(-H,)+ \\b'N'(P;trx')\\L~L* { H u ) 

< \\P((nL'(trx'))\\L~L*(H u ) + \\[nL',P;}tTx'\\L~L*(n u ) 

+ \\P;(b'N'(tT X , ))\\^mn u ) + \\[b'N\P;}tTx'\\^mn u ), 



where we used the fact that Lf — V — 2N', the estimate (I2.38P for b and the estimate 
(I2.36P for n. Together with the estimates (I2.39P for tr%, (I2.38P for b and (I2.36P for n, and 
the commutator estimates (12.641) and (12.651) . we obtain: 

||L'(P/trx')IU-L 2 (H„) < \\nL'(tr X ')\\L~L*(H u ) + ^'(tr^U-i^) +M(tr X ') 

< e. (7.74) 



Next, we estimate the integral over % u in the right-hand side of (I7.73p . We have: 

I \P{trx'\\L'(PltT X ')\dn u < I \P;tr X '\\nL'(P(tTx')\dH u (7.75) 

< llP/trx'H^^oollP/^trxOll^,,^ 

x' u x' * 

+\\p;tTx , \\^ ll L r \\[nL , ,p;}(tT X , )\\^ ll L} 

x' x 

< 2"V, 

where we used in the last inequality the finite band property for P(, the commutator esti- 
mate (12.661) . the estimate f!2.39j) for tr%, and the estimate (12.691) for Pitrx and Pi(nLtrx)- 
Finally, (17731) . (17741) and (17751) imply: 

\\Pltrx' F {u')\\\ 2 < (V\u-uf + 2 l \u-u'\ + l)e 2 2- 2l \\F J (u') 

u,x' 1 

which together with (I7.72p implies: 



GPltrx'Fjiu'X'iuyu' 



< (sup\\G\\ L J) (2 



r 2 j 00 
u.x' L 



v-v'\ + 2*\u-i/\* + I)e2 



< 



^V)II^V)lk 

Uup||G|U=x>J (2* \v - u'\2- l+ i + 2-^ + i(2i \u - £7/, 

where we used in the last inequality Plancherel in u' and the fact that 

2^\v-v'\ > 1 
since v 7^ v' . This conclude the proof of the corollary. 

Lemma 17.81 yields also a second corollary. 
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Corollary 7.10 Let u, u, u', v' four angles in S 2 such that u> belongs to the patch of center 
v and oj' belongs to the patch of center v' . Let u = u(t,x,u). Let v! = u(t,x,u'), and 
L', Lf, y' corresponding to v! . Let a tensor G on Ai. Then, we have the following estimate: 



L 2 ,Lf 



(7.76) 



< (sup||G|| L o^ e(2i\u - v'\£ + (2*|i/ - u'\)h^ + i)^' . 



Proof We have: 



L 2 ,L° 



< 



< 



sup||G|| L oo j T~ 



y/rtf (u/) 1 1 fP^tvx'F, (u')\\ LlL?Ll 1 1 ^ ^ , (7.77) 



where we used in the last inequality the estimate (12.381) for 6, Cauchy-Schwartz in u' and 
the size of the patch. 

Next, we apply (17.651) with the choice H = y/ P< z trx'Pj (■?/), and we obtain the analo- 
gous estimate to (17.731) : 



IfP'^trx'F^ 2 



L' 2 ,L% 



(7.78) 



\v — V 



< (||y / P^trx / ||^L 2 (^)(2 J W , P^tr X , |U 5f L 2 (« 

+\Wf , (P'<itTx')\\L^ ( n u )W -»'\ 2 + wy'p^trx'WL-mnJv - S\) 
+ / \fp^tTx'\\Ly'(p^T X ')\dH u + II^W'IIW^O 

< (e{2te\v -uf + \\LJf(P^T X ')\\^ LH n u )W ~ + - v'\) 



+ / l/PWll^y^trxOi^ + ^JII^WIIIs, 

JHu J 

where we used in the last inequality the finite band property for P< ; , the Bochner in- 
equality (I2.6ip . and the estimate (I2.39P for tr%. 

Next, we evaluate \\L/y (P^trx^WL^^CHu)- We have: 

iipy^trxoiu-^) 

< ||Ly(P^tr X ')||^L 2( ^) + \\N'f{P'^ X ')\\ L ^ L , {Hu) 
- \\nL'f{P'< l %rx')\\L~L*{H u ) + Wb'N'fiP'^x'^L 2 ^) 

< WfP^nL'itrx'M^L^) + \\[nL',f}P^(trx')\\L^ { n u ) 
y]nL',P^]trx'\\L~L 2 (H u ) + \\fP^(b'N'(tr X '))\\ L ^ {Hu) 



< 



+\\y[nL',P^tTx'\\ L ^ { H u ) + WP'< l {b'N'{txx ! ))\\L^ { H u ) 
+\\[b'N',f}(P^txx')\\L^(n n ) + \\f[b'N\P^trx'\\L^iH^ 
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where we used the fact that L/ = L' — 2N', the estimate (I2.38P for b and the estimate 
( I2.36P for n. Together with the finite band property for P< ; , the estimates f !2.39j) for tr%, 
( I2.38P for b and (I2.36P for n, and the commutator estimates (I2.64p and (I2.65p . we obtain: 

\\lJf(P^txx')\\L^n u ) 

< 2 l \\nL'(trx')\\ L ~mH u ) + 2 l \\b'N'(tT X ') \\l~l* { h u ) + M(tr X ') 

+ \\[nL',f}P^(tTx')\\^mn u ) + \\[b'N',f}(P^tTx')\\^mH u ) 

< 2 l e+\\[nL\f}P^(tT X f )\\^mn u ) + \\[b' N\f]{P^ti X ')\\ L ^ {Hu) . (7.79) 

To estimate the commutator terms in the right-hand side of (I7.79p . we use the commutator 
formulas f[2T34"P and fl2~35]) : 

\\[nL',f}P^(tv X ')\\ L ^ {Hu) + \\[b'N',f'](P^tr X ')\\ W H u ) 

< || X y(P^tr X ')IU-L 2 («„) + ||fc^(trxOlli^L>(«.) 

< (Wx'Wltl*, + \\k\\L T L^)\\f{P<Mx')\\L^r 

L x ' *• X' — L X' 

Together with the estimate (I2.5ip and the Gagliardo-Nirenberg inequality (I2.49p . we ob- 
tain: 

\\[nL\f}P^(tv X ')\\ L ^ {Hu) + II f}(P^tr X ') \\ L ^(n a ) 

< (M(xo + mm\\f\p'<i^)\\wu U ) 

where we used in the last inequality the Bochner inequality for scalars (I2.6ip . the finite 
band property for P< z , the estimates (12.391) and (I2.40p for X ' and the estimates (I2.37P for 
k. Together with (1 7. 79 p . this yields: 

||Ly(P> X ')IUs=^(«„)<2 Z £ . (7.80) 
Next, we estimate the integral over % u in the right-hand side of (I7.78p . We have: 

/ \fP^tx X '\\L'f{P^tT X ')\dn u (7.81) 

< I \fP'^x X !\\nL'f{P^x X ')\dH u 

< ||/P^trx / ||^ ; , ir ||y'P^(^ / (trx , ))ll^ ; ,^ + \\fP<itrx'h~,L*(H u ,) 
x\\[nL',f)P^(tT X ')\\ L ^ iLHn ^ + ||^ J trx , ||^ /L -||^[nL',^< I ](trx')||^ |L i 

< E\\[nL',f']P^(tr X >)\\ L ~ LHHul) + e 2 , 

where we used in the last inequality the finite band property for P< z , the commuta- 
tor estimate (I2.66p . the estimate (12.391) for trx, and the estimate (I2.70p for P<;tr% and 
P<i(nLtr X ). 
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Next, we estimate the right-hand side of (I7.8ip : 



nL',f]P^(trx')\\L~L*(n v ) < \\xT(P<^x')\\l^ { h u ) 

x' 1 — x' 

< F 



where we used in the last inequality the estimates (I2.39P (12.401) for x' an d the estimate 
(jZZDD for f(P^tTx'). Together with fTTTSTj) . we obtain: 



\fP' <l ^\\L'f{P' <l ixx')\dH u <e 2 . 



(7.82) 



Finally, (177781) . (OD|) and (17^21) imply: 

WP^x'Fjiu')^ < (2>-z,'| 2 + 2V-^| + l)^ 2 ||^K)|li S , 

which together with (I7.77P implies: 



GP^trx'Fjiu'X'iuj'W 



L 2 ,L% 

U.X' L 



< 



< 



(my\\G\\ L ~ \ {2i\u - v'\ + ti\v - + l) e2"* \\^f{J)\\P,(u')\\ Li 
^supllGHiocJ (2l\v-i/\2i +25+i(22|z/-z/'|)^ £7 j', 



l 2 , 



where we used in the last inequality Plancherel in u' and the fact that 

2% -A > 1 

since v ^v' . This conclude the proof of the corollary. ■ 

Lemma 17.81 also yields a third corollary. 

Corollary 7.11 Let u, u, u', v' four angles in S 2 such that u> belongs to the patch of center 
v and oj' belongs to the patch of center v' . Let u = u(t,x,u). Let u' = u(t,x,u>'), and 
L',L/,y corresponding to u' , and let L v i , L v , , ^ v , corresponding to u(t,x,u'). Let q G N. 
Then, we have the following estimate: 



b'-'trx' (25(iV' - N V/ )Y F^u'X' \u')du' 
< {l + qi)e(2i\v-v'\ + l)^. 



(7.83) 



"2 roo 

U.X L 



Proof We apply (I7.65P with the choice 

H= I b'^tix' (2z(N' - Fjiu'^'icu^dtu'. 
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(7.84) 



We have: 

||#||| 2 /LT < \\H\\ I ? (M )\\ks(H)\\i?(M)\''-v'\ 2 + \\H\\ L 2 {M) \\%,(H)\\ L2iM) \v-v'\ 

u,x' E 

+ / \H\\L u ,{H)\dM + \\H\\l 2(M) 

J M 



< 



\H\\ L 2 {M) \\L u ,{H)\\ L 2 {M) \u - u'\ 2 + \\H\\ L 2 {M) \\f v ,(H)\\ L 2 {M) \v - v'\ 
Y\\H\\ L 2 t LT \\L vl [E)\\ L 2 , £i + ||#||! 2(M) , (7.85) 



where we used the fact that \co — v'\ ~ \v — v'\. Now, the estimate of the L 2 ux ,Lf norm 
of oscillatory integrals (17.1 6p yields: 



, l? < (1 + <tW s • (7.86) 

Furthermore in order to prove the estimate (I7.16p . we actually obtain the following esti- 
mate (see (17.171) ): 

\\LAH)\\l* , Ll <(l + q 2 )e^. (7.87) 
Together with (17.851) and (17.861) . we obtain: 



wmi* ,l T < a+q 2 )ein\\LAmL H M)W-^f + \\fAH)\\L H M)\ 

II T' I \ 



v — V 



+ (l + g 2 )V( 7 /) 2 . (7.88) 

Next, we estimates the various term in the right-hand side of (I7.88P starting with the 
one involving L U ,(H). In view of (17. 84p . we have: 

LAH) = ^2^ 2 g(L,,,L06 , - 1 tr X '(2^(A^'-^0)V J • 1 ( M 0<(^^ , 
+ J ' ^(b'-hrx') <2i(N' - NA) * F^u'W (cu')dcu' 
+q2i b'-hvx'CD^L' - Dl„,LA {^{N ! - A^))"' 1 F^u'X' (u')du' 
= ti> J g(L u „ V)b'-\i X ' (2i(N' - NA)" F hl (u'X' A')du' 
+ j^LAb'-A^) (2i(N' - NA) 9 F^u'X' (cu')dcu' 
+q2 l 2 j ^ b'-\i^T>L v ,L' ( 2 HN' - NA)' 1 F^u'X' (u')du' 
-q2 l *T> Lul L u , J b'-\x X ' (2i{N' - NA)^ F^u')^' (u')du' 
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where we used the fact that L u ,{u) = g(L u >, L') and N' — N u > — L' — L v i. This yields: 
\\LAH)\\ LHM) 



< 2 j 



+ 



+q2 



g(L u „ L^b'-'trx 1 [2i(N' - N v ,)) F jA (u'X ("'W 



L 2 (M) 



L 2 {M) 



L 2 (M) 



+g2a||D £ ,L v ,\\ L °o L? 



b'-hvx' {22 (N' - N^ 9 1 F j (u , )vf(oj / )du' 



L 2 



Using the estimate of the L\ xt Lf norm of oscillatory integrals (I7.16P for the first and the 
last term in the right-hand side, and the basic estimate in L 2 (Ai) (17. ip for the second 
and the third term in the right-hand side, we obtain: 

\\LAH)\\l 2 (m) (7-89) 
< 2^(l + g 2 )£7/ + sup(||D(6- 1 tr X )|| isoL2(Wu) (2%' - N v , V ' 

+g25 sup ( ||DL'|| L5fL2(Wii) (2i(N' - N^Y' 1 J 2%' 
+q2i\\BL u ,\\L~ , Lf (l + g 2 )£Tj' 

11. 1 .rr' 1 1 u 



2%' 



< 2>(1 + q 3 )e 1 »' 



3 ' 



where we used in the last inequality the Ricci equations ( 12 .17ft for Y)L v i and DZ/, the 
estimate (I2.38|) for b, the estimate (I2.36|) for n, the estimate (I2.37P for k, the estimates 
(12^91 (gllDD for x, the estimate (jMED for C, and the estimate (jXjg]) for <9 w iV. 

Next, we estimate the term in the right-hand side of f 1 7 . 8 8 j) involving ^J v ,{H). In view 
of dZSU, we have for A = 1,2: 

f MA (H) = IT [ g{{e vl )A,L')b'-\vx' (2i(N' -JV„)Y F^u'W (u')dw' 
+ f {e v ,) A {h'-hrx') (2i(N' - N u ,)) 9 Fj(u') V f (cu')cLu' 



+q2i [ r'tr^D^^'-D^,/,) fa^N' - N u 

JS 2 V 



9-1 



Fj(u')r)j' (u')du' 



i2i{e u ,) A • J 2 & /_1 trx' (2*(iV - iV,,))" F^u'X' (oj')du' 
+ ( {e v ,) A {h'-\rx') (2i(N' - N,))* F^u')^' i"'W 



+q2^ I b'- l tix^^ l ) A L'(2^{N l -N u ,)) q ' F^u'X' (u')du' 
Js 2 v J 



-q2in {eul)A L v , I b'-\?x! [2i{N' - N v ,)) Fj(u')rjf (u')du/ 
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where we used the fact that: 

(e v ,) A {u) = g((e u/ ) A , L') = g((e u >) A , L' - L v >) = g{(e v ,) A: N' - N v > 
and N' - N v > — L' — L u >. This yields: 
\\y {eul)A (H)\\ L 2 {M) 

< 2i 



+ 



+q2i 



t b'-hrx' \2i(N' - N u ,)j F jtl (u')rg (u')d 
(e u ,) A (b'-hrx') (2i(N' - N^ F^u')^' (u')duj' 



L 2 (M) 



L 2 (M) 



b'-hrx'B^L' l2i(N' - N v .) ) ' F^u'X '(cj')d 



9-1 



L 2 {M) 



b^hrx' [2i(N' - Ns) ) " F^u'X' {u')du' 



q-l 



L 2 , L% 



Using the estimate of the L 2 U X ,L^° norm of oscillatory integrals (I7.16P for the first and the 
last term in the right-hand side, and the basic estimate in L 2 (A4) (17. ip for the second 
term in the right-hand side, we obtain: 



\\f MA (H)\\ L 2 (M) 
< 2Hl + q 2 )e^' + sn P (\\B(b-hix)\\L^L 2 (H u ) h^N' - 

J b'-hrx'B^L' {2i(N' - iV))^ F^u'X' (u')du' 



(7.90) 



+q2 



L 2 (M) 



+g2*||D (<v)jl L I ,|U» , L *(l + q 2 )e-yf 



< 2Hl + q 3 )e 1 »' 



+q2 2 e 



L 2 (M) 



where we used in the last inequality the Ricci equations (I2.17P for D( e ,) A L U >, the estimate 
( I2.38P for b, the estimate ( I2.37P for k, the estimates (12.391) (12.401) for x, and the estimate 
( I2.42p for d^N . Next, we decompose the term D( e ,^ A L' in the right-hand side of (I7.90p . 
First, we decompose (e v >) A on the frame L',lJ,e' B , B = 1,2. We have: 

M A = -hg{{e v ,) A M)L' - ~g((e v ,) A ,L')L! + ({e v ,) A - g{(e v ,) A ,N')N'). 

Together with the Ricci equations (12.171) . this yields, schematically: 

D (v)a L' = ( X + e){e v ,) A + (N' - N V ,){ X + e + C + 5 + rr^n). 

In view of the decompositions (I2.74p (12.721) for Xi the fact that e A = k^ A with k indepen- 
dent of co, the estimate (I2.36P for n, the estimate (I2.37P for 5, e and k, the estimate ( I2.39P 
( I2.40p for X-, an d the estimate ( I2.4ip for (, we obtain the following decomposition: 

T> MA L' = Fi+Ft, (7.91) 
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where the tensor Fj only depends on v' and satisfies: 



and the tensor F\ satisfies: 



In view of (I7.9ip . we obtain: 



(7.92) 
(7.93) 



b'-hrx'-D^uL' ( 2i(N' - N v ,) ) ' F>')< '(cu')cL 



9-1 



9-1 



F{ I b'-'tix' [ 2i (N -Ns))' F^u'X' (u')du' 



9-1 



+ / b'-'tix'Fi^iN -Nv')Y F^u'X' {u')du' 



which yields: 



b'-hvx'B^L' (2i(N - iV^)) 9 " 1 Fj{u')rf {u')du' 



L 2 (M) 



< 



T co J 2 



b'-\x X ' ( 2i (N - Nv')) ' Fjiu')^ (u')du' 

9-1 



S2 



9-1 



F^u')^' (u')du' 



< 



[ b'~hrx'Fi (2i(N' - N, 

JS 2 V 



L 2 (M) 



b'-\x X ' (2i(N - Nv')Y 1 F^u'X' {u')d 



/ b'~\ix'F 3 2 (2i(N'-N„ 
is 2 v 



r 2 r oc 



9-1 



Fj(u')r]j (uj')doj' 



L 2 (M) 



where we used in the last inequality the estimate (I7.92p . Using the estimate of the L\ x ,Lf 
norm of oscillatory integrals (17.161) for the first term in the right-hand side, and the basic 
estimate in L 2 (Ai) (17. II) for the second term in the right-hand side, we obtain: 

|| f b'-\xx , T> {ev , )A L' (2i(iV'-iV,,)) 9 " 1 F :? -( M ')<(^)^ , |U 2 (^) 



2i{N'-Nv>) 



9-1 



< 



where we used in the last inequality the estimate (I7.93p . the estimate (I2.42p for d u N, and 
the size of the patch. Together with (17.901) . we finally obtain: 



f { )A (H)\\ LHM) <2Hl + q 3 )E^ 



(7.94) 
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Together with fOSD and (17^91 . this yields: 

\\R\\b ,, r <(i-rrV(^') 2 (- ■ - ")• 

This concludes the proof of the lemma. 



We have finally a last corollary of Lemma 17.81 

Corollary 7.12 Let u>, u, u', v' four angles in S 2 such that u> belongs to the patch of center 
v and oj' belongs to the patch of center v' . Let u = u(t,x,u). Let v! = u(t,x,u'), and 
L',L/,y' corresponding to v! , and let L v i , L_ v , ,^7 ' u , corresponding to u(t,x,i/'). Let q G N. 
Then, we have the following estimate: 



(b' - b u ,)trx' (2i(N' - N v ,)y F^u'X'i^du:' 



(7.95) 



L 2 ,L° 



H 



< 2-i(l + q 5 *)e(2i\u-u'\ + l) 1 »'. 
Proof We apply (I7.65P with the choice 

(b' - b u ,)tT X ' (2i(N' - N U ,)Y F^u'X' '(u')du; 1 '. (7.96) 

As in (I7.85p . we have: 

\\H\\\ 2 < \\H\\ L2{M) \\L u ,(H)\\ L 2 {M) \v -u'\ 2 +\\H\\ L2{M) \\f ul (H)\\ L2{M) \u-u'\ 

u,x' t 

+\\H\\v , Lr \\L v ,{H)\\ L . , L i + \\H\\l 2{M) . (7.97) 

U l ,X' l L U I ,X' l L y ' 

We first estimate H^^). Recall the decomposition (12.791) for b — b v . We have: 



b- bu = 2-i(fl + fi) 



where the tensor f( only depends on v and satisfies: 
and where the tensor f 3 2 satisfies 
This yields: 



\\!{\\^<e, 



(b 1 - b u ,)tr X ' (2i(N' - F^u'X'iu'W 



(7.98) 
(7.99) 
(7.100) 

(7.101) 



L 2 (M) 



< 2-411^11^) 
+2"* 

< 2~ie 



tv X ' [2i(N' - N u ,)) F^u'X (u')dw' 
fitrx' (2i(N' - N u ,)) q F^u'X' {u'W 
trjd (2i(N' -N^ ' Fjfflrtf {«/)& 



L 2 {M) 



L 2 {M) 



L2(M) 



+2" 



32 



fltrx' 2i(N' - N v i) Fj(u'H ("'W 



L 2 {M) 
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where we used in the last inequality the estimate (I7.99P for f[. We control the first term 
in the right-hand side of (I7.10ip using the estimate (I7.64p . and the second term in the 
right-hand side of (I7.10ip using the basic estimate in L 2 (A4) (17. ip . We obtain: 



(b' - h,)tr X ' (2i(N' - 'Fjiu'X ' (u')d< 

< 2"*e(l + g 2 ) 7 / + (sup ||^tr X ' ^(N' - N v ,) 

< 2-^(1 + g 2 )7j' + fsup||/||| L ^ L2{Wu , ) ||tr X '||^ (2 



L 2 (M) 



In 



< 2-t £ (l + 9 V 



7j 

(7.102) 



where we used in the last inequality the estimate (17. 10Up for /|, the estimate (I2.39P for 
trx', the estimate (I2.42p for d u N and the size of the patch. In view of the definition (I7.96P 
of H, this yields: 

\\H\\ LHM) <2-ie(l + q 2 h»'. (7.103) 
Together with (17.971) . we obtain: 



I n\\ 2 

\ n \\L 2 ,i t °° 



2\_y 



< (\\LAH)\\ LH M)W-^T+\\fAmLHM)W- i/|)2-*e(l + q 2 H 



+\\H\\ L , , LT \\L U ,(H)\\ L 2 , Ll + 2~*e\l + g 4 )( 7 . 



v' ' v' 



V' ' V' 



Next, we define: 



H 2 
H 3 



(7.104) 

(7.105) 

(7.106) 
(7.107) 

H[ = L U ,{H) - Hi, H' 2 = fA H ) - H 2 and H' 3 = L V ,{H) - H 3 . (7.108) 

The terms Hi, H 2 , H 3 denote the contributions in the right-hand side of (17.1101) where the 
derivatives L_ v i,^fJ v ,,L v i fall on b. The terms H[,H' 2 ,H' Z are the ones already treated in 
the proof of Corollary 17.111 up to the presence of the extra term b' — b v > which is evaluated 
in L°° norm. In view of the estimate (12.441) for d^b and the size of the patch, we have: 



Hi = IjLAb') - LAbv<))tr X ' ^(N' - N u ,)) 9 F^u'X' (u')du' , 

ifAb') ~ f,M)**! (2*(JV - N v ,)) q F^'X' {u'W , 
{LAV) - (2i(N' - N v ,)) " F^u')^' (u')doj' , 



and: 



&'-&„' II l°° < 2" 



(7.109) 



Thus, in view of the estimates (I7.87p . (I7.89P and (I7.94p of the proof of Corollary 17. 11[ 
and taking into account the extra 2" 2 factor coming from (17.1091) . we obtain the analog 
of ( 1737)1 (HBSD dZSH) : 

\\H' 3 \\l* , Ll<2-Hl + q 2 )e^', 
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\H[\W { M) <2§(l + g 3 )e 7 ] 



and: 



\\H' 2 \\ LHM) <(l + q 3 )e^'. 
Together with (I7.104p and in view of the decompositions (" 17. 1 08j) . we get: 

\\H\\ 2 L2 L < (\\Hi\\ L 2 {M) \p -^f + \\H 2 \\ LHM) \u-u'\)2-is(l + q 2 )^' (7.110) 

+ \\H\\ L2 , Lr \\H 3 \\ L2 / 1 + (l + ^)2^(l + (2^|z/-z/'|)V(7/) 2 . 



Next, we estimates the various term in the right-hand side of ( I7.110p starting with 
Hi. In view of the definition ( 17.1 05p for Hi, we have: 



\Hi\\l 2 {M) 



< 



2 LAb')tr X ' (2HN' - N U/ )Y F,(u'X' (u')du' 



(7.111) 



L 2 (X) 



Next, we evaluate both terms in the right-hand side of ( 17.1 lip starting with the first one. 
Using the basic estimate in L 2 (.M), we have: 



LAb')ti X ' (2*(N' - Ns)) F^u'X '(u')dw' 



(7.112) 



< 

no 



sup 



L u ,(b')tr X ' (2i{N'-K 



L 2 (M) 
.1 ,,' 



2*7; ■ 



Now, we have: 



L„,(b%x' [2i{N'-N v ,) 



< \\nb'\\ L ~ L 2 (nu) \\trx'\\L°° 11(2^^'-^) 



< 



where we used in the last inequality the estimate (I2.38P for b, the estimate (I2.39P for tr%, 
the estimate (12.421) for d u N and the size of the patch. Together with (I7.112p . we obtain: 



L u ,(b')tr X ' (2»(JV' - N v ,)) Fj{u')^ \u')dJ 



(7.113) 



L 2 (M) 



Next, we estimate the second term in the right-hand side of (I7.11ip . We have: 



L 2 (M) 



LAK>) ( jjTX 1 (2i{N'-N u ,)) F^u'X'iu')^' 

trx 7 (2i(N' - N u ,)y F 3 (u'X' (u')duj' 
tr X ' [2i{N' - N U/ )Y F,(u'X'(u')du' 



(7.114) 



< IUv^OIIl"^) 



< 



L 4 (M) 



L*(M) 
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where we used in the last inequality the estimate ( I2.38P for b. Now, we have: 

tr X ' (2l(N f - N u ,)y F^u'X'iu'W 



L 2 (M) 



L 2 , Lf 

U I ,X' l L 



< 



£7 



3 ' 



(7.115) 



where we used in the last inequality the estimate (I7.64p of the L 2 Uv X , u Lf of oscillatory 
integrals. Also, we have: 



< 



tr*' (2i(N' - Fj{u')if-{u/)dJ 

[ ti X ' (2i(N'-N„ 
Js 2 v 



L°°(M) 

< - ( / \\F 3 Mu')\\L Ti ri-'{u')duj 



L°°(M) 

F^ x {u')\\ L ^' {u')du 



< 



e2^', (7.116) 

where we used, the estimate (I2.39P for tr%, the estimate (I2.42p for d^N, Cauchy-Schwarz in 
A' to estimate ||F Jj _ 1 (m / ) Cauchy-Schwarz in u' and the size of the patch. Interpolating 
( 17.1 15p and ( I7.11fip . we obtain: 



tr X ' (2i(N' - N„,)) q F^v!)^ ' {<J)dJ 



Finally, f l7TTT]) . (El and d7TTT7]) imply: 



\H l \\ LHM) <2ie 1 »' 



(7.117) 



(7.118) 



2 (M) ~ ^ fc 7j • 

Next, we estimates the term H 2 in the right-hand side of (17.1 10p . In view of the 
definition (I7.106P for H2, we have: 



2\\L 2 (M) 



< 



fAb')trx' [2i(N' - N v ,) F 3 {u'H (u')du' 



L 2 (M) 



(7.119) 



+ 



?Abw) ( / trjd [2^{N' -N v ,)) q ' Fjiu'W (oj')dw' 



L 2 {M) 



Next, we evaluate both terms in the right-hand side of f 1 7 . 1 1 9 j) starting with the last one. 
We have: 



)MM (( 2 tr *' (ti{N' -N u ,)y F 3 {u'X\uj'W 



< IIIMMIIl- , L'f 



(7.120) 



L 2 (M) 



tr X ' (2i(N' - Ns)} 9 ' F 3 (u'X'(uj')du' 



L 2 , Lf 
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where we used in the last inequality the estimate (I2.38P for b and the estimate in L 2 u , Lf 

(I7.64p . Next, we evaluate the first term in the right-hand side of (17.1 lip . Decomposing 
y/ v , on the frame L',I/, e' A and using the fact that: 



\u'-v'\<2t, 



we have schematically: 
and thus: 

" f ^(fo')trx' (2i(N' - N u ,)) q F^u'X ' {u')dJ 
f'(b')tTx' (2i(N' - F 3 {u'X\u')duj' 



(7.121) 



< 



L 2 (M) 
L 2 (M) 



< 



s2 



f'(b')tTx' (2i(N' - N V ,)Y Fjiu'X '(u')duj' 



L 2 (M) 



L 2 (M) 



where we used in the last inequality an estimate analog to (17.1131) . In order to estimate 
the right-hand side of (I7.12ip . we use the decomposition (I2.80P of y/'(b'). We have: 



f(b) = F{ + Fi 

where the tensor F{ only depends on v and satisfies: 

ll-^i II l™l 2 ,l s , 



and where the tensor F^ satisfies: 



<e2-i. 



In view of (I7.122p . we have: 

f(b')tT X ' (2i(N' - Fj{u')rf (u')dJ 



(7.122) 
(7.123) 

(7.124) 
(7.125) 



L 2 (M) 



^ II H || L 2 L 2 >L S 



ti X ' ( 2HN' - N v ,) ) ' F^u'X '(co')duj ; 



+ 



L 2 (M) 



Fitrx' (2i(N' - N^Y F^u')^ ' (u')dw' 



< 



ti X ' [2 2 {N' - N v ,)\ Fj(u')r]^ (u')du 



+ 



F|trx' [2i (N' - N v .) ) Fj(u')rf (u')duj' 



L 2 (M) 
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where we used the estimate (I7.123P for F( in the last inequality. Now, interpolating 
between the the estimate in L 2 u ; / (I7.64p and the L°° estimate (I7.116p . we obtain: 



trx' ( 2^ (N' - N„,) ) ' F^u'X'^duj' 



(7.126) 



L , Lf 



For the second term in the right-hand side of (17.1 25|) . we have: 



Fitix' ( 2i{N' -N u ,)) Fj{u')rtf \u')dw' 



L 2 {M) 



Fitix' (2f (N> - Ns)) F 3 (u')\\ L2(M) ^'(u')du f 



< 



F 3 (u')\\ L 2 i tr X ' [2Hn'-N u ,) 



L°°(M) 



rf {J)dJ . 



Together with the estimate (I7.124p for F^ , the estimate (I2.39P for tr%, the estimate (I2.42p 
for d w N and the size of the patch, we obtain: 



Fitr X ' f 2a (JV' - N„,)Y F^u'X' (u')du' 



(7.127) 



L 2 (M) 



< s / 2-ie\\F j {u')\y^\u')du' 



where we used in the last inequality Plancherel in A' for ||Fj(M / )|| i 2 / , Cauchy Schwartz in 
u' and the size of the patch. Finally, (pQ, ( Q25D , (T7TI26]) and "( 17327]) imply: 



(2*(A" - N v ,)) q F^u'X' {u')du' 



L 2 (M) 



<e2i*yf. (7.128) 



Together with (I7.119P and (!7.12Up . this yields: 



H 2 \\lhm) ^ £2*7} 



(7.129) 



Next, we estimates the term H 3 in the right-hand side of (I7.110p . Decomposing L v i 
on the frame L',I/, e' A and using the fact that: 

W-v'\<2i, 

we have schematically: 

L u ,(b') = L\V) + 2-if'{b') + 2-W(b'). 
Together with the transport equation (12.231) satisfied by b, we obtain: 

L v ,{b') - L v ,{b v .) = -tb' +~5 u ib u i + 2~if{b') + 2~W(b'). 
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In view of the definition (I7.107P for H 3 , this yields: 



\H- 



3\\L 2 (M) 



< 



{-5 V + 8 v ,b v ,)tr X ' [2S(N' - N u ,)\ F^u'X {u')dco' 



L 2 (M) 



+2~ 2 



f{b')tv X ' [2i(N' - N u ,)j ' Fj(u')r]j' (cu')dcu 
L\b')tTx' (2i(N' - Ns)) q F 3 {u'K\j)duj' 



L 2 {M) 



L 2 (M) 



Together with an estimate analog to (17.1 28p and an estimate analog to (17.1 13j) . we get: 



Z\\L 2 (M) 



< 



(-5 b' + 5 v ,b v ,)tr X ' (2*(iV - N v ,)) Fj{u'X' \J)du' 



(7.130) 

L 2 (M) 



+e2-i^ + e2 2 1 ] . 
Next, we estimate the right-hand side of (I7.130p . We have: 



< 



(-5 b' + (V^Otrx' [2i(N' - N u ,)j F^u'X (u')du' 
(-t + 5 u ,)b'tr X ' (2i{N' - N v ,)y F^u'X' (u')du' 



(7.131) 



L 2 (M) 



L 2 (M) 



+ \\s 



'"Hl°° , l 2 



b' + b ul )tr X ' (22 (N' - N v >)\ Fjiu'X (u')dw' 



L 2 , Lf 



< 



(-5' + 5 u ,)b'tr X ' [2i(N' - N v ,)) F^u'X '{u')du' 



L 2 (M) 



+ e\\H\\ L , 



where we used in the last inequality the estimates (I2.36P (I2.37P for 8 V > and the definition 
(I7.96P for H. Now, recall the decomposition (I7.46p : 



- S + s v , = n _1 Vn - 26 V ,N V , - 2e v , - (N' - N v ,) - k(N' - N v >, N 1 -N v >). (7.132) 
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This yields: 



(-5' + 5 u ,)b'tr X ' (2i(N' - N,)}* F^rg WW 



'§2 

< 2~i \\ n - x Vn - 28 v rN v , - 2e v > 



(7.133) 



L 2 {M) 



v'\\L°° , L? 

u / ,x , 1 



X 



+2" 



9+1 



fo'trx' ( 2* (N 1 -N ul )Y F^u 1 )^' (u')du' 



L 2 , L% 



L 6 (M) 



< 2~U 



+2- j e 



[ b'tr X ' (2i(N'-N v 
is 2 v 

b'tr X ' \2i(N' - N vl )j Fjiu'X WW 



Fjiu'M (u'W 



L 3 (M) 



L 2 , Lf 



q+2 



b'tr X ' 2* (N' - N u , )) Fj (u'X WW 



L 3 (M) 



where we used in the last inequality the estimate (I2.36P for n, the estimates (I2.36P ( I2.37P 
for 5 and e and the estimate (I2.37P for k. ( I7.133P together with the estimate (I7.115P and 
the interpolation of (17.1151) with (17.1161) implies: 



(-5' + 5 v ,)b'tv X ' (2*(JV' - N v >)) Fjiu'X'WW 



< 2 rhj" 



L 2 (M) 



Finally, ( jTZEOD , (17331) and (EHD imply: 



\Hs\\i?(M)%e\\H\\ L » ,i« + e2 . 



(7.134) 



(7.135) 



Finally, (T7TTU]) . ( TTTT8]) . (17129]) and ( 17335]) yield: 



to /L ? < (2-H2nu-urr+2-H2nu-u'\))2-ie\i+ q ^'r 

u,x' z 

+e\\H\\l 2 +e2~i^'\\H\\ L 2 L? 

u ,,x' , t J u /,x ' / 1 



+ (l + q *)2-Hl + (2$\v-v>\) 2 )e 2 ( 1 ») 2 
This implies: 

\\H\\ 2 L2 LOO < (2-i + 2-%(2i\v - u'\) + 2~*(2*|i/ - uf) 2 ) (1 + q 5 )e 2 (^'f 
This concludes the proof of the lemma. 



7.4 Integration by parts 

7.4.1 Integration by parts in tangential directions 

Lemma 7.13 We consider an oscillatory integral of the following form: 

[ [ b- 1 b'~ 1 h(t,x)F J (u)F J (u'X(uX'(uj')dujduj'dM, 
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M JS 2 xS 2 



where h is a scalar function on Ai. Integrating by parts once using ( 16. 3 p yields: 

b^y^hit, x)F j (u)F j (u')rf(u)r j f (u')du)dw'dM (7.136) 

= I I : J * f (N' - S (N, N')N)(h) + (tr6 f - g(iV, N')trd 

-0'(iV - g(N, N')N', N - g(N, N')N f ) - g(N, N')b'~\N - g(N, N')N')(b f )^h 

+ i~ g g(iv!ivV ~ g(iv ' iy/)iv ' ^ ~ g(iv ' iy,)iv) 

-g(JV, N')9'(N - g(N, N')N', N - g(N, N')N')j h 
x Fj (u)F jt -i {u')rf{u)rf' {u')dudu'dM . 
Also, integrating by parts once using (16. 4p yields: 

b^b'^hit, x)F :j {u)F J {u')rf{uj)rf'{u')duduj'dM (7.137) 

I M JS 2 xS 2 

i2 ' j I I 1 h '(N f (iV ~ g(iV ' ^' W W + ~ S(N, N')tr6' 

-6(N' - g(N, N')N, N' - g(N, N')N) - g(N, iV> _1 (N' - g(N, N')N) (&)) h 

+ i- g g(iv!ivV ( e ' (N ~ g(iv ' iy/)iv '' n ~ g(iv ' 




-g(iV, N')0(N' - g(N, N')N, N' - g(N, N')N)J h 
x F 3 - _i (u)Fj (u')r]»(u)r]f {u')dudu'dM . 
Proof We have: 

b- 1 b'' 1 h(t,x)F j {u)F j {u') V Uu)^'{uj')dujduj'dM 




I] \ j i j 

I M JS 2 xS 2 



i>+oo r+oo 
2 xS 2 Jo io 



e ^-i\'u> b -l b ,-l hdM 



xtf(u)tf '(u')ip(2- j \)(2-i X')^j(2- j X')f(Xco)f(X'uj')X 2 X' 2 dXdX'dujduj'. 
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We integrate by parts in tangential directions using (16. 3p . We obtain: 

h(t, x)F j (u)F j (u')r] v j (uj)^\uj')dudu'dM (7.138) 



M JS, 2 xS 2 



= -i2~ j I I I [ I e^~^ v J" ( (JV - g(JV, N')N)(h) 

Js 2 xn 2 Jo Jo \Jm 1 - S{N, N'Y V 

+(fc(iV - g(N, N , )N)(b~ 1 ) + div g (iV / - g(JV, N')N))h 

g(N, N')(N' - g(N, N')N)(g(N, N')) 
l-g(N,N') 2 

xrf^oj)^' {J) {2- j \')~ 1 H 2 ~ j A) (2-^0^(2^' A')/(Ao;)/(AV) A 2 X' 2 dXdX'dcoduj', 

where div g (iV' — g(N, N')N) denotes the space-time divergence of N' — g(N, N')N. 

Next, we consider the various terms in the right-hand side of (I7.138p . Using (I2.2ip . 
we have: 

b(N' - g(N, N^N)^' 1 ) + div g (iV - g(N, N')N) (7.139) 
= tr6' - g(N, N')ti6 - 6'(N - g(JV, N')N', N - g(N, N')N') 
+g(N,N')(N-g(N,N')N')(b'), 

where we used the decomposition of iV in the frame N',e' A : 

N = g(N, N')N' + (N — g(N, N')N'), (7.140) 
and the decomposition of N' in the frame N, ca- 

N' = g(N, N')N + (N' - g(N, N')N), (7.141) 

and where 9 is the second fundamental form of P t u m S t . We also have in view of (12.211) . 
(171301) and (HHU): 

(N' - g(N, N')N)(g(N, N')) (7.142) 
= (g(JV, N') 2 - l)b'~ l (N - g(N, N')N') (&') + 6(N' - g(N, N')N, N' - g(N, N')N) 
-g(N, N')6'(N - g(N, N')N', N - g(N, N')N'). 

Using fl7TT38|) . (17TT39]) and (jZHSD , we obtain: 



M JS 2 x 



2 yS2 



h(t,x)F j (u)F j (u')rf(u)rf\u')duduj'dM 



- l2 ~ J I I i ^(N N>v (( N ' - s(N,N')N)(h) + (W - g(N,N')ti6 
Jm i§ 2 xs 2 1 — N') 2 \ \ 



-9'(N - g(N, N')N', N - g(N, N')N') - g(N, N')b'~\N - g{N, N')N')(b'))h 
+ (l- g g^) 2 ) ( 6(N ' ~ g(iV ' iY ' )iV ' N> " g(iV ' ^ 



-g(N, N')6'(N - g(N, N')N', N - g(N, N')N') ) h 
x Fj (^Fj^u'^iuj)^' (oo')dujduj'dM , 
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which concludes the proof of (I7.136p . 

In order to obtain (I7.137p . we integrate by parts in tangential directions using (16 .4p 
instead of (I6.3p . The proof is completely analogous by exchanging the role played by N 
and N', so we omit it. This concludes the proof of the lemma. ■ 



7.4.2 Integration by parts in L 

Lemma 7.14 We consider an oscillatory integral of the following form: 



b- 1 b'~\(t,x)F 3 (u)F J (u')rf(cu)rf\u')dujduj'dM, 

<M JS. 2 xS 2 

where h is a scalar function on Ai. Integrating by parts once using ( 16. 5 p yields: 

b^b'^hit, x)F j (u)F j (u')rf{u)rf'{uj')dujduj'dM (7.143) 

M JS, 2 xS 2 

= -VTi f [ b 1 (l{K) + trxh -5h- th - (1 - g(JV, N'))5'h 
J m Jn 2 x§ 2 g(^) L ) V 

_ _ X '(N - g(N, N')N', N - g(iV, N')N>) 

^N-s(N,N')N' n g(L,L') 

F j (u)F j _i(u')r]j(uj)r]j\i J j')di J jdi J j'dM. 
Also, integrating by parts once using (16. 6p yields: 



b^b'^hit, x)F J {u)F J {u')r 1 v j {u)r 1 »\u')dujduj'dM (7.144) 

M JS 2 xS 2 

= -i2~ j f [ ^ — (l'(Ji) + trx'h -5h- th - (1 - g(N, N'))5h 

X (N> - g(N, N')N, N' - g(N, N')N) \ 
-^N'-g(N,N')Nn gjLly) J 

Fj^^Fjiu'^iu^'^dujdu'dM. 
Proof We have: 

b- 1 b'- 1 h{t,x)F j {u)F j {u'X{ujX'{u')dujduj'dM 

2 xS 2 

r r+oo i>+oo / r \ 

/ / / / e iXu - lX ' u 'b- l b'' l hdM) 

Js 2 xS 2 Jo Jo \Jm J 

x^{u)^'{u')^{2^X){2- j X')^{2^X')f{Xu)f{X'uj')X 2 X' 2 dXdX'dudu'. 



M JS 2 x 
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We integrate by parts in L using 06. 5p . We obtain: 

h(t, x)F j (u)F j (u)rf(uj)rf'(uj , )dujduj'dM (7.145) 

-i2~i [ / + °° [ + °° ( [ e ^- av -^— U{h) + (bLib- 1 ) + div g (L))/i 



g(L,L>) 

where div g (L) denotes the space-time divergence of L. 

Next, we consider the various terms in the right-hand side of (I7.145p . Using the Ricci 
equations ( I2.17p . we have: 

Lib' 1 ) + div g (L) = b~hrx (7.146) 

and: 

L(g(L, L')) = -5g(L, V) + g(L, D L L'). (7.147) 
We decompose L on the frame (Z/,Z/,e' A ): 

L = 1(1 + g(JV, + ~(1 - g(JV, N'))V + N- g(N, N')N>, (7.148) 

where the vector N - g(N,N')N' is tangent to P ty . fl7.147j) . fl7.148j) and the Ricci 
equations (I2.17P yields: 

L(g(L,L')) (7.149) 
= -5g(L, L') - 1(1 + g(iV, jV))7g(L, L') + (1 - g(iV, iV'))Cv- g (7v,v^ 

+1(1 - g(JV, iV'))(5' + n" 1 V w m)g(L, L') + X '(iV - g(iV, jV')iV, N - g(JV, iV')iV') 
— Cn- s (n,n')n'S(L, L') 

Using (JHISD, (TmBl) and (I71I9]) . we obtain: 

h(t,x)F j (u)F j (u')rf(u)rf\u')dudu'dM 

I M Js 2 xS 2 

~ i2 ~ j f [ -£ r ^(L(h)+tixh-'3h-'tfh-(l-g(N,N , ))6'h 

JM </§ 2 xS 2 g(iv, L ) \ 

x'(iV - g(JV, N')N', N - g(iV, JV')iV') 
',(L,L') 

,., (cu')dcodco'dA 
where we also used the identity: 

g(L,L') = -l + g(N,N'). 




z ^N-s(N,N')N' a Z77 Fa ' i 

Fji^F^tiu'Xiuj^fi^dcodco'dM, 
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This concludes the proof of (17.143j) . 

In order to obtain (17. 144p . we integrate by parts in V using ( 16 .6ft instead of ( 16. 5ft . The 
proof is completely analogous by exchanging the role played by L and L', so we omit it. 
This concludes the proof of the lemma. ■ 



8 Proof of Proposition 16.5 



Since 2 mm (' ,m ) < 2 3 \v — we may assume that I > m and thus: 

m</and 2 m < 2 j \v - 
In order to prove Proposition 16. h\ recall that we need to exhibit a decomposition: 

/ £f /(t, x)E] ' m f{t, x)dM = A 

j,v,i/',l,m ,v,v' ,l,mi 

J M 

where B~ uu > i m satisfies: 



•1) 



1.2) 



(l,m) /2 min 0. m ) <23 \v-v' 



J.3) 



< 



1 1 

+ 



1 



+ 



1 



(25|i/-i/|) 3 (2S|i/-i/|)S 24(2S|i/-i/|)S (2*|i/-i/|) 2 2*(2*|i/-i/| 
1 



+— 



2^(24|x/-i/|)i 



We have: 

/ E?f(t,x)E?' m f(t,x)dM = f f b-'mxb'-'PrrMx 

JM JMJS 2 xS 2 

xF i (u)F i (^i / )?7J(a;)?7J , ' {u')dujdui'dM. 
We first integrate by parts in L using ( 17. 143ft with the choice h = PitixPmX^x' ■ We obtain: 



I Eff(t,x)E^ m f(t,x)dM 

JM 

— ^L(P i trx)tr X P m trx / + Pitr X L(P m tY X ') + (tr X -6-6 



•4) 



-i2~ J ' 



b- 1 

M JS 2 xS 2 S[L, 



-(l- g (N,N'))5'-2C 



N-g(N,N')N' 



X'(N - g(JV, N')N', N - g(N, N')N') 
g(L,L>) 



xP ; trxP m trx' I Fj(u)Fj ^(u'W^rtf (u')dudu/dM. 
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Next, we decompose L on the frame (L', N', e' A ): 

L = L' + (g(iV, N') - 1)N' + N- g{N, N')N', (8.5) 

which yields: 

L(P>xO = L'{P>X') + (S(N, N') - l)N'(P' m tT X ') + {N- g(N, N')N')(P^t X '). (8.6) 
Now, (JSaj and (JHSD yield: 

/ Ej' l f(t, x)Ej'' m f(t, x)dM = A jiU yj >m + B jtV y^ m 

JM 

where A j>u y,i,m is given by: 

4 _. Q _ i f f PM X {N - g(N,N')N f )(P m tx X ') 



•7) 




>MJ§ 2 xs, 2 g{L,L') 



*-j,v,u' ,l,m 

xF^F^^u 1 )^^)^' (J)dujduj'dM 
and Bj V V i may be decomposed as: 

Bj tV y,l,m — Bj,v,v',l,m + ^j,u,v',l,mi (8.9) 

where B) uyim and B 2 j uy i m are given by: 



x Fj (u) Fj, _i (w)t^ (u')dudu'dM 



and: 



= / / -y^TY ( (g(^» ^) " mtrxN'(P m tr X ') + (tr X -5-5' 

X'(N - g(JV, iV')iV', iV - g(JV, N')N') 



-(1 - g(iV, iV'))5' - 2^^^ 

PtrxPmtrx'j Fj^Fj^u'XiuX'ico^dujduj'dM. (8.11) 

The estimates satisfied by Bj , lm and B? vu , lm are provided by the following propo- 
sitions. 

Proposition 8.1 LetB l juv , lm be given by f)8.10p . Then, we have the following estimate: 

(8.12) 



(Bj,v,v',l,m + Bj,v',v,l,; 
(i,m)/2 min ( ! ' m )<23 \u-v'\ 



< 



1 2"(h)-J 1 
+ ^ ^r + ^ — + 



L(2i|z/-z/|) 3 (2i|i/-i/|)f (25|z/-zy'|) 2 24(25|i/-i/|) 
f 3J 3 1 r + 2 _i ^ 2 7-7-'. 
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Proposition 8.2 Let B 2 vv , lrn be given by ( 18. lip . Then, we have the following estimate: 



< 



E 

(«,m)/2 mm ( i ' m )<2J|t/-i/' 

1 1 

+ 



\Bj,u,v',l,m B ,u,l,rru 



(8.13) 



+ 



1 



+ 



2-i 



+ 



1 



(2%-z/|) 3 (2t\v-v'\)% 24(24>-i/|)l (25 \v - u'\f 2i{2i\v-v'\ 



2^i {2i\v - 

Now, in view of the decomposition (18. 9p . we have: 



E (*. 



j,u,u',l,m Bj u i u i m 



(l,m) /2 min ( ; .™) <2J 1 1/— i/ 



< 



E < B J 

,u',u,l,r. 



(l,m) /2 min ('. m ) <2J |i/-V 



+ 



V j,u,v' ,l,m ' j,v' ,v,l,m) 



(i,m)/2 min ( i . m )<2^ 



Together with (18.121) and (18.131) . this yields the estimate (I8.3P and thus concludes the 
proof of Proposition 16.51 The rest of this section is devoted to the proof of Proposition 
18.11 and Proposition 18.21 

We start with the proof of Proposition 18.11 We rewrite B l - uv , lm as: 



B 1 

j,v,u',l,m 



-i2~ 3 




OO pOO 7,-1 




'MJs 2 xs 2 Jo Jo S(L,L' 



- L(P i tr X )P m tr X / + PfaxL' '(P m tv X ') 



x^(w)r//(w , )(2^A / )"V(2^A)(2- J A , )^(2^A / )/(Au;)/(AV)A 2 A ,z dAdA 



j,v,v' ,l,m j,v,v' ,£,m> 

where and B x ? v , l m are given by: 



(8.14) 



5 



1,1 



-%2' 



II II -^^(LiPi^PrntTx' + PitrxL'iP^Tx')] 
JmJs*x§zJo Jo g{L,L')\ J 



imJ§ 2 x§ 2 Jo Jo g(L,L')\ 

xVj(u)Vj (w) ^ 

xX 2 X ,2 dXdX'duodw'dM 



iP(2-iX)(2-iX')iP(2-iX')f(Xu)f(X'u' 



5.15) 



and: 



nl,2 
j,v,v' ,l,m 



-%2 




— — - L(Ptr X )P m tr X / + Ptr X L / (P m tr X / ) 

X77»t#V) ( 2 " 3A/ )" 1 ~ (2 " 3A) "V (2- i A)(2^A / )^(2- J A / )/(Ao;)/(AV) 
xX 2 X' 2 dXdX'dudu'dM. (8.16) 



Bj vv , lm and B-^ v , lm satisfy the following estimates: 



Proposition 8.3 Let B-' uv>lm be given by ( IS. 15)) . Then, we have the following estimate: 



j,u,u',l,m ' 7 j j,u,v',l,m 

(m,l) 2 m <2%-i/| (m,l) 2 m <2i\v-u'\ 



(8.17) 



(22 1^ — v'\f- 



< 



+ 



(2%-i/|) 2 (25|i/-i/|)3 



Proposition 8.4 Lei B-'^ v , lrn be given by ( I8.16p . Then, we have the following estimate: 



< 



E (B l,2 , R l,2 

\ j,v,v',l,m ' j,v' ,v,l,m/ 

(l,m)/2 min ( l < m ) <2J>-i/' 

1 j2~6 1 



+ 



+ 



+ 



(2%-z/|) 3 (2%-z/|) 2 2i{H\v-v'\) 2^{2i\v-v'\)i 
Now, the decomposition (IS. 14)) of B x - v v i l m yields: 



r + 2- 



S.1J 



E 



d1 

j,v,v' ,l,m 



(Z,m)/2 min C m )<2J>-!/| 



< 



E 



nl,l 

j,v,v' ,l,m 



(Z,m)/2 min ('' m ) <2J>-i/' 



E 



j,v,v,l,m 



(l,m) /2 min ( i ." l > <2J 



Together with the estimates (18. 1 7)) and (18. 18)) . we obtain: 



< 



E 

(;,m)/2 mm ( ! ' m )<23|^-i/'| 

1 1 

+ 



\Bj 7 u,v',l,m Bj v i^ 



+ 



+ 



1 



(2%-z/|) 3 (2i\u-u'\p (2%-z/|) 2 2i(2*\u-i/\) 

1 - - ■" 2 j/ i/' 



2^(22 |i/ - z/| 



This concludes the proof of Proposition 18.11 

The rest of this section is organized as follows. Proposition 18.31 is proved in section 
18.11 Proposition 18.41 is proved in section 18.2) and Proposition 18.21 is proved in section 18.31 



8.1 Proof of Proposition Q (Control of B l ^ y l m ) 



Recall the definition (18.151) of B.' vv , lm . 



B 



1,1 



42 



-j 




OO POO i—l 




lM ^§ 2 x§ 2 Jo Jo &{L,L')\ 
v( . (2-iA / )- 1 + (2-^A)- 1 

x\ 2 \' 2 d\d\'dwdw'dM 



- ( L(Ptr X )P m tr X ' + P*tr X L'(P m trx') 
^(2^A)(2^A')V(2- i A / )/(Aa;)/(AV) 
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We have: 



(L(^tr X )P m tr X / + P^ixL'iP^ix')) (8.19) 

(l,m)/2 min ( l < m )<2i \v-v'\ 

L(tr X )tr X ' + tr X L(trx') - ^ (L(P,trx)P m trx' + Pitr X L' {P m tT X ')) ■ 



{l,m)/2 mi < l ' m )>2i\v-v' 



Now, the difference between B^ vv , lm and B^ u , lm is the fact that the term (2 J 'A') 1 
has been replaced by: 

2 

such as to obtain an expression which is totally symmetric in (A, A') and (u,u'). In turn, 
we may sum over I, m belonging to the region 2 m < 2 J |z/ — v'\. Together with (18 . 1 9[) we 
obtain: 

E B )i<i,m (8-20) 

(m,l) 2 m <2i \v-v>\ 

(m,l)/2 m >2i\u-u>\ (m,l)/2 m >2i\v-v'\ 

where B }%, B%*, B^,, m and B^,, m are given by: 

>± > \ [ -^--^(L(tix)t*x' + t*xL'(tix')) (8.21) 

x Fj (u)Fj (u')dujdLo'dM , 



B$S, = ^VT*- 1 [ [ fL(tr X )tr X ' + tr X L'(tr X ')) (8.22) 

x Fj (w)r// (u')dujduj'dM , 



^,, m = i2-W / - 7 ^fL(fltrx)P m trx' + fltax^mtrx'))(8.23) 

ix J§2 X§ 2 g{L,L') \ J 

x Fj (^Fj^iu'^iu)^' (u')dudu'dM , 

and: 

B#£ Abi = t2-'- 1 / / - 7 ^fL(ptr X )F m tr X ' + PtrxL / (F m tr X , ))(8.24) 
x Fj~x(u)Fj {u')rf<{uj)rf<' (oo')dujduj'dM . 
We have the following propositions: 
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Proposition 8.5 Let B.' v '^, lm be given by (I8.23p . and let B.'^' v , lm be given by (j8.24p . 
Then, we have the following estimate: 



i\ B j,u,v' ,l,m\ + \ B j',u'u',l,m\) ~ f , ,, 

(m,l)/2 ml <™- l )>2i\v-v'\ \^\ v ~ v \) 

,1,1,1 l r /to-rrrh / r . ,-,1,1,2 



(8.25) 



Proposition 8.6 Let B^ v ' v , be given by fl8T2Tj) . and Zei BV£ 6e given by (18, 22p . Then, 
we have the following estimate: 



\B 1 > 1 > 1 ,+B 1 'V\ + \B 1 > 1 > 2 I +B 1 ' 1 ; 2 \< 

I J,i/,Z/ 7.1/ .1/1 I l.V.U l.V Ml 



3,v ,v 



3,v ,v\ 



+ 



(2%-l/|) 2 (2a|l/- I^|)5 

In view of the decomposition (18.201) . we have: 



e 2 ^,. (8-26) 



B 



i.i 



,1.1,1 



/ nl,l,l , R l,l,2 ^ 
\ D j,v.y< D j,v,v< , 



< 



< 



^ ^ j.i'.i' 1 .1 .in 

(m,l)/2 m <23\v-v'\ 

EidI, 1,3 I , Y> 

(m,l)/2 m >23\v-u'\ (m,l)/2 m >2J\u-u>\ 



\B 



1,1,4 



(2%- z/|) 3 - 



where we used the estimate (18.251) in the last inequality. Together with (I8.26p . this yields: 



(m,l)/2 m <23\v-v'\ 



□ 1,1 , 
j,u,u',l,m ' 



B 



i.i 



^ ^ ^ j.i'. i' 1 .i .in 

(mf)l2 m <23\v~v'\ 



(2a z/|) 3 - 



< 



+ 



1 



(22>-z/|) 2 (2§|i/-i/|) 



This concludes the proof of Proposition 18.31 

The rest of this section is as follows. In section I8.1.1[ we give a proof of Proposition 
18. 5[ and In section I8.1.2[ we give a proof of Proposition 18.61 



8.1.1 Proof of Proposition [83] (Control of B 1 ^,^ and B)fy^ m ) 
We further decompose. We have: 

e>1,1,3 _ pi, 1,3,1 i r,l, 1,3,2 / q oyN 

SD j,v,v l ',l,m ~ D j,v,v',l,m SD 3,v,v> ,Z,m> {O.Z,i ) 

where B)'^ l m and B)'^? l m are given by: 

B)^%, m = Or'- 1 [ [ - 7 ^^L(fltrx)P w ,t^ X 'F i (tt)F il _ 1 (tt , ) (8.28) 
xr]»(uj)tf'(uj')dujduj'dM, 
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and: 

.1,1,3,2 



B-i'plrn = ^i- 1 / / ^-^P^xL'iP^F^F^u') (8.29) 

The terms Bj'^;\ m and -Bj'J'^i m are estimated in the same way, so we focus on B-'J^ l m . 
We first deal with g(L, L'). We have the identities: 

g(L,L') = -l+g(JV,JV') (8.30) 

1- S{ N,N^ ^ N - N ' 2 N - N l (8,1) 
Furthermore, the estimates on N (I2.42p and (12.431) yield: 

W " N u \ < |w - u\, \N' -N u ,\< \ J - v'\ and \N U - N u ,\ >\u- u'\, (8.32) 
where we have used the following notation for any vectorfield tangent to E t : 

\X\=g(X,X)*. 



Since u belongs to the patch of center z/, u' belongs to the patch of center z/', and v ^ u', 
we obtain in view of (IQJjl . (1QT]1 and (E32]): 

= (So'" (l^-^l) ) ' (8 - 33) 

for some explicit real coefficients c pg such that the series 

p,q>o 

has radius of convergence 1. 

In view of (18. 28j) and (I8.33p . we may rewrite B^ v '^! lm as: 



Using the estimate (I7.10p with the choice: 



b- 1 ( N-N v \ p ( f „ , / iV' - A^, n 9 



(8.34) 
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we obtain: 



|ol,W I < 



E 



sup (\\H„\\ L , , Ir ) I I 2-4-'^ 



VP,g>0 \«esupp(i#) 



(8.35) 



Next, we evaluate the right-hand side of (I8.35p . In view of (18.321) . we have: 
b- 1 ( N-N„ ^ p 



\N„-N V ,\ 2 \\N V -N V 



< 



\\b 1 \\l° c (m) ( \w — v\ N '" 



L°°(M) 



\v — V 

1 



'12 



\V — V 



< 

i"*-' i / 1 9 I ? i i i ' 



(8.36) 



where we used in the last inequality the estimate (12.381) for b, and the fact that u is in 
the patch centered around v of diameter ~ 22. Let: 



ttI 

PI 



. N' — N i \ q 



|iV, - N v 



Then, (KT33j) . f l8~35|) and f l8~36|) yield: 



i^l, 1,3,1 I < [ 



Vp,<3>0 



2 a 1/ — i/ 1 



sup (II^pJl^ 



2r' £7 



J 



wesupp(r)n 



(25|z/-I/'|) 2 



(8.37) 



Next, we evaluate if* . In view of (I8.32p . we have: 



N' - N u , 

\N U -N U ,\ 



<,^1V< 



22 |zy - u' 



(8.38) 



where we used in the last inequality the fact that u' is in the patch centered around v' of 
diameter ~ 2%. Now, (I8.38P together with Corollary 17.91 yields: 



2i\u - u' 



e(2*\v - u'\2- m+ i + {2i\v - u'\)^2-^ + i)jf , (8.39) 



Finally, fl837|) and (105)1 imply: 



|ol,l,3,l 
I j, v,v' ,1, ml 



(8.40) 



p+q\ 



< 



E 

vp,<?>0 



22 i/- u'\ 



j 'j 



{2i\v-v'\ 



< ( 2i\u - u'\2- m+ i + (2i\u - u'\)h-f + i 



2i- l e 2 Yjl 3 



(2t\v-v>\y 



(jBUDD implies: 



E 

(m,0/2 mm ( m ' i '>2J|i/-i/ / 



IS 1 ' 1 ' 3 / 1 l< 

1 1/1/' 



j,u,u',l,m\ ~ , j, ,s„ 

(22 |i/ — v'\ y- 
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The term B^' u '^; 2 [m is completely analogous, so we obtain in view of (18. 27ft : 

E|d1,1,3 I < 6 ^j^j 
(m,0/2 min (™^)>2J>-i/'| \* \ u " \) 

The term ' , t is completely analogous to B lm . This concludes the proof of 
Proposition 18.61 

8.1.2 Proof of Proposition [BUS (Control of B]fy and B$y) 

We need to estimate BsJ^, and B-'l' 2 ,. These terms are estimated in the same way, so we 
focus on Bj' We further decompose: 

3# = + B«« (8.41) 

where -Bj'J'J/ 1 and Bj' v '^; 2 are given by: 

= / L(tr X )tr X ' (8.42) 



and: 




6 



-l 



S Si' 2 = -* 2 ^ / / . ^rT.tr X I'(trx') (8.43) 



i m Js 2 xS 2 L' 



The terms B^J X m and B^'J^ m are estimated in the same way, so we focus on B,'^' !j m . 
We integrate by parts in B-^'^ using fj7.137|) . 

Lemma 8.7 Lei B^' v ' v ] &e defined by (18.421) . Integrating by parts using (17.1371) yields: 

Bffi (8.44) 

1 



2 J C pq / 



^ JM(2i\N v -N v ,\)v+i 

dM 



\N V - N v ,\* hl ' p ' q + \N v -N v ,/ k2 ' P ' q + h ' P ' g + kA ' P ' q) 



+2 _ 2i f j (X F^F^u') r$( U ) ^{u')dudu'dM, 

where explicit real coefficients such that the series 

P,q>0 
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has radius of convergence 1, where the scalar functions hi tP>q , h 2 ^ q , h 3jPjq , h^ PA on M. are 
given by: 



hi, P , q = M 2 iV(L(^))(2i(iV-iV,)) P F i) _ 1 («)77j(a;)da;j (8.45) 
x(f trx' (2%(N' - N v ,)) q F h ^{u'X ' {u'W 



i2, P , q = ^fHt^^HN-N^yF^^i^duj (8.46) 
x(f trx' <2HN' - N u ,)) q F^u'X ' (u')duA , 



h 3 , m = UL(trx) (2i (N-N V )J F^u^^doj) (8.47) 
x Q Hi. (2i(N' - A^))* F^{u'X' (uj')duj^ , 

h±, p , q = ^H 2 (2i{N -N V )Y ' F^u^^du/j (8.48) 
xff trx' (2i(N' - N^ 9 F^u'X \(J)dJ 



where the tensor H\ on Ai involved in the definition of /i3, p , g is a linear combination of 
terms in the following list: 

b'-yib'trx^^'trx', (8.49) 

and where the tensor H 2 on Ai involved in the definition of h^ v ^ q is a linear combination 
of terms in the following list: 

6L(trx), b- l y{b)L{trx). (8.50) 

The proof of lemma 18.71 is postponed to Appendix A. In the rest of this section, we use 
Lemma IHTTl to obtain the control of B/'J. 
We first estimate hi jPjt} . We have: 



h 1)P , q = / ™(L(trx))iVi(«KM^> (8-51) 
where the tensor H is given by: 

H = (2i{N - N U )Y ( [trx' {^{N' - F^u')^ {u')dJ\ , (8.52) 
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In view of (I8.5ip . the estimate ( 17. 5p in L X (A^) yields: 

H^l.p.glU^.M) (8.53) 
< sup (11^11^4^) + \u- i/\\\H\\ L 3 +(M) + \\X2 U 'H\\ L 2 {M) 22£ 7 J. 

Let the tensor Hi be defined by: 

#! = J ^ tr X ' (25 (iV' - iV ^/ ))V :^ ■_ 1 ( M , )<(u; / )^ , . (8.54) 

Then, we have: 



H= (2i(N-N v )y Hi 



which together with (I8.53P yields: 



155) 



< 



SUP (\\Hx\\ L a L 4 L a i ) + \v-l/\\\Hi\\ L 3 + ^ M) + \\X2u> H l \\L 2 {M) 22£ 7 J, 



wGsupp^) 



where we used the estimate (12.421) for d^N, and the size of the patch. 

Next, we estimate the various terms in the right-hand side of ( I8.55P starting with the 
last one. In view of (I8.54p . we have: 



\X2v>Hi || L 2 {M) < \\X2v' U°° , Lf 



tr X ' (2i(N' - N u ,)) q Fj, _!(«')< '(oj')doj' 



L 2 , Lf 

U I ,X' I L 

(8.56) 



where we used in the last inequality the estimate (I7.64p of the L^ vX , v L^° of oscillatory 
integrals together with the estimate (I2.46P for X2- 

Next, we estimate the second term in the right-hand side of (18.551) . In view of the 
definition (I8.54p of H\, and in view of the estimates (I7.115P and (I7.116p . we have: 



I^i||l2(a4) < n) 



and 



Interpolating between these two estimates, we obtain 



l#i| 



< 2 ( ^+%7-'. 



L S +(M) ~ * " e lj 



(8.57) 



Next, we estimate the first term in the right-hand side of (I8.55p . The estimate (I7.83P 
applied to H yields: 

sup (H^ilU^^) < (1 + qi)e2 2 \v- z/| 7 j'. 

o;Gsupp(r;J) 
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Interpolating with ( 17.1 15j) . we obtain: 



snp mi\\LlLiLl)<^ + qM^-A)^-'- (8-58) 

wgsupp(?7j) 



Finally, <K^ . (IPS]) . fl537|) and ( 1535]) imply: 

||^, m IUhm) < (1 + g 2 ) (2*|i/ - i/|2"<*>-' + (2* |i/ - i/D^e 2 ^. (8.59) 
Next, we estimate ^2^,5 defined in (18.461) . We have: 

h 2iPi9 = / HyL(tnt)Fj,-Mv v Mfa, (8-6o) 

where the tensor if is given by: 

# = (2^(iV - iV,)) P tr X ' (2i(N' - iW))' F^u'X' (u')dw'j . (8.61) 

In view of (18301) . the estimate flTTHjl in L l (M) yields: 

||^<2,p, g |U 1 (.M) (8.62) 

< sup (||i/'||La L 4 £ ^) + |z/-z/|||fr|| L 3 +(M) + ||x2 l /-H'||La(M) 2 ^ £ 7i- 

ywGsupp(»jp y 

In view, of (I8.52p . (I8.53p . (18.611) and (18.621) . ^2,p,g satisfies the same estimate as h^ m . 
Thus, we have in view of (18. 59ft : 

\\h 2 , p J LHM ) < (1 + g 2 )(2"|^ - i/|2-<*>-' + (2§|v - u'Dtyh 2 ^,. (8.63) 

Next, we estimate h^ tP>q . In view of the Raychaudhuri equation (12.221) satisfied by 
tr%, the decomposition (I2.72p for tr%, the decomposition (12.771) for |x| 2 , and with the L°° 
estimates for b and tr% provided respectively by (12.381) and (12.391) . we obtain the following 
decomposition for L(tr%): 

£(tr X ) = X2 V ■ (2xi + X) + f( + H, (8.64) 
where the scalar f( only depends on v and satisfies: 

\\fih~L*L<~(P t , Uv ) (8-65) 

where the scalar /| satisfies: 

Il/illze.^(«.)<e2-i. (8.66) 
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This implies the following decomposition: 

L(tr X ) (2i(N - N U )Y F^uX^dco 

+f( (J (2i(N - N V )) P F^uX^du 
+ J g (2» (JV - N V )) P F^{uX{u)dw 
- x ' 2 ■ (7 ( 2 Xi + X) (^{N - N v )f F^uX^dw 
-fov-xk)'(J(?Xi + X) (2i{N -N U )) P F^iuXi^duj 
+f( ( [ (2i(N - N„)Y F^uXi^du 



(8.67) 



+ J Ji[2-^N-N u )j F^uX^duj 
We obtain the following estimate for h^ p , q : 

\\hz,p,q\\^(M) 

(2 X i + X) (2Hn - N U )Y F jt -i(u)r${u)du 
X2H1 (2HN' - F^u'X \u'W 

+ / \\X2v -X2W L 6 -(M) 



< 



L 2 (M) 

L 2 (M) 
V 



(2 X i + X) (iHN - N V )) P F h ^(uX^)duJ 



L 3 + (M) 



X 



H 1 (2-2(N' -N u/ )) F^u' 



L 2 {M) 



tf'{u')duj' 



+ \\H 



+ 



X 



in 2 



2i{N-N u )) Fj^uXi^dcu 



L 2 (M) 



L 2 , L<? 



fi[2*{N-N v )) F^uX^duj 
j ^ H, (2i{N f - N v ,)y F jt _ x {u'X' {"'W 



L 2 (M) 



which together with the estimate (18.651) for f(, the estimate in L 2 (Ai) (18.561) . the estimates 
(I2.46P and (12.471) for X2, and the estimate (I7.63P of the x i v ^T °f oscillatory integrals 
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yields: 



(8.68) 



< 



(2 X i + X) (2*(JV - N„)) P F^uXi^du 
x! 2 H x (2i(iV' - iV,,)) 



L 2 (X) 



L 2 (M) 



+E\IS — V 



( (2xi + x) p(iV-i\g) Fj-i(u)T)j(u)du) 



L [i + (M) 



H x [2i{N' - N v ,)\ F^ x {u'X (u')du' 



L 2 (M) 



Next, we estimate the L 3 +(Ai) norm in the right-hand side of (I8.68p . Using the 
estimate for the L P (M) norm (17. 2p with p = 6, we have: 



(2xi + x)(22(iV-i\g) F^uX^du 



(8.69) 



LS(M) 



< 



sup ((\\xi\\l^lhh u ) + \\x\\l?l<(h»)) || (2"(iV - ^)) P || loo ) 2T 7 J 



where we used in the last inequality the estimate (I2.40p for x, the estimate (I2.42p for 
d^N, and the estimate (I2.46P for xi- Next, recall the decomposition (I2.74p for x an d the 
decomposition (I2.75P for \2 which yield: 

2xi + X = ^i' + ^l 



where the tensor F( only depends on v and satisfies: 



where the scalar F% satisfies: 



\\Fi\\ L ~L*(H u ) < eT 



(8.70) 
(8.71) 



This yields: 



(2 X i+x) [2i(N-N v )\ Fj(u) V Uu)du 



F{( / (2i{N-N v )) F J (u) V Uu)du)+ / F| 2i(N - N v )) F^uX^du 
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and thus: 



(2 X i +x) (ti(N - N V )) P F 3 {uX(uj)duj 



L 2 (M) 



< 



2*(N-N V )) Fj(u)^(u)du} 



L 2 , L° 



+ 



F 3 2 [ 25 (N - N v ) ) Fj (u)rf(u)du 

L 2 {M) 

Fi ft (N - N„)Y ' Fj(u)^(u)(k} 



L 2 {M) 



where we used in the last inequality the estimate ( I8.70P and the estimate ( I7.63P of the 
l? UvX , v L™ of oscillatory integrals. Then, using the basic estimate in L 2 (M) ( 17. ip . we 
obtain: 



(2 X i + X)b- 1 (23 (iV - N v )j F^uX^du 
< E^ + sn V (\\Fi\\ L? , L2(nu) b- 1 (2i(N-N u ) 



(8.72) 



L 2 {M) 



L°° 



2H 



where we used in the last inequality the estimate ( I8.7ip . Next, interpolating (I8.69P and 
(l8"772j) . we obtain: 



(2 X i+x)b- L ( 22 (iV — N v ) ) F h ^(uX(uj)duj 



L 3 + (M) 



< 2^6^. 



Together with (I8.68p . the estimate ( I2.42p for d u N, the size of the patch, and the estimate 
in L 2 {M) (18T2]) . we obtain: 



i^pAlHM) % £ lj 



X ' 2 Hi (2i(N' - N u ,)) q F h ^(u'X '(u')du' 



(8.73) 



+e\v- z/|2 ( " 



L 2 {M) 

|^i|U^(w tt ,)H jr i.-i( u, )llx» ; <(w')dw' 



H, (2i(N' - N,)) F^u'X [u')du' 



L 2 (M) 



Next, using the definition (18.491) of Hi, the estimate (12.381) for b, the estimate (I2.39P and 
(I2.40p for x, and the estimate (I2.46P for X2, we have: 



\Hi\\ l <x>,l*{h u ,) + ||x 2 #i I \l°°,l 2 {-h u ,) ^ e- 



(8.74) 
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Using the basic estimate in L 2 (Ai) (17. ip . we have: 

j H, (rf(N' - N v ,)) q F^iu'X'i^du' 
< sup ((lIx^ilUw^,) + ll^illx^c^)) ||(2*(iV' -^)) 9 || L J 2 H 



+ 



L 2 (A4) 
L 2 (A4) 



where we used in the last inequality the estimate (I8.74p . the estimate (I2.42p for d^N and 
the size of the patch. Together with (I8.73P and (I8.74p . this yields: 

\\h 3 , P , q \\ LHM ) < 2 1 *e 2 1 » 1 l, + e 2 \v-v'\2^ 1 »( [ \\F jt ^\\^(ur}dJ\s.75) 



< 22 



l + 2^\u-u'\2-^- j ^e 2 1 u J li^ 



where we used in the last inequality Cauchy-Schwarz in A' to evaluate \\Fj .-i(u') \\ L 2 . 
Cauchy-Schwarz in u/, and the size of the patch. 
Next, we estimate h^ p ^ q . We have: 



L 2 (M) 



J ^ H 2 (2i(N - N V )Y F^uX^dw 

tr X ' <2i(N' - N u ,)) q F^u'X' (u')d 

The basic estimate in L 2 (A4) (17. ip yields: 

J H 2 (2i(N - N U )Y F^uXi^du 

< sup (\\H 2 \\ L ~ L 2 iHu) fol(N-N v ) 

< sup (\\H 2 \\ l ^l\Hu)) 2 hj, 



(8.76) 



L 2 {M) 



(8.77) 



L 2 (M) 

2h- 



where we used in the last inequality the estimate f)2.42p for d^N and the size of the patch. 
In view of (I8.50p . the estimate (I2.38P for b, the estimates (I2.36P (I2.37P for 5, the estimates 
( I2.39P (I2.40p for Xi an d the Raychaudhuri equation f)2.22p satisfied by tr%, we have: 

\\H 2 \\ L ^i?{u u ) < e, 

which together with (I8.77P yields: 

J 3 H 2 (2i(N - N V )Y F^iuXi^du < e2^ 1 ). 
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L 2 (M) 



Together with (18.761) and the estimate (I7.63P of the L 2 U x , of oscillatory integrals, we 
obtain: 

||^4, Pl(? ||Li(^)<(l + g 2 )2^ 2 7^. (8-78) 

Finally, in view of 1ET33]) . fl839j) . (IQSjl . (l8775j» and ( ET75j) . we obtain for S^'i' 1 the 
following decomposition: 



5 



1,1,1,1 



179) 



2 3 C pg / 



^ JM{2i\N u -N v ,\y+« 



r^l,p,g + 



+2^ 



\N V -N V ,\ 2 hP ' q \N„-N„ 

_ 2 X§ 2 



(^2,p,q + ^3,p,q + 



4,p,gJ 



where c pq are explicit real coefficients such that the series 

p,q>o 

has radius of convergence 1, and where ^i, p , 9 , ^2, P , 9 , ^3,p,g an d ^4, P ,g satisfy the following 
estimate: 

II ^l,p, J L^M) + ||^2,p, ? |Ul(X) + ||^3,p,g||il(M) + II ^4,p, g || L^M) (8.80) 

< (1 + g 2 ) (l + 2i\u - v'\2-^-J + (2*|i/ - z/'|)^2^ 2 7 ^,. 

The term B^f 1 defined by (I8.43P is estimated in the same way. Indeed, proceeding 
as for B.'^j 1 , we integrate by parts in B.y^ m using (17.1371) . 

Lemma 8.8 Let B^jJ 2, be defined by (I8.43P . Integrating by parts using (17.1371) yields: 



B 



1,1,1,2 



§.81) 



2 3 * 2_j c pi \ 



1 



^ JM{2i\N u -NAY + i 
1 1 



+2- 2 > 



dM 




<>(L,L>) 



where explicit real coefficients such that the series 

P,q>0 
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has radius of convergence 1, where the scalar functions h! x , h' 2pq , h' 3 , h' ipq on M. are 
given by: 



K, m = UNit^^kN-N^yF^uX^du) (8.82) 
x(f L'(trx') (2i(N' - N u ,)) * F^ x (u'X' {u')dw' 



Km = Ujrx - N,)y Fj^iu^^du) (8.83) 

x([ f'L'(trx') (2l(N' - N ul )) q F^u'X' {uj')dw' 



Km = (J H 'i{ 2i ( N ~ N ^Y ( 8 - 84 ) 



x ( / L'(trx') (2i{N* - N V ,)Y F^u'X' \u')dw . . 



K, P , q = ( L 2 trx(2i(N - N V )J ' F^u^^duj (8.85) 

J H' 2 (2^N> - N v ,)) q F^{u'X\u')^ , 

where the tensor H[ on Ai involved in the definition of h' 3 is a linear combination of 
terms in the following list: 

b^fibtrx), Otrx, (8.86) 

and where the tensor H 2 on Ai involved in the definition of is a linear combination 
of terms in the following list: 

9'L'(trx'), b'-y^L'itrx'). (8.87) 



The proof of lemma [8781 is postponed to Appendix B. Next, we use Lemma [8.81 to obtain 
the control of B^'^'J 2 . Now, note that exchanging the role of u and u', we obtain that 
h' 2pq corresponds to h 2pq , h' 3pq corresponds to h 3>p>q , and h' Apq corresponds to h^ pq . 
Also, exchanging the role of oj and a/, we obtain that h' l p q corresponds to h 3iP>q where 
Hi has been replaced with N(trx) which satisfies (I8.74p in view of the estimate (I2.39P for 
tr%, and the estimate (I2.46P for X2- Thus, since hi )P) g, h% p ^ h 3tPtQ and h^ PtQ satisfy the 
estimate (18.801) . we obtain that h' lpq1 h' 2 , h' 3pq and h' Ap q satisfy the following estimate: 

1 1 1 1 iM-M) + \\ h 2, P ,q\\Li(M) + \\h' 3 ,P,qW L1 (M) + II K,p,q \W{M) (8-88) 

< (1 + a 2 ) (l + 2i\u- i/\2~^)-i + $\v - z/|)^2^ 2 7 ^,. 
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Summing ( I8.79P and ( I8.8ip . we obtain: 



3,u,v' ' 3,v,v' 



19) 



2 Cpg / 



1 



p,q>o 
1 



1 



:(^2,p,5 + ^2,p, 9 + h3,p,q + ^3,p,g + ^4,p,g + /l 4)P)9 



- 2j f f (x ~ X')(L(^X)^X' + trxL'(trx')) 



+2 

xFj-ii^Fj^iu'^i^ri^u^dudu'dM. 

Note that the last term in the right-hand side is antisymmetric in (u, v') and thus vanishes 
when considering the sum: 



R l,l,l,l _j_ R l,l,l,2 _j_ R l,l,l,l i Tf 1 ' 1 ' 1 ' 2 
D j,vy j,v,v> ' D j.v' .v 3,v',v ■ 



(8.90) 



This cancellation together with ( I8.89P yields: 

I R l, 1,1,1 , R l, 1,1,2 , R l, 1,1,1 , R l,l,l,2i 



P,<3>0 



1 



3> v > v 



(2i\N v - N u ,\Y+i 

x(||^l,p,glUi(A^) + \Wx,p,q\W{M)) + 



L°°(M) 



\N V -N V ,\ 2 



\N V -N V ,\* 



L°°{M) 



L°°(M) 

(||^2, M |U 1 (.M) + II^mIU 1 ^) 



+ ||^3,p,g|Ui(M) + II^pJUM-M) + ll^4,p, ? |Ui(M) + ll^glU^M)) 



Together with the estimate for N v - A^/, and the estimates (O01) and (jg^gj) . we 

obtain: 



< 



< 



Since we have: 



| B W ; 1 +B W,2 + B W4 + S W,2| 

I 3,v,v' ' h y > v Jt u i u 3> v i v ' 



1 + g 2 



^ (2*|i/-i/|)*+9 



2"' 



2-1 



- + - 

(2%-*/|) 2 (2%-j/|) 3 



x ( 1 + 2% - ^|2-^)- J ' + (23 |v - )22e 2 7 ; 7 ^ 



+ 



(2a i/'|)2 (2a|i/-i/| 



R l,l,l _ R l, 1,1,1 , R l, 1,1,2 
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in view of the decomposition (I8.4ip . this yields: 

>i,i,i | 

l + q 2 



(8.91) 



< 



x ( 1 + 2*|z/ - i/^"^-' + (2*|i/ - )24£ 2 7^, 



2-J 



+ 



2-1 



(25|i/-i/|) 2 (2S|i/-i/|) 3 



< 



2"(h)-J 



+ 



(2$\v-v'\) 2 (2S|i/-i/|)f 



Remark 8.9 The cancellation of the last term of (18.89p w/ien considering the sum (I8.90P 
in view o/ i/ie antisymmetry in (y, v') is crucial. Indeed, we would not be able to estimate 
this term directly. 



Note that exchanging the role of u and u', we obtain that the term B 1 '^' 2 , l m corre- 
sponds to Bj 'l'y l m . Thus, we obtain in view of (18.911) : 



I d1,1,2 , B l,l,2 I 
I j,u,u' ' j,u',u\ 



< 



E 



1 + g 2 



^o^(2%-z/|)^ 



2-J 



2-i 



(2%-z/|) 2 (25|i/-i/|) 3 
x ( 1 + 2i\p - v'\2-^- j + (2*\v - zy'|)l)22 £ 2 7 J 7 ^ 



< 



+ 



(2%-z/|) 2 (2a|l/-l/|)2 



Together with (18.911) . this concludes the proof of Proposition 18.61 



8.2 Proof of Proposition Q (Control of B l ^ y l m ) 



Recall from ( 18. 16ft that B- ' vu , ; m is given by: 

-oo /-oo ^— 1 



nl,2 
j,i/,v',l,m 



-%7r 





- ( L(^tr X )P m tr X ' + P,trxL'(P m trx') 

„, s u> ( ^(2-JA / )- 1 -(2-^A)- 1 
xVjMVj (<S) g 

x\ 2 \' 2 d\d\'dudu'dM. 



^(2^A)(2^A / )V(2- J A')/(Aa;)/(AV) 

(8.92) 



Since Vm = 6 and Vw' = 6' we have: 



-iiV(e 



iXu—iX 1 



i\u—i\'u' I l— 1 \ — 1 



6 _1 A-6 / " g(iV, jV')A' 
iAu-iAV 6 -l( A _ + e tA«-iAV( 6 -l _ w^N, N'))X'. 
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This yields: 

((2^'A')- 1 - {2~ j \))e iXu ~ iX ' u 'b- 1 

iXu—iX'u 



2 3 
2 1 



2> 



- e i\u-i\>u> ( b -l _ & '- 1 g ( iV) AT')) 

A 

nj oj 
/An — /A'u'\ _|_ _giA«— iA'u' /jj— 1 6' ^) + ^iAu—iA'u 1 i,t — ~ 

A A 

1,2 



6 / - 1 (l-g(iV,iV')). 



In view of (18.92p . this implies the following decomposition for B-' uv , 



Ti -- R 1,Z:1 4- /? ±,z ' z -I- R 1 

j,v,v' ,l,m j,v,v' ,l,m ' j,u,v',l,m ' j,v,v' ,l,m 



(8.93) 



where B 



B 



1,2,2 



1,2,1 

j,v,u' ,l,mi j,u,i/' ,l,m 



and B- 



1,2,3 



are respectively given by: 



B 



1,2,1 

j,v,v' ,l,m 

2-2J-1 




M JS 2 xS' 2 JO JO 




j,v,v' ,l,m 

j\j ^iAu—iA' u' 



(8.94) 



( L(P i tr X )P m tr X / + ^trxL'(P m trx') 



xr / JH<(a;0(2^A')- 1 (2^A)-V(2- J 'A)(2^A')^(2^A')/(Aa;)/(AV) 



x\ 2 X' 2 d\d\'dojdoj'dM, 



B 



1,2,2 

j,v,v' ,l,m 



42-i- 1 




1 



- L(P z tr X )P m tr X / + PtrxL^P^trx') 



'ai </s 2 x§ 2 L' 
x(6 _1 - b'^Fj^^Fjiu'W^ri^u^dudu'dM. 



(8.95) 



and: 



5 



1,2,3 
~ j,u,v' ,l,m 



-i2~ j - 1 




- L(Ptr X )P m tr X ' + Ptr X L'(P m tr X / ) 
xb'~\l - g(JV, N'))F j - 1 {u)F j {u')^{u)rf<\uj')dujdw'dM. (8.96) 



We have the following propositions: 
Proposition 8.10 Le£ Bj' 2 ' v , ; m 6e groen fry ( 18. 94ft . Then, we have the following estimate: 



d1,2,1 i 
j,v,v',l,m ' 



< 



(l,m)/m<l and 2 m <2i\v-v'\ 



H 5 + 



E -1,2,1 
j,u' ,u,l,m 

(l,m)/m<l and 2 m <2i\v-v'\ 



(8.97) 



2Av-v' 



(2%-z/|) 2 (2i\u-u'\y 



Proposition 8.11 LetB^'im be 

given by (I8.95P . Then, we have the following estimate: 



E/^1,2,2 ^1,2,2 s 

V j,u,u',l,m ' j,u' ,v,l,m) 

(i,m)/2 min ( i . m )<2J|^-i/'| 



< 



2-J + 



+ 



+ 



2-<i>-' 



+ 



2*(2S|i/-i/|) 24(2S|i/-i/|)S (2%-z/|) 2 (2*|z/-z/|) 3 



(8.981 
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Proposition 8.12 Let B 1 -^, x m be given by (I8.96P . Then, we have the following estimate: 



B 



1,2,3 



j j - j jj'.i'' .1 .in 

(;,m)/2 min ( i ' m )<23| ! /- i /'| 



< 



J 2 2" 



+ 



+ 



(2%-i/|) 2 2i(2i\u-u'\) 2^(2% \u - v'\) 



In view of the decomposition ( I8.93P of B.'^ u , t m , we have: 



E 



□ 1,2 

j,v,u',l,m 



(l,m)/2* nin ( l > m ) <2i \u-u' 



< 



E 



5 



1,2,1 

j,v,v',l,m 



(«,m)/2 min ( ! > m ) <2^ 



+ 



Eol,2,2 
j,v,i/',Z,m 

(Z,m)/2 min ( i . m )<2J|i/-!^'| 



+ 



E 



nl,2,3 
j,v,v' ,l,m 



(;,m)/2 min C' m )<2^ 



Together with the estimates (jQ7j) . (gSSD and (15^91 . we obtain: 



E/ol,2 , nl,2 N 

V j,u,u',l,m ' j,u' ,u,l,mJ 

(;,m)/2 min ( i ' m ) <2-J 

1 j2-^ 1 



< 



L(2%-z/|) 3 (25^-^1)2 2*(2*|i/-i/|) 2¥(2i|i/-i/|)s 



(8.99) 



This concludes the proof of Proposition 18.41 

The rest of this section is as follows. In section 18.2. 1[ we give a proof of Proposition 
I8.10[ in section I8.2.2[ we give a proof of Proposition I8.11[ and in section I8.2.3} we give a 
proof of Proposition 18.121 



8.2.1 Proof of Proposition I8TTU1 (Control of B^ u , l m ) 

Integrating by parts the N derivative in (18.941) . we obtain: 



j,v,u',l,m 



2- 2 '- 1 [ [ — i— fiV(L(P i tr X ))P m tr X ' (8.100) 
+P l tixN(L , (P m tT X ')) + L(P i trx)iV(P m trx') + iV(Ptrx)L'(P m trx') 



+ 



N(g(L,L')) 



+ tie) (L(Ptrx)P m tr X ' + PtrxL / (P m tr X / ) 



g(L,L>) 

xF Jrl («)F Jrl («')),;(w)i,;'(u')Ww'(IM 
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Recall the decomposition of N in the frame N', e' A : 

N = g(JV, N')N' + (N — g(N, N')N'). (8.101) 
and the decomposition of N' in the frame N, ca- 

N' = g(JV, N f )N + (N f - g(JV, iV')JV). (8.102) 

(jSTTUT]) yields: 

P^xNiL'iP^vx')) + L(^tr X )iV(P m trx / ) (8.103) 
= g(N, N^PMxN'iL'iP^)) + ^tr X (iV - g(N, N')N')(L f (P m ti X ')) 
+g(N, ^(Ptr^iV'^trx') + L(Ptr X )(iV - g(iV, iV')iV) (P w tr X ') 

Also, recall that: 

g (L,L') = -l + g(iV,iV / ) 
which together with fl2T2T|) . f!8.10ip and 08.1 U2|) yields: 

N(g(L,L')) = -g(V N N,N')-g(N,V N N') (8.104) 

-8'{N - g(N, N')N', N - g(N, N')N'). 
In view of (I8TTP0]) . (I8TTD31 and (IgTTUD . we obtain: 

r1,2,1 _ R l,2,l,l _,_ R 1,2,1,2 ,01,2,1,3 /o inr\ 

D j,v,v\l,m ~ SD i,v,v' ,l,m ' D 'j,v,v' ,l,m ' a 'j,v,v' ,l,mi yo.lVO) 

where B)fy\ m is given by: 

oi,2,i,i 0-2,-1 / f NjLiPtTX^Pmtrx' + mxN'(L'(P m tr X ')) fo inc , 
B j,uy,l,m = 2 / / -77 r A ( 8 - 106 ) 

x Fj- _i (w)P,- _i (u')t# (w)^ (co')dujduj'dM , 
where P)^,™ is given by: 

4t 1; L= 2_2j / / ^^(n)^^^^^//^^)^'^)^^, (8.107) 
with the tensor H on M. given, schematically, by: 

H = - T ^[P l tTxf\L\P m tTx'))(N-N') + L(P l tTx)N'(P m tT X ') (8.108) 
+L(P l tr X )f(P m ti X f )(N - N') + iV(Ptr X )L'(P m tr X ') 
+ 'yW + PW- 1 *'? + trOj (L(Ptr X )P m tr X ' + ptr X L'(P m tr X ')) 
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and where B . m is given by: 

B-^lm (8-109) 

2-2J-1 I I ^ 1 y 7 Ar'-g(Ar,AT')Ar(^) + ^N-g(N,N')N' (^) 



7K^S 2 x§2 g(L,L') 2 

x (L(P z trx)P ro trx' + Ptr X L'(P m tr X ')) Fj^Fj^u'^iu^^u^dwdw'dM. 

Next, we estimate the three terms in the right-hand side of fl8.1U5j) starting with 
B j£y], m - Reca11 from M) that (7,m) satisfy: 

m < I and 2 m < 2 j \u - u'\. 

Summing in (l,m), we obtain: 

V N(L(P l ti X ))P m tTX' + PitT X N\L'(P m tT X ')) 

^ g(L,L') 

(l,m)/m<l and 2 m <2i\u-u'\ v y 



v N(L(P m tT X ))PltTX' + P m tT X N'(L'(P l tTx')) 

^ g(L,L') 

(l,m)/m<l and 2™<2J |i>-i/| v ' 

iV^trx^trx' + trxiVX^toO) 
A^(L(P >2> „,,|trx))P> 2J >-^^^ 

Thus, using the symmetry in (oj,oj') of the integrant in B^' J lm , we obtain: 

B j}y},m+ B j'Xi,™ (8.110) 

(l,m)/m<l and 2 m <2i\v-v'\ (l,m)/m<l and 2 m <2J 

N(L{tr X ))tr X > + ti X N'{L'(P m tTx')) 



2-23-1 



N{L{P >2J \ v _ u ,\ti X ))P >23W _ u ,\ti X ' + P >2J> _,,|trx^(P(P >2J> _^|trxQ) 

X : : 

g(L,L>) 

xFj^ii^Fj^iu'^^rjfiu^dudu'dM. 

Estimating the terms N (L(P >2 j\ u - u >\tY X )) and N' (L' (P >2 ]\ u -u'\^x')) would involve com- 
mutator terms which are difficult to handle. To avoid this issue, we commute L with 
N and V with N', and then integrate the L and the V derivative by parts. We obtain 
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schematically in view of ( IS.llOp . : 

B j'ui ; ],m+ B )i>,i,m (8.111) 

(!,m)/m<l and 2 m <2J>-i/'| (l,m)/m<l and 2 m <2i\v-v'\ 

2 - 2i -l f f N(L(tT X ))tTX' 



xFj^i^Fj^iu'mu)^ {u')dudu'dM 
_ 2 -2j-\ f f i N > L \ ( p >v\v- v >\tex)P>23 \u-u'\trx' 

JmJsixS* S(L,L') 
xFj^i^Fj^iu'XiuX'iuj^dujduj'dM 



)-2j-l 



|trx ) 

MJ§ 2 xs 2 g(L,L') 



xF^xi^Fj-tiu'^icj)^ (uj')dujdu'dM 

f I ( diV ^ L) L ^ L,)) \n(P trv^P trV 

" 2 L L** too " ~^rJ »(r>*w->\*>dr>*w->\*x 

xFj^t^Fj-xiu'^iu^iu^dudu'dM 



-2-1- 1 / / NiP^^^F^uXi^duj 
Jm \Jn 2 



/ b' 1 P >2 j\ u - U >\tix' Fj(u')r]j {uj')duj' J dM. + terms interverting (v, v'), 
is 2 / 

where the last term in the right-hand side of (18.1111) appears when the L derivative falls 
on the phase in view of (I6.5p . and where we chose to ignore the terms which are obtained 
by interverting v and v' since they are treated in the exact same way. 
We decompose L in the frame L',N',e' A : 

L = L' + (N- g(N, N')N') + {g(N, N') - 1)N', (8.112) 

which yields the following decomposition: 

L(P> 2) >-^|trx') = L'(P>2,|,-,'|tr X / ) + (N - g(N, N')N')(P >2ilv _ u/] tT X ') (8.113) 

+ (g(N,N')-l)N'(P >23W _ 1/ , l trx'). 

Recall the identities (IQJjl and (I8T5T|) : 

cr(N - N' N - N') 

g(L, L ) = -1 + g(iV, JVO and 1 - g(N, N') = *± j L 

We may thus expand 

and 



g(L,L>) g(L, L') 2 

in the same fashion than (18.331) . and in view of ( IB.llip . f )8.113p . the formula (I7.146P for 
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diVg(L) and the formula (I7.149P for L(g(L, L')), we obtain, schematically: 



E 

(l,m)/m<l and 2 m <2i\v-v'\ 



C 



J,v,v' ,l,m 1 



1 



E 

(l,m)/m<l and 2 m <23\v-v'\ 



£1,2,1,1 



(8.114) 



M > ^(2*1^-^1)^ 
1 



1 



25(25^-^1) 



^■4,p,q "I - 2 ^ h^^p q 



{2i\N v -N u ,\Y 
dM 



\hl,p,q + ^2,p,g + ^3,p,<j) 



-2-1- 1 I ( / iV(P >2i | l/ _,,|tr X )F i! _ 1 («)? 7 J(a;) t ia; 

'.M \</s 2 



y 1 P>23\v-v'\^ I 'x' Fj{u')ri v - (cu')dujj dM + terms interverting (z/, z/), 
where the scalar functions ^2, P ,g, ^3,p,gj ^4,p,g; ^5,p,g on are given by: 

= (J N(L(tT X )) (^HN - K)J F^uX^du^] (8.115) 
x f f tr X ' <2i(N' - F^iu'X' {J)dJ 



and: 



d (2^(iV-iV 1 ,)) P F J -_ 1 H^Mda; 



(8.116) 



iV(P >2 , > _,,|tr X ) (2i(N - N V )) P F^uX^du 
x ( I G 2 (2i{N' - N V ,)Y ' F^u'X \u')du' 



(8.117) 



H,p,q 



iV(P >2J> ^|tr X ) (2t(N-N v )) F jt ^(uX(u)dLJ 
x( / y'(^|,-,'|tr X (25(iV'-iV^))V Ji _ 1 (n / )<(a;')^' 



(8.118) 



5,P,9 



iV(P >2J >-,'|trx) (2^(iV-iV ! ,)) P p ; -_ 1 ( M )^(u;)rfa;j (8.119) 
x ( f N'(P >2jll/ _ ull tTx') (2i(N' - N u ,)) q F^ 1 (u'X'(u')du'] , 
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where the tensors G\ and G 2 are schematically given by: 

G x = [N,L](P >2j]v _ ul] txx) + 5N(P >2jw ^, l tr X ) (8.120) 

and: 

G 2 = L'(P >23lu _ u/l ti X ') + + X ' + C)P>v\,-^x\ (8.121) 
and where explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. 

Next, we estimate the IM^M.) norm of hi }Ptq , h 2 ^ q , h s ^ q , h^g, h^^ q starting with hi tIhq . 
We have: 



|^l,p,g|Ui(M) 



< 



N(L(tv X )) [2?(N-N V )) F h ^{uX{uj)duj 



(8.122) 



L 3 (M) 



We estimate the L°°(M) norm of the last term: 

tr X ' (2i{N' - F^u'X ' (u')du' 



(8.123) 



< 



tr X ' (2i(N' - iV)) V^iK)! <(^')^' 



< e / ||F, w (^||l~<(u/)^' 



where we used the estimate (12.391) for tr X , the estimate (12.421) for d^N, the size of the 
patch, Cauchy Schwartz in A' for ||F J) _ 1 (M')||i^, and Cauchy Schwartz in u'. On the other 
hand, the estimate f)7.64p yields: 



try (2i(N> - F^u'X' (J)du' 

Interpolating these two estimates, we obtain: 



L 2 (M) 



< (1 + q 2 )e^' 



tr X ' (2i(N' - N v ,)) q F^u'X' {u')dJ 



L 3 (M) 



<2§(l + g)e 7 / (8.124) 



Next, we estimate the first term in the right-hand side of (I8.122p . We have: 



< 



< 



N(L(tv X )) [2HN - N v ) Fj-\{u)rfAu)dw 



\mL(trx))\\ L ^ {Hu) 



(8.125) 
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where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Next, we estimate N(L(tr X )). In view of the Raychaudhuri equation (I2.22p . we have: 

N{L{tx X )) = -tr X iV(tr X ) - 2£ • B nX - N(8)ti X - 5N{tr X ), 



which together with the Sobolev embedding (I2.50p . and the estimates (I2.39j) for tr%, (I2.40p 
for x, and fl2T36j) fl2T37jl for 5 yields: 

ll^( L ( tr X))ll L ~> L § (W „) < (||Dx||L-L2(H„) + ||D5||L-i2 {Hu) )((||x|U-L6(H u ) + ||5||L-L6(H„)) <£• 



Together with f)8.125p . we obtain: 



N(L(ti X )) (22(N-N V )) Fj,_i(u)^(w)du; 



(8.126) 



r/- 



< 2^7- 



where we used in the last inequality Plancherel in u, Cauchy Schwarz in u and the size 
of the patch. Finally (18122]) . fl8^24jl and ( EH2SD imply: 



< 



(l + g)2*eW- 



l2,p, ? ||ii(M) 



< 



Next, we estimate ^2,p,?- We have: 

d (2i(N - iV 1/ )) P F i ,_i(«)^(w)du; 

P> 2 ,>-,'|trx' (2^(JV' - iV„0) V J -_ 1 (u')<(w , )dw' 
Arguing as in (I8.123p . we have: 



(8.127) 



(8.128) 



L?(M) 



L3(M) 



L°°{M) 



On the other hand, we have in view of the L 2 estimate (17. 3p : 

P>2i\v-v>\trx' (2»(JV' - Ns)) q F jt - X (u')rg{uS)dJ 

{ 2i{N'-N v ,)) 



(8.129) 



L 2 (M) 



< 



sup 



£7 



2* 

l°° / 2i\v — v 



< 

22 i/ - 1/ 



where we used in the last inequality the estimate f)2.42p for d^N and the size of the patch. 
Interpolating these two estimates, and using the fact that: 



2%-*/|>l, 
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we obtain: 



L3(M) 



<2te 7 j'. (8.130) 



Next, we estimate the first term in the right-hand side of (I8.128p . Arguing as in (I8.125p . 
we have: 



< 



G x (2i{N - N V )Y 'F^ x {uX(u)du 



\GA\ J|^_i(u)||ia»#(a;)dw. 



(8.131) 



L?(M) 



Next, we estimate G\. In view of the definition of G x (18.1 20p . the commutator formulas 
f 1 2 . 3 2 1) for [L, L\ and the fact that 2N = L — L, we have schematically: 

Gx = 5N(P >23lu _ u , { tTx) + n~ x V 1 N nLP >2J \^ u ,\tT X + (C ~ ' f(P>n\v-v>\teX 
This yields: 



Id II 3 < 

1 lu Lz>L?(n u ) ~ 



L™L%H U ) + II" ^Nn\\ L ^L6(Hu) + 

x||r>P> 2 j| v - w /|trx|UgfLa(« u ) 

< 6\\DP >2 ]\ v - v >\tTx\\L™L 2 {Uu)i 



u)) 



where we used in the last inequality the Sobolev embedding (I2.50p . and the estimates 
(I2.37P (I2.36P for n, 5 and (, and the estimate (12.411) for (. Together with the basic 
properties of P >2 j\ u ~v'\, the commutator estimates (12.641) and (I2.65p . and the estimate 
(I2.39P for trx, this implies: 



Together with (I8.13ip . and arguing as in (I8.126p . we obtain: 



G x (2*(N - N„jy F^uX^du 
Finally, f l8T28|) . ( jHHSOD and f l8~133]) imply: 



< 2W. 



(8.132) 



(8.133) 



L2(.M) 



(8.134) 



Next, we estimate h 3p g. We have: 



1 1 A 



3,p l9 ||il(M) 



< 



NiP^^tvx) (2*(N-N V )) F^uX^duj 



(8.135) 



L 2 {M) 



G 2 [ 2i(N' - Ns) ) " Fj-^u')^ (u')du' 



L 2 (M) 
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We estimate the first term in the right-hand side of (18.1 35j) . Using the basic estimate in 
L 2 (M) (JUD, we have: 



< 



< 



iV(P >2J> ^|tr X ) (2i(N - N V )Y F^uX^du 
iV(P >!y> _^,trx) (2i(N-N v )y 



L 2 (M) 



sup|| JV^^i^itrx) IU~i=(w„) (2*(N-N V ) 



2*7?- 



Together with the estimate (I2.39P for tr%, the commutator estimate (I2.64p . the estimate 
(I2.42p for d u N and the size of the patch, we obtain: 



iV(P> 2 ,>-,'|tr X ) [2*{N-N V )\ F^ x {u)rf;{u)du 



<elH. (8.136) 



L2(M) 



Next, we estimate the second term in the right-hand side of (I8.135p . Using the basic 
estimate in L 2 (Ai) (17.11) . we have: 



G 2 (2i(N' - F^u'X' {u')duj' 



(8.137) 



L 2 (M) 



^ I sup 



G 2 [22(N'-N U 



2H 



< 



sup 1 1 G 



2\\L«>Ifl(Hu) 



2%{N' - N u ,)\ 



2ht 



In view of the definition of G 2 (I8.12ip . we have: 

\\G 2 \\l^l^Hu) ^ (iRUfi* + WxWl^lI, + HClUfL* )||-F>2i|i/-i/|trxlU?Lj l (8.138) 
+ ||£(P> 2 i| i ,-^trx)|U~L2 (?M 

< e||-P>a*|i^i/|trx||L?i* + ||-^(-P>2J>-«/'|trx) IU«L»(tt„)> 



where we used in the last inequality the embedding (I2.5ip . and the estimates (I2.36P (I2.37P 
for 5, the estimates (I2.39P (I2.40p for x, and the estimate (I2.4ip for (. Using the Bernstein 
inequality and the finite band property for Pi, we have: 



I P> 2j\v-v> | tr% || L 2 X 4 ; < WPi^xWlIl^, 

l>2i\v-v'\ 



(8.139) 



l>2i\v-v'\ 



(Hu) 



< 



l>2i\v-v'\ 

e 



(2J>-i/|)a 
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where we used the estimate 02.391) for tr% in the last inequality. In view of (18. 138j) . we 
also need to estimate L(P >2 3\ u ~ u i\trx)- Using the estimate ( I2.36|) for n, we have: 



< 



\nL{Pitrx)\\ L ^L^{n % 



(8.140) 



< \\Pi{nLtrx)\\L°°Li{Uu) + \\[ nL , p i\ tT X}\\L^L^n u ) 



< \\Pi{nLtTx)\\ L ^L^Un) + 2 2£ > 

where we used in the last inequality the commutator estimate ( I2.67p . Now, in view of the 
Raychaudhuri equation (I2.22[) . the worst term in Pi(nLtrx) is Pi(n\x\ 2 ). In view of the 
finite band property, we have: 



\\Pi{n\x\ 2 )\\ L ^ L ^) = 2- 2l \\P l {dUnn\x\ 2 ))\\ L ^LHH u ) 

< 2- 2l 2f\\nn\ X \ 2 )\\ L2Ll , 

t x' 

where we used ( I2.63|) with p = | in the last inequality. This yields: 

\\Pi{n\x\ 2 )\\Lz>L2(-H u ) < ^^llxlli^L^dlnllioc^HxlU^ia^) + || Vn|| LS o L 3 (Wit ) ||xlUg°L 8 (« u )> 



where we used in the last inequality the Sobolev embedding (12 . 5U|) and the embedding 
(12.5 1 p . and the estimates (I2.36j) for n and (12.401) for £. Since -P/(^|x| 2 ) is the worst term 
in Pi(nLtrx) in view of the Raychaudhuri equation (12.221) . we obtain: 

||P i (nLtr X )|| L5fi2(Wu) <2-^, (8.141) 

which together with (18.1401) yields: 

||L(P i tr X )|U^ 2( ^ ) <2-ie. (8.142) 

Now, in view of (jHZESBD , (18TT39]) and (IH^2|) . and since 22 \ u - v'\ > 1, we obtain: 

j 

Together with (I8.137[) . the estimate (I2.42[) for d u N and the size of the patch, we deduce: 



G 2 (2i(N' - F^u'X'^du' 



L 2 (M) 



(8.143) 



where we also used the estimate ( I2.42j) for d u N and the size of the patch. Finally, ( 18. 135j) . 
( ESSD and ( EUSD imply: 

\\h,, P , q \W { M) <e 2 2%^'. (8-144) 

Next, we estimate the L 1 (A'l) norm of h^ VA . In view of the definition of h^ p ^ q ( 18. 1 18j) . 
we have: 



4,p,q||Ll(X) 



< 



L 2 (M) 



X 



iV(P >2J> -,qtr X ) (^(iV- Fj^i(u)r]j(u)duj 
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L 2 (.M) 



Using the estimate ( 18.1 36j) for the first term, and the basic estimate in L 2 (Ai) (17. ip for 
the second term, we obtain: 



II^Hp^Hl 1 ^) 



< 



sup 



f(P >2 ^ltT X ')(2i(N'-N u/ ) 



< (sup||y / (P >2 i| l/ _^|trx , )|| 



L^,L 2 (H U ,) 



3 >3 



(8.145) 



where we used in the last inequality the estimate (I2.42p for d u N and the size of the patch. 
Using the finite band property and the estimate (I2.39P for tr%, we obtain: 

\\?'( p >2i\v-v'\tex')\\ L ~ L 2 inul) < e- 

Together with (I8.145p . we finally obtain: 

\\h,, P , q \W{M)<^e 2 l u 3 ^' (8.146) 

Next, we estimate the L 1 (A'l) norm of /?-5,p, g . In view of the definition of /i5, p , g (I8.119p . 
we have: 



\\h 



5,p,q\\Ll-(M) 



< 



L 2 (M) 



iV(P> 2J >^|tr X ) (2*(N-N V )) F^uX^du 



Then, using the estimate (I8.136P for both terms, we obtain: 

\\h 5 , p J LH M)<2 j s 2 ^' 
Now, we have in view of (I8.114p . we have: 



L 2 (M) 



(8.147) 



(l,m)/m<l and 2 m <2^> \v-v'\ 



< 



VI 



p,q>o 



(2i\N u - N u ,\)p+» 



E 

(l,rn)/m<l and 2 m <2^> \v-v'\ 
1 



d1,2,1,1 
j,u',v,l,m 



L°°(M) 



(2i\N u -N u ,\y 



L°°{M) 



x{\\hl, p , q \\ L i(M) + \\h2,p,q\\Li(M) + \\h3, p , q \\ L i(M)) 



+ 



+2~ 



2a (2a \N V — N v i\) 



Wh^p^Wh^iM) +2 ,J ||^5,p, 9 |U 1 (M) 



L°°{M) 



X 



N(P >2 ^ v - l ,i\tTx)Fj-i(u)rf j (uj)duj 

Js 2 



L 2 {M) 
L 2 (M) 



117 



which together with QOSJ) , f lTOTj) . (ISTTMjI . (El), f lCTol) and flCTTD yields: 



E 

(l,m)/m<l and 2 m <2J|i/-i/ 



j,u,u',l,m 1 



< 



2 'J?o CW (2ik--'1)« 



E 

(l,m)/m<l and 2 m <2^ 

(l + g)2f 



□1,2,1,1 
j,u',u,l,'. 



+ 



1 



+2" 



x 



(2%- z/|) 2 25(2*|i/-i/| 
^(P>2,>-,'|trx)Fi,-i(M)^(w)^ 

/ 6 , " 1 P >2J >-,'|trx / F : ,K)<(^)^ / 

J § 2 



L 2 (X) 



L 2 (.M) 



2~ J 



(2a|l/-l/|)2 2J|l/ — IV 

Js 2 



N(P > ^ v _^tT X )F j ^ 1 (u)^(u)du; 



L 2 {M) 



L 2 {M) 



Using the corresponding analog of (I8.136[) and the corresponding analog of (I8.129[) to 
estimate the last term in the right-hand side, we deduce: 



E 

(l,m)/m<l and 2 m <2J \v-v'\ 



],u,v',l,m 1 



E 

(l,m)/m<l and 2 m <23\u-v>\ 



□ 1,2,1,1 
j,v',v,l,r. 



(8.148) 



< ' >3 Yj _|_ £ ^j^j 

~ (2^|z/-z/'|) 2 2?\v-v>\ 



Next, we estimate B^^J 2 lrn . Recall from (18.1071) and (I8.108P that B) j ^;\ m is given 



1,2,1,2 



by: 



ol,2,l,2 _ 2 -2j 
j,v,u',l,m 




HFj^i^Fj^u'XiuX'iu^dudu'dMi 



I M JS 2 xS 2 

with the tensor H on Ai given, schematically, by: 

H = - T ^(^tr X y , (L , (P m tr X 0)(^-iVO + L(Pitr X )iV'(P m trxO 
+L(P l ti X )f(P m tTX , )(N - N') + iV(ptr X )L'(P m tr X ') 



+ 



Expanding 



(b'^fiV) +9')(N-N 



trtfj (L^x^m^X + P^xL\P m ^x')) )• 



and 



g(L,V) g(L, U 



118 



in the same fashion than (I8.33p . and in view of (I8.108p . we obtain, schematically: 

1 ( N-N v \ p f N'-N u , y\ 



\N v -N v ,\>\^ pq \\N u -N u ,\) \\N V -N V , 

x(L(P / tr X )^i + H 2 L'(P m tr X ') + Pitix(f(L'(P m tT X ')) 
+ (b'' 1 W) + 9')L'(P m tT X ')) + tr^L(P i trx)P m trx / ), 

where the tensors Hi, H 2 on Ai are schematically given by: 

Hi = N'(P m tr X ') + f(Pmtrx') + & P m ti X \ (8.150) 

and: 

H 2 = N(Pitr X ) + tr^trx, (8.151) 
and where c pq are explicit real coefficients such that the series 

p,g>o 



has radius of convergence 1. In turn, this yields in view of (I8.107P and (18.1081) the following 
decomposition for B.'* 'J/ 2 Z m . 

B)i l / lm = 2->Y^c pq [ — (8.152) 

X [^l,p,q,/,m + h 2pq i m + ^-3,p,<j,i,m + ^-4,p,<j,i,m] d/A, 

where the scalar functions /ii iP)(3) L m , h 2tPtg! i tm , h^ p ^^ mi h^ p ^^ m on M. are schematically 
given by: 

hi, p>q ,i, m = ^L(P I trx)(2^(N-^)) P F i) _ 1 («)7^(o;)du;J (8.153) 
j^Hi (2^(iV'-iV i ,,))V J ._ 1 K)<(w')^ / ) , 

i2, P , q ,i,m = ( / H 2 [2i{N-N v )Y F^i{u)rfAu)dxA (8.154) 



_• 



3 

1 



x ( L'(P m tx X ') (2i(N' - F^i(u'X'(cu')du' 



h 3 , P , q ,i,m = UPitYxfekN-N^yF^iiu^i^du) (8.155) 

+ (J trtfL(ptrx) (2i(N - F^i(u)^ (co)du 

x([ P m ti X ' (2i{N' - F^i{u'X' {J)dw' 
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and: 



x (f ^(L , (P m t^x , ))(2^(JV , -^^))V i ,_ 1 (^ ^ ')<(w , )dw , 



(8.156) 



Next, we evaluate the L^^JvV) norm of hx^q^rm h,2 t p t q t i t mi ^3,p,q,z,m; ^-4,p,g,z,m; 

starting with 

hi, P ,q,i,m- We have: 



I^i,p. 



< 



X 



L{PM X ) (2*(N-N V )) Fj-i(u)rfj{Ld)djjj 



(8.157) 



L 2 (X) 



L 2 (M) 



Next, we evaluate both terms in the right-hand side of ( 18.1571) starting with the first one. 
Assume first that / > j/2. Then, the basic estimate in L 2 (M) (17. ip yields: 



< 



< 



L(Ptr X ) (2i(N - Fj^iuXi^duj 
L(ptrx) (2i(N-N u )y 



(8.158) 



L 2 {M) 



sup||L(P i trx)||L-L2(« tl ) 227 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
In view of ( I8.158P and the estimate (18.1421) for L(P;tr%), we obtain, in the case I > j/2: 



£2 



L(Ptrx) (2i(N-N u )) F^uM (u)du 



i—L 



L 2 (M) 



(8.159) 



Next, we evaluate the first term in the right-hand side of (18.1571) in the case / = j/2, 
which is given by: 



L 2 (M) 



L>(P<j/2tr X ) [2*(N-N V )) F^uX^duj 

We first decompose L(P<j/ 2 t r x) as: 

L{P< j/2 tT X ) = L{tr X ) -J2 L ( P i tT x), 

i>i 

which together with (18.1591) yields: 

L(tr X ) hi(N - N U )) P F^tiuXi^du 



(8.160) 



L 2 (M) 



< 



+ 5> 2 

LHM) 1>L 



2 2 < 



< 



S 2 



L(tTx)[2HN-N u )) F^uXMdu 



L 2 (M) 



+ £22 7 J. 
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Now, recall the decomposition ( I8.64p (I8.65P (I8.66P for L(trx)- We have: 

L(ti X ) = X 2 U - (2 X i + x) + fl + ti, 
where the scalar f( only depends on v and satisfies: 

||/ilU-Lfio°(p t , ttl/ ) ^ e, 

where the scalar /| satisfies: 

H/ilUs^Cw,) ^ 2 ~2. 

Together with (j8.159[) . this yields: 



< 



+ 



+ 



L(P<itr X ) (2^(iV-iV,)) P F jW (n)^(a;)rfa; 
X2, • J(2 X i + X) (2"(iV - F h ^(uX(uj)duj 
flf (2i{N - N V )Y F jt _ x {uX{uj)duj 



(8.161) 
(8.162) 
(8.163) 

(8.164) 



L 2 (M) 

L 2 {M) 



L 2 (M) 



fi (2l(N-N v )) F^ x {u)rfMdu 



L 2 {M) 



Next, we evaluate the various terms in the right-hand side of (18.1 64|) starting with the 
first one. We have: 



X2 V 

^ IIX2||i6(A4) 

< e 



(2 X i + X) (zHN - N U )) P F h ^(uX(uj)du 



(8.165) 



L 2 (M) 



(2 X i + X) [2*(N - N v )j Fj^uX^du 
(2 X i + X) (2i(N - N U )J F^uX^dco 



L 3 (M) 



where we used in the last inequality the Sobolev embedding (I2.50P and the estimate (I2.46P 
for X2- Interpolating (I8.69P and (I8.72p . we obtain: 



2- 



(2 X i + X) [22 (N - N v )) F^uX^du 
Together with (I8.165p . this yields: 

\2„- I (2 X i + X) feHN - N„)Y F^ x (uX(u)<^ 



L 3 (M) 



< 2% erf. 



(8.166) 



L 2 (M) 



Next, we evaluate the second term in the right-hand side of (18.1641) . We have: 



fi / (2*(N-N V )\ F^uXWdu 



(8.167) 



L 2 (M) 



< 



2i(N-N v )) F^ x (uX(u)d" 



L 2 , Lf 

Uu ,x' u L 



< (i+p 2 HJ 
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where we used the estimate ( 18.1621) for f(, and the estimate (17.631) to bound the L 2 x i 
norm. 

Next, we evaluate the third term in the right-hand side of (I8.164p . In view of the basic 
estimate in L 2 (A4) ( 17. ip . we have: 



f>(2i(N-N„)) F^uXWdu 



(8.168) 



L 2 (M) 



fi(2i(N-N u 



L™L 2 (H U ) 



where we used in the last inequality the estimate ( 18.1631) for f%, the estimate (I2.42p for 
d u N, and the size of the patch. Finally, (ISTTMj) . flSTTBS|t . OHUZD and (l8"TO|) imply: 



< (l+p 2 )2iW. (8.169) 



L 2 (.M) 



Now, in view of ( I8.159P in the case / > j/2 and (18.1691) in the case I = j/2, we finally 
obtain for any I > j/2: 



L(P,tr X ) (2-^N-N,)) F jt ^(u)^(u)dLJ 



.•a 



<(l+p 2 )2- 2£1 » (8.170) 



L 2 (M) 



Next, we evaluate the second term in the right-hand side of (18. 1571) . In view of the 
basic estimate in L 2 (Ai) (17. ip . we have: 



E x (2i(N' - N V ,)Y F^iu'X' '(u')doj' 



(8.171) 



L 2 (M) 



^ I sup 



E x (2i(N'-N„ 



L™L 2 (H U ) 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
In view of the definition (I8.150P of Hi, we have: 

< \\N'{P m tr X ')\\ L ~ L 2 {Hu) + \\f'{P m trx')\\L~LZ(Hu) + P'Pmtrx'h^m) 

< \\P m {b'N'{trx'))\\L~L*{-H u ) + \\[b'N'iP m \iTx'\\L~LH-H u ) 

+ \\f' tT X'\\L^L 2 (nu) + II L™L 2 (H U ) II Pm^X' || L- 

< e 

where we used the finite band property and the boundedness on L p (P tiU ) for P m , the 
commutator estimate (l2i)4j) for [b'N',P m ], and the estimates (l2T38|) for b, (1237]) (12T39]) 
(jZHOD for 9, and (l2T39|) for tr%. In view of (I8TTT]) . this yields: 



Ht ( 2^ (N' - N v >) ) ' F^iu'X \u')du' 



L 2 {M) 



< 2ie^. (8.173) 
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Finally, ( KWHf . (ISTTTOj) and (ET73]) imply: 



Next, we evaluate the L X (A4) norm of ^2,p,q,/,m- I n view of ( 18.1541) . we have: 

H 2 (2i(N-N v )Y ' F j: _ x {uX{u)duj 

' V ' L 2 (M) 

I L'(P m trx') fai{N' -N V ,)Y F^{u'X\uj')dw' 



\\h2, P ,q,l,m\\L 1 (M) 



(8.174) 



(8.175) 



L 2 (M) 



Next, we evaluate both terms in the right-hand side of (18.1571) starting with the first one. 
In view of the definition (18 . 1 5 1 [) of H 2 , and proceeding as in (18.1721) . we have: 

\\H 2 \\l°°uhHu) ^ \\ n {Pi^x)\\l^l\Hu) + ll tr ^ tr xlU-L2(w u ) < e. 
Thus, proceeding as in (18.1731) . we obtain: 



Also, the analog of (I8.170P yields: 

L'(P m trx') (2i{N' - N v ,)y F^ x {u'X' {"'W 
Together with (18. 175j) and (18. 176j) . we deduce: 



L 2 (M) 



<2W. (8.176) 



L 2 (M) 



<(l + g 2 )2ie 7 ;'. 



||^, P>(? ,/, m ||L 1 (A4)<(l + g 2 )2^e 2 7j7/- 
Next, we evaluate the L X (M.) norm of hz >p>q) i >m - In view of (18.1551) . we have: 

\\h3,p,q,l,m\\L 1 {M) 

[ VtrxhHN -N„)Y ' Fj^uXi^dw 

J§ 2 V J L 2 (M) 

{b'-'W) + 9')L'(P m tx X ') (2i(N' - N U ,)Y F^u'X V)<^' 
trOLimx) hi{N - N U )Y F il _i(u)7#(w)dw 



(8.177) 



(8.178) 



< 



X 



L 2 (M) 



+ 



P m tr X ' (25(iV' - N u ,)) q F^u'X'^'W 



L 2 {M) 



L 2 {M) 



Next, we estimate the various terms in the right-hand side of (I8.178P starting with the 
first one. Assume first that / > j/2. Then, the basic estimate in L 2 (A4) (17. ip yields: 



L 2 {M) 



j 2 P,tr X (2i(N - N U )J F^uXi^du 



< 



sup 



Pitrx [2i(N-N, 



2*7* 
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where we used in the last inequality the estimate (I2.42p for d u N and the size of the patch. 
Together with the finite band property for Pi, this yields: 



Pitrx[2*(N-N v )) F^ x {u)rfAu)du 



(8.179) 



< 2- 1 ^up||ytr X ||^ i2(Wu) J 2% 



L 2 {M) 



3 ' 



where we used the estimate (12.391) for tr% in the last inequality. 

Next, we evaluate the first term in the right-hand side of (18.1781) in the case I = j/2, 
which is given by: 



L 2 (M) 



P< j/2 tr X [2HN - N v )j F^uXi^duj 

We first decompose P<j/ 2 trx as: 

P<j/ 2 trx = trx - ^2 Pitrx, 



which together with (18.1791) yields: 

J P^trx (2i(N - N U )) P F^uX^duj 



L 2 (M) 



< 



< 



tTx[2*(N-N v )) Fj-i(u)r] u A(jj)doj 



tTx[2*(N-N v )) F^uX^dw 
Together with the estimate (17. 64ft . this yields: 



L 2 (M) ^ 



L 2 {M) 



P^trx (2i(N - N U )) P F 3 ,-i(uK(u)duj 



(8.180) 



L 2 (M) 



Now, in view of (I8.179P in the case I > j/2 and (18.1801) in the case I = j/2, we finally 
obtain for any I > 1/2: 



Pitrx[2*{N-N v )) F^iuXi^du 



L 2 (M) 



(8.181) 



Arguing similarly for the third term in the right-hand side of (I8.178p . we obtain: 



P m tr X ' (2i(N' - N^ 9 Fj,-i(u'X '("'W 



<(l + ? 2 >7j' 



L 2 (M) 
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which together with (18. 178]) and (I8.18ip yields: 



(8.182) 



L 2 (M) 



S 2 



trOLiPttrx) \2'(N - N v ) F jt -i(u)tf(u)(kj 



L 2 (M) 



We estimate the two terms in the right-hand side of (18.1821) starting with the first one. 
Using the basic estimate in L 2 (M) (17. ip . we have: 



(b'-'W) + 6')L'(P m tr X ') [2i(N' - N„)) ' F jt ("'W 

(Y(L'(P m tr X ')) + (b'-'W) + e')L'(P m ti X ')) (2i(N f - N v , 
(9' + b'- 1 f(b'))L\P m ti X ' 



£ I sup 



^ I sup 



L 2 (M) 
<J 



(8.183) 



2H' 



2*J- 



where we used in the last inequality the estimate (I2.42p for d u N and the size of the patch. 
Now, using the estimate (I2.36P for n, we have for any tensor G and any integer r: 

\\GLP r (trx)\\L~L*(H v ) 

< \\GnLP r (tTx)\\ L ~ L 2 {Hu) 

< \\GP r {nLtYx)\\ L ^L^H u ) + \\G[nL,P r }(trx)\\ L ^L^Hu) 

< \\G\\ L ^L^Hu)\\ p r(nLtTx)\\L^LHHn) + II G\\ II [nL, P r ] (trx) || L \L\ ■ 



Together with the embeddings ( I2.50p and ( I2.5ip . the LP boundedness of P r , the Gagliardo- 
Nirenberg inequality ( I2.49P and the estimate (I2.36P for n, we obtain: 

\\GLP r (trx)\\L?i?(Hu) 
< M(G)(||Ltr X |U-i3 (Wu) + ||[nL,P r ](tr X )||^ L2(Wu) ||y[nL,P r ](tr X )||^ L2(Wii) ). 

Together with the commutator estimate (I2.67p . we deduce: 

\\GLP r {tvx)\\^mn u ) < (\\LtT X \\^ m n u) +sW 1 (G)<eAf 1 (G), (8.184) 

where we used the fact that: 



(8.185) 



in view of the Raychaudhuri equation ( I2.22p . and the estimates (I2.36P ( I2.37P for 5 and 
(ESSD dZ35D for x- Choosing G = 6' + b'^fib'), we obtain: 



?' + b'- 1 f(b'))L'(P m tT X ') 



< etftf)) < e, 



(8.186) 



125 



where we used in the last inequality the estimates (ET3E]I (gZZD (T2739"j) (g3DD for 0'. To- 
gether with (I8.183p . we obtain: 



' + 6'- 1 y(6'))L'(P m tr X / ) (2*(JV - Ns) Y F^uW (u')du' 



L 2 (M) 



(8.187) 
(8.188) 

(8.189) 
(8.190) 

L 2 {M) 

Let us first estimate the last term in the right-hand side of (I8.190p . Using the basic 
estimate in L 2 (A4) (17. II) . we have: 



Arguing similarly, we obtain: 

tr0L(ptr X ) (2i(N - N U )Y F^u^^du < e2%. 

V J L 2 (M) 

Finally < KT7^ . (EBB, and fjS7CHH|> imply: 

IIV^^U 1 ^) < (l+p 2 + g 2 )2^ 2 7 J 7 /. 
Next, we evaluate the L 1 (A1) norm of h4 iPiq j tm . In view of (18.1551) . we have: 



\\h4,p,q,l ,m||L 1 (A^) 



< 



P l tT X (2^(N-N v )) F^ x {uX{u)du 



L 2 (M) 



X 



3- 



f'L'(P m tT X ') (2HN' - N v ,) F^iu'X (u')du' 



< 



< 



jf f'L'(P m tT X ') (2*(JV - N v ,)) q F^u'X' {u')dw' 
(f'(L'(P m tT X ')) + e'L'(P m trx')) (2*(JV - N v ,) 



(8.191) 



L 2 (M) 
9 



2H 



sup yL'(P m trx') 



, 22-7- 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Using the estimate (I2.36P for n, we estimate the right-hand side of (I8.19ip : 

11^(^(^x0)11^^) < \\?'P m (nL'tTx')\\L~L*(H u ) + \\f[nL',P m \{tvx')\\ L ^L^) 

+ \\n- l fnL> 'P m (trxOIU-^(H u) - 
Applying (I8.184p with the choice G = n^y'n, we obtain: 



f{L\P m trx'))\ 



< 



\ L ~v {Htt) ~ .^'^(nL'trxOIU-^c^) + \\f'[nL' , P m ](tr X ')\\ L ^mn u ) 
+eMi{n' 1 fn) 

< \\fP m (nLW)\\L~L*(-H u ) + 2^e, (8.192) 

where we used in the last inequality the estimate (I2.36P for n and the commutator estimate 
( I2.67p . Next, using the finite band property for P m , we have: 



\f{P m {nL'tx X '))\ 



< 2 m \\P m (nL'tr X ')h~L*(H u ) 

m 

< 2~s, 
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where we used ( 18.1411) in the last inequality. Together with (I8.192p . we obtain: 



\\nL>(P m trx'))\\ L ^ LHnu) <2^e, 
which in view of (I8.19ip yields: 

f'L'(P m tT X ') (2i(N' - JV„)) q F 3 ^{u'X' {uj')duj' 
Together with (I8.190p . we obtain: 

P,tr X (2i(N - N V )Y F^uXi^du 



(8.193) 



< 



L 2 (M) 



||^4,p,g,«,m|Ul(M) ^ £2 2 + 2-yJ 



(8.194) 

L 2 (M) 



Assume first that I > j/2. Then, f l8T79|) and (183941 yield: 



\\h 4 



< e 2 V +1 - 



i4,p,g,«,m||Li(M) ^ ST* ' * Ijlj , 

which together with the fact that I > m from (18. ip and the assumption I > j/2 yields: 



.'±L 



\\h M m\W{M) < t l'lK ■ (8-195) 
Next, assume that I = j/2. Then, and flSTTMD yield: 

\K m , l>m \\mM) < (1 +P 2 )e 2 2^ 
which together with the fact that I > m from (18.11) and the assumption I = j/2 yields: 

\\h4, P , q ,i, m \\LHM) < (1 +P 2 )e 2 2^ 1 ^'. (8.196) 
In view of ( I8.195P and (j8.196| . we finally obtain in all cases: 

\\K P , q ,i, m \W{M) < (l+P^e^^'. (8.197) 
We are now ready to estimate B.' v 'J? lm . In view of (I8.152[) . we have: 

1 



IB 1 .' 2 ' 1 ! 2 , I < 2~*Y 



P'l 



p,q>o 



{2i\N u - N u ,\) p+ 



q+2 



L°°{M) 



x [||^l,p,?,i,m|U 1 (M) + \\h2,p,q,l,m\\L 1 (M) + II ^3,p,g,i,m || L^-M) + ||^4,p, 9 ,/,m|Ul(.M)] 

which together with (|g^2]l . (ISTTlj) . (I5TT7D . flgaggp and (183571) yields: 



IB 1 ' 2 ' 1 ! 2 , I 



< 



< 



1 



(l+p2 + 9 2 )2 - 6£ 2 7 , 7 j' 



W (22|z/- z/'|)P+9+2 



(8.198) 



2-^e 2 Y j Y j l 
{2i\v-v'\y 
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Note that summing the estimate (I8.198P in m is not a problem. Indeed, we have from 

2 m < 2 j \v-v'\ 



Now, we have: 



#{m/2 m <2>-z/|}<j 



5.199) 



so that the sum in m generates a O(j) term which is absorbed by the extra gain 2~r2 in 
f)8.198p . On the other hand, there is no a priori bound on I so that summing the estimate 
(I8.198P in / is problematic. To fix this issue, it suffices, since / > m in view of (18.11) . to 
obtain an upper bound for 

Enl,2,l,2 
j,i>,v',l,m 

l/l>m 

To this end, it suffices to replace Pi with P> m in the definition and the estimate of 
hi,p,q,i, m , h 2 , p , q ,i, m , h 3tPtqt i im , /i4,p, g ,z,m- The estimates are completely analogous, and we ob- 
tain as in (I>UT)F1): 



Eol,2,l,2 
j,v,v',l,m 

l/l>m 



2-^£ 2 7j 7 J 
(2i\v-v'\f 



< 



(8.200) 



Now, we have: 



E 



d1,2,1,2 
j,v,v' ,l,m 



(l,m)/m<l and 2 m <2i\v-v'\ 



< 



E 



2 m <2i\v-v'\ 



E 

l/l>m 



B 



1,2,1,2 
j,v,v' ,l,m 



which together with (18.1991) and (18.2001) implies: 



(2i\v - is'\) 2 



< 



(8.201) 



Enl,2,l,2 
j,v,v',l,m 

(l,m)/m<l and 2 m <2i\i/-v'\ 

Next, we estimate B-'^ v l lm defined in (18.1091) . Recall from (18. ip that (l,m) satisfy: 

m < I and 2 m < 2 j \u- v'\. 

Summing in (l,m), we obtain: 

J2 L(^tr X )P m tr X ' + Pitv X V '(P w tr X ') 

(Lm)/m<l and 2 m <2i \u-v'\ 

+ HP^Pmtrx' + PitixL'iP^ix') 

(l,m)/m<l and 2 m <2i\v-v'\ 

= ^(trx)trx' + trx^'(trx') 

\tex)P>23\v-v>\tox' + P>2J\u-u'\^XL'(P > V\u-u'\^X')- 
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Thus, using the symmetry in of the integrant in B. , v ' v ? lm defined in (I8.109p . we 

obtain: 



V B 1 ' 2 ' 1 ' 3 + V 

/ j j,u,v',l,m 1 / j 

(l,m)/m<l and 2 m <2i\v-v'\ (l,m)/m<l and 2 m <2i\v-v' 

(N,N')N 

_ 2 X§ 2 



2-2^-1 



d1,2,1,3 



(L(trx)trx' + tr^W)) 



(8.202) 



g(L,L') 2 

xFj^^F^u'^iou^'iu^dudu'dM 

_ 2 -2j-l f f b ^N'-gjN^Nib) 

JmJs 2 xs 2 g{L,L') 2 

x(L(P>23\u-v'\tix)P>23\u-v'\tex' + P>2i\v-v>\^XL\P > 23\v~v>\^X')) 

xFj-i{u)Fj-\{u')rfi{uS)rfA {u')dujduj'dM. + terms interverting (u, v'). 

We estimate the two terms in the right-hand side of (18.2021) starting with the last one. 
We have: 



2 -2,-i 




b 1 ^ 7 N'~ s (N,N')N(b) 



M JS 2 x^ 



{L(P >2 j\ u - u i\trx)P>2i\y-v'\^X' 



g(L,L') 2 

+P>2^v-v>\teX^(P>v\u-v>\texl)Fj-i(u)Fj-i(u)rij(u)rf^ 



< 2~ 2j 



§ 2 X§ 2 



N' - g(N, N')N 



X \\P>2i\ v—v' 



L°°{M) 



6- 1 y(6)L(P >2J> _ l/ ,|tr X )F J ,_ 1 ( 



u 



\L 2 (M) 



\L 2 {M) 



|6- 1 ^(6)P>^| 1 ,_ I/ /|trxF i ,_i(u)| 



L 2 (A1) 



x ||L'(P >2Jk _ !/ |trx / )i ? i,-lK)| 



rfAuj)^ (u')dujduj'. 



L 2 {M) J 'J \ / h 



In view of the identities ( I8.30p ( I8.3ip for g(L, L') and g(iV, AT'), and in view of the estimate 
([OZD , we obtain: 



2 -2i-i 




^ ^ N'-%{N,N')N( b ) 



.M JS 2 x§ 2 



(L(P >2 j| i ,_^|trx)-P>2J>-i/'|tl'X / 



g(L,P) 2 

+P >2J >-^|trxLXP >2 ^_^trxO^^ 



(8.203) 



< 

~ 2i(2i\v-v>\) 

x IIP 



- — — j ( p-'m^p^-^x)^ 11^-iMiu 2 

j — v'\y js 2 x§ 2 v u \ u> 

'>vW-v>\tex'\\ L oo L 2 (nul) \\Fj,-i( u ')\\Ll, + \\ b ~ 1 ?( b ) p >2i\v-u>\brx\\ L p I ?( : H n) 

x||^i(n)|U a ^'(.p^i^itrxOlL^^^) ll^-iK)!!^)^^)^'^')^^'. 

Next, we evaluate the various terms in the right-hand side of (18.2031) . Choosing 
G = b- l f{b) in flHTMj) . we have: 



r 1 y(6)L(P >2Jk _ l/ |tr X ) 



| £ , i3(K) <^(6-^))< £) 



(8.204) 
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where we used the estimate (I2.38P for b in the last inequality. Also, (I8.142p together with 
the estimate (I2.36|) for n yields: 



L'{P >2 i\ v -v>Mx!)\ 



< 



£ 2- 



2 F < 



(2J>- v'\Y 



2 m >2i\v-v'\ 

Using the finite band property for P m , we have: 

\\ P >^\u-u'\^x'\\ L oo L 2 {Hul) ^ W P rn tT X'\\ L °o /L 2(H u ,) 

2 m >13\v-v'\ 

< £ 2~||?W|| ^ 

2 m >2^ 

< ! 

~ y\v-v>\ % 

where we used the estimate (12.391) for tr% in the last inequality. Also, we have: 
^-^(^P^i^itrxH^^^) < H^TOIlL-^ll^l^itrxlU^ 

\ v 2 m >2^|y-i/'| 

< e £ 2^ ||P m trx|U«.ia lW „, J • 

\2 m >2J>-i/' 



5.205) 



(8.206) 



where we used the embedding (I2.5ip . the estimate ( I2.38P for b and the Bernstein inequality 
for P m . Together with the finite band property for P m , this yields: 



|6- 1 y(6)P >2 , > _ 1 ,,|tr X || isoi2( ^ ) < e\ £ 2"* ||^trxlU^(w„) ! (*.207) 

y 2 m >2J|i'-i/ / | 

< f 



(2J'|l/-l/|)5 



where we used the estimate (12.391) for tr% in the last inequality. 
Finally, (1003]) fl8?204j) < K205h (IQiKj) (IOJ7|) yield: 



-2j-l 




(N,N')N (b) 



M JS 2 xS 2 



(L(P >2 i| I/ _^ | trx)P> 2 i|,-,'|trx / (8.208) 



< 



? (L,L') 2 
+P>2>-^|trxP / (P> 2 ;|^|t^ 

HP^-iHIU^H^V/ HP,- lU^V)^' 



2J'(2a |i/ - z/|) 4 Vis 2 



< 



(2i\u-u'\ 
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where we used in the last inequality Plancherel in A for ||Fj _ 1 (M)|| Zj 2, Plancherel in A' for 
\\Fj _i(m')|| L 2 , Cauchy Schwarz in u and a/, and the size of the patches. 

Next, we estimate the first term in the right-hand side of fl8.202j) . which is given by: 

2 ^r r b-y m + 

x Fj-i(u)Fj-i(u')rjj (u)rg (u')dudu'dM . 
Recall the identities ( KT30j) and ( TS75T]) : 

r(N -N',N- N') 



g(L, L') = -1 + g(N, N') and 1 - g(N, N') 
We may thus expand 



g(L,L') 2 

in the same fashion than (18.33 p . and in view of (I8.209p . we obtain, schematically: 

2 W I '"WyW (£(trx)tIX - + trx£W)) ( 8.2io) 

xFj^i^Fj^iu'^iu^'^dudu'dM 
= 2~i V c pq I —— — [h 1>pq + h 2tP>q ] dM, 

where the scalar functions hi jPjq , h^ PA on M. are given by: 

h, p , q = nb-y^Litrx) (tf(N - N V )Y F^uXMdu^ (8.211) 
x (J tr X ' (2i{N' - N v ,)) q F^iu'X' {J)du' 
and: 

h 2 , P , q = ^r 1 y(6)tr X (2i(iV - N U )Y F^u)^ (cu)dcjj (8.212) 
x (J L'fat) {2i{N'~N ul )) q F^ l {u'X\u')du 
and where c pq are explicit real coefficients such that the series 

P,<2>0 

has radius of convergence 1. 

Next, we estimate the IM^M.) norm of hi tPtq , h2, p , q starting with hi tP)<] . We have: 



s 2 
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b- l f(b)L(tx X ) (2*(N-N V )) F^uX^dw 



L 2 (M) 



where we used the estimate f )7.64p in the last inequality. Together with the basic estimate 
in L 2 (M) (TO) , we obtain: 

\\hi )P)q \\ L i {M ) < (1 + ? 2 )^' (^\\b-^(b)L(trx)\\L^m u ^H' ( 8 - 213 ) 
Next, we estimate b~ 1 )P(b)L(trx)- We have: 

\\b^f(b)L(tTx)\\L^mH u ) < \\b-y(b)h~ L e(Hj\L(tr X )\\L~LHH u ) 

< M(& _1 y(&))||^(trx)|| L ^ L 3 (Wu) 



where we used the Sobolev embedding (12.501) . the estimate (12.381) for b and the estimate 
(JHHSD for L(trx). Together with (ICT3D . we deduce: 

\\h, p J LHM) < (1 + q 2 )e 2 2hw' . (8.214) 
Next, we estimate the IM^M.) norm of h 2)P , q . Recall the decomposition (18.671) : 

L'(trx') (2i(N' - iVV)) 9 F^u')^ (u')du' 

= -k-Nqxi' + Z) (2i(N f - N^)) 9 F^u'X' \u')dw' 

-<Xw - X2) ■ (7( 2 Xi' + X) {^{N 1 - N v ,)) q F^u'X' {u')duj'^ 

+fl (J (2i{N'-N v ,)yF^ l {u'X\u')<kj' 

+ f 2 (2i(N' - JV„)) * F^u'X' (u')cbj' , 

where the scalar f( only depends on v' and satisfies: 

\\fi\\ K ,L*L~ [Pt ^)<e, (8.215) 

where the scalar f% satisfies: 

ll/alUw^,)^-*. (8-216) 
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Together with the definition (I8.212p of h 2 ^ qi this yields: 



\\h 



2,p,q\\L 1 (M) 



< 



J X2b- 1 f(b)tr X (2i(N - F^u)^ (u)du 



L 2 (M) 



+ 



X 



(X2 W < ~ X2)b-y(b)tr X (2 2 (N - N u ) F^u^ (u)du 



L 2 {M) 



(2 X i ; + 3?) (2*(JV - N v ,)) q F^u'W (u>)du> 



6"T(6)trx 2J(JV - jV„) F^ x {u)rfMdu 



L 2 {M) 
L 2 (M) 



/i / 24(^-^0 Fj.^u'W (u')duj' 



L 2 (M) 



+ 



/ 2 J (2*(iV - i^)) 9 F i ,_ 1 (ti / )<(w / )dw' 



L 2 (.M) 



Together with the estimates (17.631) and (I8.72p . and the estimate (18.2151) for f(, we obtain: 
\\h2, P JmM) (8.217) 

J X2b- 1 f(b)tT X (2*(JV - iV,)) P Fj-i(u)r)j(u)duj 



< 



L 2 (M) 



+ 



(X2^ - x 2 )r 1 y(6)tr X (2§(iV - #„) ) F^iuWM^ 



L 2 (M) J 



b- l f(b)tr X [2 2 (N- N v ) F^ x {u)rfAu)du 



L 2 (M) 



x (1 + q 2 )e^ + 



f 2 l2t(N' - Nyi) F^u'X (u'W 



L 2 (M) 



Next, we we apply the basic estimate in L 2 (A4) to the first, the third and the last term 
in the right-hand side of (I8.217p . We obtain: 



||^2, p ,Jli(A4) 

< I I sup||x 2 r 1 y(6)tr X || iS c L2(w . u) ) 2*7? 



(8.218) 



{X2 V , - X2)b- l f(b)tx X [2 2 (N - N v )j F^uX^du 



7 



L 2 (.M) 



x ^(1 + q 2 )e^' + (supll^Hi-y^)) 2i 7 / j . 
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Now, the Sobolev embedding (I2.50p : 



X2b-y(b)tT X \\L?V(n n ) + ll&"T(fc)trx||L-^(«, 



< 



< (M(xa) + 1 ) JVi y (fo) ) | ] t r X | | i0 o 

< p.. 



where we used in the last inequality the estimate (I2.38P for b, the estimate (I2.39P for tr X 
and the est 
this yields: 



and the estimate (I2.46P for \2- Together with (I8.218P and the estimate (I8.216P for f%, 



\h 



< 

no 



2,p,q\\L 1 (M) 



2^7- 



(X2 V , - X2)b- 1 f(b)tr X (2HN - N u )j Fj^u^^dw 

+2i(l + gV 7 ; 7 /. 
Next, we estimate the right-hand side of (I8.219p . We have: 



L 2 (M) 



(8.219) 



< 



< 



bCw ~ X2)b- 1 f(b)ti X (2* (N - N v )) F^{uX{uj)dw 
{X2v ~ X2)b- l y{b)ti X (2i(N - N U )) P F^u) 



L 2 {M) 



L 2 (M) 

r] v Auj)(hj 



\X2„< ~ X2\\L*{M)\\b yWWL^LHHu^Xh^iM) 



2^(N -N v 



\\ F j,-i( u )\\LlVj(u)du, 
which together with the Sobolev embedding (I2.50P yields: 



(X2 V , - X 2)b- 1 f(b)tr X (2HN - N„)) Fj_i{u)rf-(u)dw 



< 



< 



w - ^|||^X2||L3 ( A4)M(r 1 y(6))||tr X || Loo(A , ) [2* {N - N t 
^,-i(«)lltll^,-iHlli tt ^H^ 



L 2 (M) 
V 



L°°(M) 



\V — V 



where we used in the last inequality the estimate (I2.47P for X2 , the estimate (I2.38P for 

b, the estimate (I2.39P for tr%, the estimate (12.421) for d^N, and the size of the patch. 

i i 

Using Cauchy Schwartz in A for Plancherel in u for ||-^,-i(m)||£oo, Cauchy 

Schwarz in u and the volume of the patch, we finally obtain: 



{X2 U > - X2)b- 1 f{b)ti X [2i(N - N v j) F h ^{uXAuj)duj 



< 



\v-v'\e2^i< 



L 2 (M) 
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In view of ( I8.219p . we deduce: 

\\h2, P J LH M) < (1 + g 2 )(l + z/|2*)2M 7 J 7 /. 
In view of (I8.210p . we have: 

b y^N'-s(N,N')N(b) 



(8.220) 



)-2j-l 




'.M-/S 2 xS 2 g(L,L')' 



■(L(trx)trx' + trxL , (trx / )) 



< 



2 ~*E 



p,g>o 



1 



(24|iV„-JV^|)^- 



g+3 



[11^1 



l.p.glU^.M) + ||^2,p, g |Ui(A4)] ; 



Loo(X) 



which together with QB32), <K2~Wf and ([g^TS]) yields: 



2 -2,-i 




./r.-x-;- g[L,L') 



(L(tTx)tTx' + tT X L'(tTx')) (8.221) 



1 



E 



< N ' c„„—. : (1 + <j 2 )(l + i/'|25)£ 2 7^-f 



p,q>o 



< 



+ 



(2t|z/-z/'|) 3 2i(2i\is-is>\) 2 
Finally, ( lOUgj) and pS} imply: 



E 

(l,m)/m<l and 2"*<2J|j/— 



j,u,u',l,m ' 



E 

(l,m)/m<l and 2 m <2J|i/— 1/| 



d1,2,1,3 
j,v',v,l,m 



< 



+ 



(2%-z/|) 3 2t(2%-i/|) 2 
Now, recall fl8T05|) : 



j,v,u',l,m j,i>,v',l,m ' j,v,u',l,m ' 

Together with the estimates (18.1481) . (I8.2U1I) and (18.2221) . we finally obtain: 



>W,i 



1,2,1,2 . D l,2,l,3 



E 



B l,2,l 



E 



_|_ 

j,v,v',l,m ' / j j 

(l,m)/m<l and 2 m <2J \v~v'\ (l,m)/m<l and 2 m <2i\v-i>'\ 

+ 



1,v',v,l,'. 



2Av - v 



'I {2i\u-u'\) 2 (2i\u-u'\ 
This concludes the proof of Proposition 18.111 



(8.222) 
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8.2.2 Proof of Proposition I8~TTT1 (Control of B]^ yim ) 
Recall that B^y l m is defined by (18.951) : 



B )%;i, m = -a'*' 1 [ [ -r^JHP^PrntTx' + PitrxL'iP^rx')) 

JM </§ 2 x§2 g{L, L ) \ J 



x(b~ l - b'^F^xi^F^u'^ioj^'ioj^dudu'dM. 

Recall flEED : 

m < I and 2 m < 2 j \u-u'\. 
We first consider the range of (I, m) such that: 

2 m < T\v-v'\ < 2 l . 

This yields: 

E '&■>■>» ( 8 - 223 ) 

m/2 m <2J>-i/|<2 ! 

= -z2-^ 1 V / / -^^('L(^trx)P< 2 . k _^|trx , + P i trx J L / (P< 2J> -^|trx / )) 

^>2V-'r M,/s2xS2S( ' } v y 

x(& _1 - b'^Fj^^Fjiu'^iou^'iu^dudu'dM. 
Next, recall the identities (IQjj) and flOTj) : 

g(iV — N', N — N') 



g(L, L') = -1 + g(iV, iV') and 1 - g(N, N') 
We may thus expand 

1 



in the same fashion than (I8.33p . and in view of (I8.223p . we obtain, schematically: 

E B %y,i,m (8-224) 

m/2 m <23\u-u'\<2 1 

= E C P1 I , n i , Tr A7 7 , i h hP,q,l + h 2,P,q,l + h 3 ,p,q,l + h 4 ,p, q ,l] dM, 

where the scalar functions /ii, P , g ,«, h.2 lPl q,i, h^ PA ^ h^ PAi i on M. are given by: 

hx, P>q ,i = (Ji 11 *' 1 -K})L{PM X )(2i{N - N„)Y ' F^u^^dJ] (8.225) 
x (/ P<v\v-w\^ (^(N' - iV,,))V,,_ 1 (n')<(a; , )^ / 
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2>P><?>' 



(ft" 1 - b-^Pfrx (2i(N - N„)Y ' F^uXi^dwj (8.226) 
x ( / L'(P< 2 , W |trx') (2i{N' - N v ,)) q F 3 ^{u'X 



L(Ptr X ) (2v(N-N v )) Fj^i{u)rfj{u)duJj (8.227) 
x ( f (b? - b'-^P^v-u^rx' (2i(N' - N^" F^u'X' (u')du 



and: 



Pttrx (2i(N - N U )Y F^u^^du 
x ( / (K 1 ~ V~ l )L'{P<2i\u-u'\W) (2i(N' - N u ,)y F^u'X'iuj'W 



8.228) 



l '4,p,q,l 



and where c pq are explicit real coefficients such that the series 

p,q>o 

has radius of convergence 1. 

Next, we evaluate the L 1 (A1) norm of hi^ q j, h2 tP , q ,i, ^3,p, g ,/, ^4,p,g,« starting with h\^ q j. 
We first estimate L(Pi tr%). We have: 

nL(P ; trx) = Pi(nLtrx) + [nL, Pi\tr X 
which together with the estimate (12.361) for n yields: 

||L(^trx)||^, L j < ||[7iL,^]trx||Lj^ + \\Pt(nLtT X ) Wl^l]- 

Together with the commutator estimate (I2.66P for [nL, Pi\tix and the estimate (12.691) for 
Pi(nLtix), we obtain: 

\\L{P l tr X )\y iL i<2- l e. (8.229) 
Now, in view of the definition of (18.2251) . we have: 

\\hi, p ^l\\L^{M) 



< 



(ft" 1 - b-^L^tix) [2*{N- N v ) FjJu 



< 



\\b- l ~ 6;, 1 ||^(A4)||^tr X )|| L , /L x||(2^(iV-iV I ,)) 



L°°(M) 



L 2 ,LS 



ll^,-i(«)lk 



r] v Abj)duj. 
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Together with the estimate (12.44)) for d^b, the estimate (18.229)) for L(Pitvx), the estimate 
( 12.42)1 for d^N, and the size of the patch, we obtain: 

(8.230) 



r] u Abj)du). 



\\hi, m ,i\W{M) < 2- l \u-i/\e / WF^u)^ 



Next, we estimate the last term in the right-hand side of 



L 2 ,L° 

We have: 



2 m >2i\v-v'\ 

which yields the decomposition: 

q 



P<v\u-w\trx' (^(N' - i^-ifa'X 'WW 
V / P m tr X ' h^N' - N„,)Y F^u'X'icu^du'. 



2 m >2i\v-v> 

Together with (17.711) and (17.831) . we obtain 



P< 2 %-^|trx' (2i(N' - N v ,)y F^u'X' {u')<ko' 



L 2 ,L5 



(8.231) 



6 \ / n i 



< (l + ^)e(2t|i/-i/|) 7 



sup 



2i(N'-N u ,)^ 



L°°(M) 
3 



< 



x e(2 l2 \u-u , \2- m+ i + (2 l2 \u-u , \)h^ + i) 1 

2 m >23\v-v'\ 

.m.V 



(l + g»M2*|i/-i/|)Tj, 

where we used in the last inequality the estimate (12.421) for d^N and the size of the patch. 
Finally, ( 18^30]) and (l&23~Tj) imply: 



\\hi, p , q ,i\W{M) < {l + qi)e 2 2- l \p-v'\{2i\p-p'\)^' I ||F ii _ 1 (u)|| £a ^(w)d^.232) 



< (l + g*)e^(2%-i/|)^, 

where we used in the last inequality Plancherel in A for ||F :?! _i(m)|| £ 2 , Cauchy Swartz in 
oj and the size of the patch. 

Next, we evaluate the L l (M) norm of h2, p , q ,i- In view of the definition (18.2261) of 

h2, P , q ,i, we have: 



||^2,p,5,i|Ul(A4) 



< 



(8.233) 



L 2 , Lf 



X 



J L'iP^^txx') (2i(N' -N u ,)y ' F^u')^ WW 



L 2 , L\ 
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(8.234) 



L 2 , Lf 



Next, we estimate the two terms in the right-hand side of (I8.233P starting with the first 
one. Using the estimate (I7.7ip with G = b^ 1 — b~, , we have: 

(^supUr 1 - b~}\\ L oo\ e(2i\u - v'\2~ l+ i + (2*\u - p'\)h^ + i)rf 

\v - v'\e{2*\v - v'\2- l+ * + (2i\v-v'\)h-i + i)rf, 

where we used in the last inequality the estimate (I2.38j) for b and the estimate (12.441) for 
d^b. Next, we estimate the second term in the right-hand side of (18.2331) . We have: 



< 
< 



< 



L'tP^v-^trx') (2i(N' - N^yF^u'X'i^du' 
L'(trx') (2i(N' - N u ,)) 9 F^u'X' (tu')du' 



(8.235) 



L 2 , L\ 

U I ,X , L 



L 2 , L\ 



+ 



L'iP^^trx') (2i(N' - N v ,)) q F^u'X'^du' 
In view of (17.171) . we have: 

L'(tr X ') (2i(JV' - N^yF^u'X'iu'W 



L 2 (M) 



<(1 + ^W\ (8.236) 



L 2 , L\ 



Also, the basic estimate in L 2 (A4) (17. ip yields: 

L'{P >2i \ v _ v ,^ x ') (2i(N'-N v 



(8.237) 



L 2 {M) 



< 



Now, we have: 



L'(P >2 i ]u _ v/l tT X ') (2i(N'-N u 



l^l 2 ch u ,) 



l^l 2 ch u ,) 



2*1- ■ 



< 



< 



\\L'(P >2]lu . ull tTx')\\L^L 2 { H u ,) [22 (N' - N u ,) 

e 



L°°(M) 



(2*>-l/|)3 

where we used in the last inequality the estimate (I8.205p . the estimate (12.421) for d^N and 
the size of the patch. Together with (I8.237p . we obtain: 

, q 



J^L'iP^^tvx') [2i(N> - Fj^{u'X 'WW 



(8.238) 



L 2 (M) 



< 



s2i 



{2i\v-v'\)* 
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(jOSSD , $£M§ and (|S^3S|) imply: 



(8.239) 



L2 L i 



< (i + g 2 )£7-' + 



e2l 



J ' (2i|i/-z/|)3 7j ' 



2t 



Finally, (E2MD, and ( E^SHD yield: 

< ((2i\v-v'\y2- l + (2i\v-v>\)h^-i) f(l + g 2 ) +/ 

v ' \ (24|l/-l/|)3 

Next, we evaluate the L 1 (A^) norm of hz, p , q ,i- We decompose 

- b'-^P^^trx' (2i(N> - N^ 9 F jt _i(«0< (^W 

= if + y^fe;, 1 - 6 / " 1 )P>2,>-,'|tr X ' (2i(JV' - N v >)j q Fj-i(u')7)j > (u')dco' 
where if is given by 

= jjb-, 1 - b'-^trx' (2i(N' - N v ,)y F^u'X'iu'W. 
Together with the definition (18. 227ft of h 3 ^ q j, we obtain: 

\\h 3 ,p,qA\Li(M) 

< 

L 1 (M) 
L 2 (Aa) 



(8.240) 



(8.241) 



x 



HLiPfrx) (2i(N-N v )) Fj-i(u)rij(u))<kj 
LiPtrx) (2i(N - N V )) P F^uX^dw 
( 6 -i _ 6- 1 )P >2J> _,, | tr X ' (2i(iV' - iV)) V jW (u')<(u/)du/ 



L 2 (X) 



Next, we evaluate the three terms in the right-hand side of (18.2411) starting with the first 
one. In view of the estimate (I7.10p . we have 



5- 



HLiPtrx) (2>(N-N V )) F^ x (uX{uj)du 



(8.242) 



V-{M) 



< 



< 



< 



sup 

supp() 

sup 



wesupp(»?p 



0JGsupp(»?p 



wesupp(»?p 



H[2i{N-N u ] 



\H\ 



L 2 ,L5 



L 2 ,L° 



2*{N- N v 
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where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
In view of the estimate ( I7.95P and the definition of H, we have: 

\\H\\l> ,l? < 2^(1 + Q l )e(2i \v - v'\ + l) 7 /, 



which together with (18.2421) implies 

< (l + q l)(2i\u-u'\ + l)e 2 2i~ l 1 ^'. 



(8.243) 



L l (M) 



Next, we evaluate the second term in the right-hand side of (I8.24ip . Using the basic 
estimate in L 2 (M) (17.11) . we have: 



LiPtrx) (2*(N-N V )\ F^u)^ (u)dw 



(8.244) 



L 2 {M) 



^ I sup 



< 



L(P,tr X ) (2i(N-N u )Y 
sup||L(P i tr X )|| LsoL2(Wu) )2i 7 ;, 



where we used in the last inequality the estimate (12.421) for d^N and the size of the patch. 
Also, (I8.142p together with the estimate (I2.36P for n yields: 



\\L(P l tT X )\\ Wnu) <2-e, 
which together with (18.2441) yields: 



LiPtrx) 22 (N - N„) F jt . x {u)rfAuj)du 



J 1 



L 2 (M) 



< 2-^EYy 



(8.245) 



(8.246) 



Next, we evaluate the third term in the right-hand side of (I8.24ip . Using the basic 
estimate in L 2 (Ai) (17.31) . we have: 



b'' L )P > ^- vl \tx X ' WN' - N u ,) F h ^(u'X WW 



(8.247) 



L 2 (M) 



< 



< 



sup 

e2~irf 
2i\v-v' 



{b-}-b'- x ) (2i{N'-N vl )) 



2 m >2i\v-v'\ 



e2-^ 3 



where we used in the last inequality the estimate ( I2.44p for d u b, the estimate (I2.42p for 
d^N and the size of the patch. Finally, (IH^4T|) . (IH^3|) . (1Q46]) and (lQ4Tj) imply: 



i\\l H m) < (1 + Q 1 )(2"W ~ A + l)e 2 2t-' 7 j7/ + 



£ 2 2-2 7 J 7 J 



2*\v-v' 



(8.248) 
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Next, we evaluate the L 1 (A / t) norm of h^ v ^. In view of the definition (18.228ft of 

h>4,p,g,h we have: 



\h 



i,p,q,l\\L l {M) 



(8.249) 



< 



L 2 {M) 



X 



L 2 (.M) 



Next, we estimate the two terms in the right-hand side of (18. 249ft starting with the first 
one. Using the basic estimate in L 2 (A4) (17. 3ft . we have: 



L?{M) 



1250) 



< 



sup 



where we used in the last inequality the estimate (12. 42ft for d^N and the size of the patch. 
Next, we estimate the second term in the right-hand side of (18. 249ft . Using the basic 
estimate in L 2 (A4) (17.1ft . we have: 



r,- 



(8.251) 

L 2 (M) 



^ I sup 



Now, we have: 



{b-} - 6'- 1 )L'(P< 2J> _ l/ |tr X ') (2i(N' - N v ,) 



2H 



< 



(b-J - 6'- 1 )L'(P< 2 ^_ i/ |tr X ') (2i(N' - N v , 



(8.252) 



< 2 2£||L / (P< 2J >_^|trx / )IU-L2(w u ,) 



where we used in the last inequality the estimate (12.44ft for d^b, the estimate (12.42ft for 
d^N and the size of the patch. Furthermore, we have: 

\\L'(P<23\v-v>\trx)\\L°°,L2(H u ,) ^ \\L\^X)\\l^L 2 (H u ,) + \\L'(P>2J\u-u'\tTx')\\L^L 2 (n u ,) 



(2^>-i/|)i 

where we used in the last inequality the estimate (12.39ft for tr%' and the estimate (18.205ft 
for L'(P >2 3\ u - u >\trx')- Together with (18.252ft and the fact that 2a \y — u'\ > 1, we obtain: 



(b-, 1 - b'- L )L'(P^ lu _ u/l tTx') \2*(N' - N v ,) 
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< 2*e. 



Together with (I8.25ip . this yields: 



(b- 1 - 6 / - 1 )L / (P< 2J> _^|tr X / ) (2*(JV' - N U ,)Y F h ^{u'X\uj')duj 



Finally, ( gMJ) , and yield: 



L 2 (.M) 



(8.253) 
(8.254) 



Finally, in view of f)8.224p . we have: 



E 



d1,2,2 

,l,m 



m/2 m <2i\u-v'\<2 1 



< 



1 



(251^-^1)^ 



+g+2 



L°°(7K) 



+ ||^2,p,q,z||L 1 (7K) + H^p.^lU 1 ^) + 1 1 ^4,p, 9 ,/ 1 U 1 (.M) 

which together with flQ2|) . flQ32|) . f l8^40l) . fl8^48j) and flOBlj) yields: 



/ j j,u,u' ,l,rr, 

m/2 m <2i\u-u>\<2 1 

(l + ql)e 2 jW' 



< V£ 1 '3 '3 

~ 4o M (2%-,1)^ 



/ 1 \2 



2- ( (22^-zy'|) 



+ ((2a|z/ - z/'|) 2 2-' + (2% - iX|)§2-5-^ 



1 + 



2i 



(22 |^ - l/|)2 



+ (1 + qr#)(2a|i/ - i/' I + 1)24-' + ; 2 2 + 22-' 



2a 1/ — 1/ 



< 



2^(2% -z/|) 



/|\2 



(2S|i/- i/|) 2 
+ ((2*|i/ - z/'|) 2 2-' + (2*|i/ - u'\)h-^ I 1 + 



2i 



(2%\v-v'\ 



2"2 



+ (2a|i/-i/| + l)2i- , + 

22 \u — v'\ 



+ 2*"' 



Summing in /, we obtain: 



E 



□ 1,2,2 
j,u,u',l,m 



(l,m) /2 m <2i\v-v'\<2 1 



(8.255) 



< 



2-5 



+ 



2-1 



+ 



2"! 



+ 



1 



(2%-z/|) (2%-z/|)i (2%-i/|) 2 (2%-i/|) J 
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In view of (18. ip . we still need to estimate B.' u ' v , x m in the range of (I, m) such that: 

2 m <2 l < T\v-v'\. 



Recall the definition (18.951) of B-^, l , 



],v,W ,l,m 



nl,2,2 
j,v,v',l,m 




M Js 2 xs 2 s(L, L 

1 U-^v t^v,..^^,..' 



- L(P i tr X )P m tr X ' + PfrxL' (P m tr X ') 



x(r 1 - b'~ i )F j ^ 1 (u)F J (u')rf{uj)rf (u')dujdu'dM. 
We integrate by parts tangentially using (I7.136p . 



Lemma 8.13 Let B 



1,2,2 

j,v,v' ,l,m 



defined by (18.951) . Integrating by parts using (17.1361) yields: 



B 



1,2,2 

j,v,v',l,m 



2 J Cpg / 

J \ 



P,q>o 
1 



m (2*|JV„ - N v ,\y+i UK - N v 



q,l,m 



(8.256) 



\K-N U ,\* 



' , 2,p,q,l,m) 



dM + B]f^ lm + Bj£ffi >m + B^'p 



1,2,2,2 



,1,2,2,3 



Lmi 



where c pq are explicit real coefficients such that the series 

p,q>o 

has radius of convergence 1, where the scalar functions /ii )Mj j, m , ^2,p,g,i,m on -M are given 
by: 



hl.p.qj.r 



L(Pitrx) \2*(N - N u )j F A _i(u)7/J(w)dw 
x N N'(P m trxW - b v ) (2i{N' - iV,,)) " F^Wtf (u')du' 
+ ([ LiPitrxKK - b) (2i(N - Fj^uXi^dw 



(8.257) 



x( / N'(P m trx')[2i(N' - N V ,)Y F^u'W (u')du' 
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and: 



>'2,p,q,l,m 



X 



+ 



X 



Jje + b-yib^Li^trx) (22 (N - N„)Y Fj^iuX^duj (8.258) 
P m trx\b' - iv) (2^(iV - F it . x {u')r^{u')dJ 



x 



+ 



X 



(0 + b-yib^Pttrx [2i(N- N v ) F^ x {u)rfAu)du 



L'{P m trx')(b' - K) (2i{N' - F^u'X' (u')dw' 



(6 + b- 1 f(b))L(P l tr X )(b u , -b) (2i(N - N V )Y F^u^^du 
^ P m trx' (2i(N' - Fj^u')^ (<J)dJ\ 

'9 + b-'fibWtrxiK - b) (ti{N - F h ^(uX(u)duj 
L'(P m trx') (2i(N' - F^u'X' (tu')dc 



and where P>]ffl lm , B x ^f lm , B>]ffl lm are given, schematically, by: 



j,u,v',l,m 



(8.259) 



2 -2i 



x§ 2 



{N \{LL'f ^ ( W^))^**' + f(Pitrx)L'(P m trx') 



+L(P l trx)f\P m trx') + Pitrxf\L\P m trx')))F^ 1 ^ 



R l,2,2,2 _ -2j 
n i,v,v',l,m ~ Z 



§ 2 x§ 2 



P l trxy N ,{L'{P rn tr X !)){V - b) 
g(L,L>) 



Fj^ujrjj^Fj-^u')^ (uj')dudu', 

(8.260) 



and: 



^1,2,2,3 
j,uy,l,m 



-2; 



L(Pitrx) Pmtrx' + PitrxL'{P m trx') 



,§2 X §2 g(L,L>) 2 

xF ii _i(M)^(w)F ji „i(M , )r/j'(w , )^w', (8.261) 



The proof of lemma 18.131 is postponed to Appendix C. In the rest of this section, we use 
Lemma 18.131 to obtain the control of B 1 -'^, lm . 

We first estimate the IM^M) norm of /ii^q^m, /^p,,?,;,™, starting with hi tPt q t i tm . In view 
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of the definition (18.2571) of hi tP>q> i >m} we have: 

||^ljj,g,Z,m|U 1 (A<) 

L(P*tr X ) hi(N - N U )Y ' F jt ^(uX(uj)du 



< 



L 2 (M) 



X 



X 



N'(P m tT X ')(b' - b v ) (22 (N' - N u >)) F^u'X (u')du 
L{PM X ){K - b) (2§(iV - N^JFj, ^(uX(u)duj 
N'(P m tx X ') (2i(N' - N^)) 9 ' F^{u'X ' 



L 2 (M) 



L 2 (M) 



L 2 (M) 



Using the basic estimate in L 2 (.M) (17. ip and the estimate ( I8.170p . we obtain: 

||^l,p,g,Z,m||.L 1 (.M) (8.262) 



< 



sup 

u' 

+ I sup 

V w 
x I sup 



N'(P m tr X ')(b'-K) (2HN'~N U ,) 
L(PitTx)(K-b) (2i(N-N v )y 
N'(P m tT X ') h^N'-N^" 



(l+p 2 )2^e^ 



L^L 2 (Hu), 



Using the estimate (12.381) for b', we have: 

\\N'(P m tTx')\\L^(n ul ) < \\P m (b'N'tTx')\\ LW H u ,) + \\[b'N\P m }tTx'\\L~LHH u ,) 



which together with the estimate (12.391) for tr%, the commutator estimate (I2.64p . and the 
boundedness of P m on L 2 (P ttU ') yields: 



\N\P m tTx')\\L W H u ,)<e. 



(8.263) 



Now, we have: 



N'{P m trx!W -K) [2i(N'-N vl ) 



< \\N\P m tT X ')\\ L ^ LHnul) \W-bu\\L- 11(24(^-^0) 



< 



e\v — v 



where we used in the last inequality the estimate ( I8.263p . the estimate (I2.44p for d^b, the 
estimate (I2.42p for d^N, and the size of the patch. Using the same estimates, we obtain 
similar estimates for the last two terms in the right-hand side of (18.2621) : 



L(P,trx)(&„-6) ^(N-N^y 



< 2»e, 
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and: 



In the end, we obtain: 



iV'(P m trx') (2i{N'-N u 



< 



\\h Mm \\ LHM) < ((l+p 2 )2^\v-v'\+2 1 2 y 1 W' 



(8.264) 



< (l+p 2 )2^ 2 7 J 7 /, 



where we used in the last inequality the fact that \v — v'\ < 1 . 

Next, we estimate the L 1 (A / 1) norm of /i2,p,g,/,m- m view of the definition (I8.258P of 

h2, P ,q,i,m, we have: 



< 



\\h2,p,q,l,m\\L 1 {M) 



X 



+ 



(0 + r 1 y7(6))L(^tr X ) (2*(N-N V )) F jt . x {u)TfAu)du) 



(8.265) 



L 2 (M) 



L 2 (M) 



L 2 (M) 



X 



+ 



L 2 (M) 



+ 



P m tT X '(b' - b v .) (2*(iV - N v ,)j F h ^{u'X (w')dw' 
(9 + b-'y^P^x (2" (N - N V )Y ' F h ^{uX{uj)du 
L'(P m tT X ')(b' - K) (2i(N' - F^u'X' (co')di 

(9 + 6- 1 y(fo))L(Pitr X )(V - 6) ^(N - N U )) P F^u^^du 
P m tr X ' (2i(N' - F^u'X '(u')cL 
(6 + r 1 y(6))P i tr X (&, - b) (2i(N - F^uX^dw 
L'(P m tx X ') (2i(N' - ^)) V^iO^iV)^ 



L 2 (X) 



L 2 (.M) 



L 2 (.M) 



L 2 {M) 



Using the basic estimate in L 2 (Ai) (17. ip for the first term, the fourth term, the fifth term 
and the eighth term in the right-hand side of (18.2651) . the estimate (I7.102p for the second 
term in the right-hand side of (I8.265p . and the estimate (18.1811) for the sixth term in the 
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right-hand side of (j8.265p . we obtain: 

\\h2,p,q,l, m \\L 1 (M) 

sup 



< 



x l sup 
+ ( sup 



L'(P m tT X ')(b' - K) (2i(N' - 



L 2 (M) 



+ 6- 1 y(6))L(P,tix)(V - 6) 2* (iV - jV„) 



2^f 



b-y(b))Piti X (K-b) [2i(N-N v )) F^ x {u)rfAu)dw 



L 2 (M) 



x sup 



L'(P m tr X ') (2i(N>-N u ,)y 



2H. 



Together with the estimate RFM\ for b, the estimates fl2T3TD (12^1 for 0, the 

estimate f!2.39j) for tr%, the estimate (18.1861) for L(P^trx) and L'(P m trx'), the estimate 
( I2.44p for d^b, the estimate (I2.42p for d^N and the size of the patch, we obtain: 



< 



||^2,p,g,«,m||L 1 (.A/f) 

(l + g 2 )2^ 2 7 ; 7 / 



+ 



+ b- 1 f(b))P l tT X (2'(N - N„) F^iuX^du 



L 2 (M) 



(8.266) 
2i\v-v'\rf 



+ 2i\u-u'\(l + q 2 )e 2 ^^' 



+ 



b- l y{b))PM X {b v - b) (2i(N - N v )j F^uX^duj 



L 2 (M) 



C2H 



Next, we estimate the two L 2 (Ai) norms in the right-hand side of (18.2661) . Recall the 
definition of 9 fl2T20D : 

e = x + k. 

Now, since k does not depend on u, and in view of the decomposition (12.721) (I2.74p for 
X, and the decomposition (I2.80p for b~ ls p(b), we have the following decomposition for 

e + b-yib)-. 



9 + b~y(b) = F{ + F{ 
where the tensor F( only depends on v and satisfies: 

Pi'llx-xfLB <e, 



and where the tensor F{ satisfies: 



2 \\L^L2(Hu] 



<s2~ 



(8.267) 



(8.268) 



(8.269) 
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We estimate the first term in the right-hand side of (I8.266p . In view of (I8.267p . we have: 



(8.270) 



L 2 (M) 



< \\F( 



+ 



< 



+ 



P l trx[2 L ^N-N u )) FjiuXi^du 



L 2 (M) 



L lv L J> L ? 



L 2 (M) 



Fi^trx (2*(N - N V )Y F^u^^duu 



where we used the estimate (18.2681) for F{ in the last inequality. Now, using (IT. 71 j) in the 
case I > j/2, and: 

P<j/2^X = trx - ^2 PltTX 

l>j/2 

together with (I7.7ip and (I7.16P in the case I = j/2, we obtain: 



s 2 



Also, we have: 



P^xi^iN -N v )) Fj{u)rfAu)dw 



L 2 , L\ 

Uz/,X U L 



(8.271) 



< 



< 



Pfrx^iN-Nv)) F,(uX(u)du 
JjPMX (2i(N -N U )Y 'Fj{u 
||F i ,_ 1 (u)|| £ff i£(u;)dw' 



L°°{M) 

rfAuj)du 



< e7?H 



3 ' 



(8.272) 



where we used, the estimate (I2.39P for tr%, the estimate (I2.42p for d u N, Cauchy-Schwarz in 
A to estimate \\Fj t _i(u) \\loo, Cauchy-Schwarz in u and the size of the patch. Interpolating 
between f!8.27ip and fl8.272p . we obtain: 



P;tr X ( 2 2 (N — Ay Fj(uX(u)du 



(8.273) 



For the second term in the right-hand side of (I8.270p . we have: 



FiPttrx (2i(N - N v )j Fj(u)^(u)du 



< 



L 2 (M) 



s / 2--*\\F,{u)\\ Ll rf{u)du 



(8.274) 
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where we used in the last inequality Plancherel in A, Cauchy Schwartz in u and the size 
of the patch. Finally, ( EZZOP , ^273|) and ( EZHD imply: 



(8.275) 



L 2 (M) 



Next, we estimate the second term in the right-hand side of ( 18.2661) . In view of (I8.267p . 
we have: 



s 2 



+ 6- 1 y(fo))P i tr X (6 - b v ) (2-2(N - i\y F^uX^dw 



(8.276) 



< 11*1 II L^LlL* 



PfixxQ>-b v ) (2l(N-N u )) F^uX^du 



L 2 (M) 

8 

til/ x 



+ 



< 



FiP^ixib - K) (2?(N - N u )j F 3 {uX{uj)du 
Pitixip - b v ) (2i(N - N U )Y F 3 (uX(u)du 

J ^ FiPfrxib - b v ) (2i(N - N V )Y FjiuX^du 



L 2 (M) 



L2 r 3 roo 



L 2 {M) 



where we used the estimate (18.2681) for F( in the last inequality. Now, using (IT. 71 j) in the 
case / > j/2, and: 

l>j/2 

together with (I7.7ip and (I7.95P in the case I = j/2, we obtain: 



<2-t(l+p 2 W. (8.277) 



Pitr X (b v - b) [2i(N - FjiuX^du 
Also, we have: 

' r PttrxiK-b) (2i(N - N V )Y FjiuX^du 

Pitr X (K - b) (2i(N - N U )J Fjiu)^ $(u)dtu 



L^{M) 



< 



< e2~i 

< s2h- 



\ f j -lHh^v Uu)du' 



(8.278) 



where we used, the estimate (I2.39P for tr%, the estimate (I2.44p for d^b, the estimate (I2.42p 
for d u N , Cauchy-Schwarz in A to estimate HF^.^m)!!^, Cauchy-Schwarz in uj and the 
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size of the patch. Interpolating between ( I8.277P and (I8.278p . we obtain: 



Ll L^, Lf 

u v x,, * 



PitT X (K - 6) (2* (N - N U )J Fj(u)r]j(u)duj 

For the second term in the right-hand side of (I8.276p . we have: 
FiPfrxiK - b) (2i(N - N U )Y F^uX^du 



(8.279) 



L 2 {M) 



< 



\\FiPitrx(b v -b) (2*(N-N U )) F^u^^^dou 



< I Wm^mnJlFjiu)^ m X {b v -b)[2>{N-N v ) 

52 



L°°(A4) 



rfAuj)doj. 



Together with the estimate (I8.269P for F%, the estimate (I2.39P for tr%, the estimate (I2.44p 
for b, the estimate f )2.42p for d^N and the size of the patch, we obtain: 



FiPttrxiK - b) \2*{N-N V )) F^rfA^du 



< e2-i [ 2-i||F i (ii)|| ia ^(a;)d W 



L 2 (M) 



(8.280) 



j • 



where we used in the last inequality Plancherel in A, Cauchy Schwartz in uj and the size 
of the patch. Finally, ( EZS>D , fl8^79|) and ( EZHOD imply: 



+ r 1 y(6))P i tr X (&, - 6) 2*(JV - jV„) Fj_i(u)r]Auj)dui 



< £ 2~iW. 



L 2 (M) 



(8.281) 



Finally, f lOMj) . QH2BB and (jQZg) yield: 

||^, m ||Li(A4) < (1 + g 2 )(23(2^|zy- z/'l) + 2^)e 2 7; 7 /. (8.282) 
Next, we estimate B^^;] m . Recall that we are considering the range of (/,m): 

2 m < 2* < 2 j \u- u'\. 

Summing in (l,m), we have: 

^ (y(L(Ptr X ))P m tr X ' + y(P*tr X )L'(P m tr X ') 

(l,m)/2 m <2 l <23\v-v'\ 

+L(P l tT X )f(PmtTx') + PltTxf'(L'(P m tTx'))) 
= f{L{P< 2]W _ u ,\tlx))P<V\u~u>\^X' + ¥{P<2i\ V -v>\tex)L\P<2i\u-v<\tex') 
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Thus, using the symmetry in (u, uj') of the integrant in B.'^'J l m , we obtain in view of the 



definition M of B)' 2 // 



j,v,v',l,m- 



/ d1,2,2,1 , d1,2,2,1 



],v,V ,l,m/ 



(8.283) 



(Z,m)/2 m <2'<2J>-i/' 

2 - 2j A (JV'-.Y )(//-&) 



\v — V 



/§2 X§ 2 g(£,L') 2 

+y( j P< 2J >-,'|trx)L / (P< 2J> _,,|trx / ) + ^(P<2,>-,'|trx)y'(P< 2 ,>-,'|trx / ) 
+P<^_^,trxy'(£'(P<^_^ 



Now, note that the right-hand side of (I8.283[) is the analog of the right-hand side of (I8.223[) 
provided one replaces 

Ptrx, 2 l > 2 j \u-u'\ 



with: 



2-i(N'-N) 

g(L,L') n P ^|^|tr X ). 



We obtain the analog of (18.255j) : 



E fS X.W _|_ D J 
v j,u',i>,l,m ' j,v,is' ,l,mJ 

(l,m)/2 m <2 l <2i\v-v'\ 



(8.284) 



< 



+ 



+ 



(2%-z/|) (2*|i/-z/|)3 (2%-Z/'|) 3 



2 v v' 



The proof of (18.2841) is essentially the same as the proof of the estimate (I8.255j) and is left 
to the reader. The similarity in these proofs originates from the fact that 

2 l >23\v-v'\ 

and 

2 -i(iV'_i\r) 

g(L,L L f( P <-^'^ 

satisfy the same estimates. For instance, in view of the finite band property, the identities 



f)8.3ip . and the estimate (|8.32|) . we have 
J2 P i tT * 



and — y{P<2J\u-u'\trx) ' 



2>\v - v'\ 



S(L,L') 



2Av-v' 



2 l >23\u-u'\ 

Next, we estimate B^f^ m . Recall the definition (18.2601) of B^'J^ : 
1,2,2,2 _ -2, f PitrxN'iL'iP^rx'W-b)^ 



j,v,v' ,l,m 



S 2 x§ 2 



<,(L,L>) 



-Fj_i(u)rjj \uj)Fj-i(u')r]j (cu')dujduj' . 
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Estimating the term N'(L'(P m trx')) would involve commutator terms which are difficult 
to handle. To avoid this issue, we commute V with N', and then integrate the V derivative 
by parts. We obtain schematically in view of the definition flOoT)]) of B l ^/ l m . 

Bffi&m ( 8 - 285 ) 

2j [ / div g (LQ _ L'(g(L,L')) \ P^xN'jP^ixW-b) 
->(L,L>) g(L, L') 2 ) g(L,L>) 



S 2 x§ 2 



-2 3 / — — F jy _ l {u)r lj {uj)F j) _ 1 {u)'q j {u)dudu} 

o-V f Pitr X N'(P m tr X ')(L>(b>) - L>(b)) ^ , m ✓ , , u , , 

-2 M — — Fj ^{uJrj^ujFj )t# (w Jdwdo; 

-i2"' / r 1 P J tr X iV / (P m trx , )(6 / - 6)F i (iz)^(w)F ii _ 1 («')<(t«/)dwd£y, 



S 2 x§ 2 

where the last term in the right-hand side of (18.285P appears when the V derivative falls 
on the phase in view of (16. 6p . 

We decompose L' in the frame L, N, e^: 

L' = L+(N'- g(N, N')N) + (g(iV, N') - 1)N, (8.286) 

which yields the following decompositions: 

L'fttrx) = LiPfax) + (N' - g(JV, N')N)(Pitr X ) + (g(N, N') - l)JV(P,trx), (8.287) 

and: 

L'(b) = L{b) + (N' - g(N, N')N)(b) + (g(JV, N') - l)N(b). (8.288) 
Recall the identities fl8T3"0j) and flOT]) : 

cr(N - N' N - N') 

g(L, L ) = -1 + g(iV, JVO and 1 - g(iV, N') = *± j L 

We may thus expand 

1 1 

and 



g(L,L>) g(L, L') 2 

in the same fashion than (KT55j) . and in view of (18T285]) . (18T287]) . 08.2880 . the formula 
(I7.146P for diVg(L') and the formula (I7.149P for L'(g(L, L')), we obtain, schematically: 

E (8-289) 

m/m<Z 

^/A^_L ^R 1 ' 2 ' 2 ' 2 ' 1 1 Rl,2,2,2,2 , nl.2,2,2,3 \ 

aj ' Z-f ^ • 3,v,v ',l,m< D i,v,v> ',l,m> D j,vy ,l,m)i 
m/m<l 
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Cpq 



^ J M {2i\N v -N v ,\)P^ 
1 



2t(2i\N v -N v ,\) 



h3,p,q + 2 J h4 }P} g 



where the scalar functions ^2,p, g , ^3,p,g; ^4,p,g 011 are given by: 

= G 1 {p-b v ) r (2i(N - N U )J ' F^uX^d^j (8.290) 
x Qf N'{P^){K - b'Y (2i(N' - N u ,)) q F h ^{u'X' {u')du^ , 

h 2 , P , q = (J Pltix(2i(N - NSf Fi-i^dwj (8.291) 
x Qf G 2 (2i(7V'-iV,0)V :; -_ 1 ( W / )<(^)^ / ) , 

^ = ^TO^tr X (2i(iV-iV ! ,)) P F :; -_ 1 ( M )r ? J(a;)^ (8.292) 
x JV / (P<,tr X / ) (2^(iV'-iV i/ ))V J ,_ 1 K)<(^)^ , 

and: 



^ = ^iV(6)P / tr X (25(iV-iV 1 ,)) P F : ,-. 1 ( M )^( W )^ (8.293) 
iV'(P<,tr X ') (2i(iV - A^)S,-i 



where the integer r, s satisfy: 

r + s = 1, 

where the tensors Gi and G 2 are schematically given by: 

G 1 = L(PMX) + (S + X + C + L(b))PfrX, (8.294) 

and: 

G 2 = [N f , P'](P<,tr X ') + (5' + L'(tf))N , (P<,trx'), (8-295) 

1 D l, 2, 2,2,1 D l,2,2,2,2 D l,2, 2,2,3 • i 

where B^^B^^B^^ are given by: 

p,i, 2 ,2,2,i _ 2 _ 2j / / g ~ g(iV, jVQiV)(ptr X )iVXP m tr X 0(y - b) 

xFj^iuXi^Fj^iu'X'ioj^dojdu'dM, (8.296) 



^S'Si (8-297) 
= -T 23 [ [ iV(ptr X )iV'(P m tr X / )(& / - ^F^iuX^F^u'X^u^dwdw'dM, 



154 



□ 1,2,2,2,3 
j,v,v' ,l,m 



(8.298) 



-r2-> I / b-^PttixN^Pr^ix')^ - ^F^u^i^F^^u'^^iu^dudu'dM, 

ImJs 2 xS 2 



and where explicit real coefficients such that the series 



has radius of convergence 1. Note that the term b — V present in all terms of (I8.285P 
is present in the definition of /h, p , g , but absent from the definition of h,2^ qi h 3 p g , h^ p g . 
Indeed, we do not need to exploit the gain b — b' in ^2,p, ? ^3,p, g , ^4,p,g, an d we just separate b 
and b' and estimate them in L°° using the estimate (I2.38P for b. To simplify the notations, 
we chose not to specify these factors of b and b'. 

Next, we estimate the IM^M) norm of hi jPjq , h 2 , p , q , ^3, P , g , ^4, P ,g starting with h\ >p>q . We 
have: 



l^-l.p.glU 1 ^) ~ 



d(6 - b v ) r (2i (iV - N v )y F h ^(uX(uj)duj 
N'(P^tr X '){K ~ b'Y (2i(JV' - N v ,)y F^u'X' (u')du' 



L 2 (M) 



(8.299) 



L 2 {M) 



We estimate the second term in the right-hand side of (18.2991) . Using the basic estimate 
in L 2 (M) dH]), we have: 



N'iP^trx'XK - b'Y (2^{N' - N vl )) q F^u'X' {uj')dw' 



L 2 (M) 



< 



< 



sup 



i\T'(P<,trx')(&* - (2*(W - iVy/) 
(supHiV^P^trxOIlL-^^,)) \v-v'nH 



2*7? 



where we used in the last inequality the estimate (I2.44p for d^b, the estimate (I2.42p 
for dujN and the size of the patch. Together with the estimate (12.391) for tr X and the 
commutator estimate (12.641) . we obtain: 



■o- 



N'iP^trx'YK - bj (22 (N' - N v >)\ F^iu'X (u')dw' 



L 2 (M) 



<e\v-v'\ s ^l V y 
(8.300) 

Next, we estimate the first term in the right-hand side of (18.2991) . Using the basic estimate 
in L 2 (M) UZ3J), we have: 



G x {b - KY (2i(N - N V )Y Fj^iu^^du 



(8.301) 



L 2 (M) 



< 



Gi{b - b v y (2i(N-N u )y 



L?L 2 (Hu) 



2*7* 
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where we used in the last inequality the estimate ( I2.44p for d u b, the estimate (I2.42p for 
d u N and the size of the patch. In view of the definition of G\ ( I8.294p . we have: 

\\Gi\\l^l\h u ) ^ (PlLfi* + llxllifx* + IKIIl-l^ + \\L{b)\\ LrL i)\\Pitvx\\ L 2 L A^ 

+\\L(p l tTx)\\ L ^mH u ) 

< £11^1x11^ + H^trx)!!^^), (8-302) 

where we used in the last inequality the embedding (12.511) . and the estimates (I2.36P (I2.37P 
for 5, the estimates (E3H]) (E50D for x, the estimate ( l2T35j) for b, and the estimate ( EH$ 
for If I > j/2, we have the analog of f)8.139p : 

ll^trxH^ < 2~h, (8.303) 

while in the case I = j/2, the boundedness of P<j/2 on L 4 (P 4 u ) and the estimate (I2.39P 
for tr% yields: 

ll^72tr X |U^, <e. (8.304) 

In view of (18.3021) . we also need to estimate L(P/tr\;). In the case I > j/2, the estimate 
(I8TT4"2"D yields: 

\\L(P l tT X )\\ L ^ LHHu) <2- L 2e, (8.305) 
which together with the estimate (12.391) for tr% and the decomposition: 

P<j/2trx = tix ~ ^2 Pitrx 

implies in the case I = j/2: 

\\L(P< j/2 tTx)\\ L ^mn u )<e. (8.306) 
Now, in view of flOUS]) . (183031 . dH3D3D, ([S^OSD and (IQISjl . we obtain: 

||Gi|| LS o^(«„) <£2-'( 1 -^/ 2 ), 

where we defined: 

^,i/2 = 1 if / = j/2 and ^j/ 2 = otherwise. 
Together with (18.30 lj) . we deduce: 



Gi (6 -& v ) r (25(iV-iV 1 ,)) P F J ._ 1 ( M )r / JMda; 



< e2"^222"' (1 " <5i -^ 2) 7 l/ '. 

L 2 (.M) 

(8.307) 

Finally PI, (18T3U0]) and (18T3U7|) imply: 

llAi^lUHAO £ £ > " ^| s 2-^2^ i ( 1 -^^) 7 j7/- 

Since we have: 

2z\v — v'\ ~> 1 and r + s — 1, 
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this yields: 

\\hi, P , q \\ LH M) <e 2 \v- v'IV-^-^jW'. (8.308) 

Next, we estimate the IM^AA.) norm of /i2,p >(? - In view of the definition ( I8.29ip of ^2, P ,g, 
we have: 



2,p,q\\L2(M) 



< 



a Pitix (2i(N - N V )J > ir i(u)^(w)dw 



L?(M) 



Recall 0H2Z2D: 

P*tr X (2"(iV - N V )J F^uX^dw 
On the other hand, (18. 179]) and (I8.180p imply: 



L°°(M) 



<(l+p 2 )2^W. 



L 2 (.M) 



Interpolating between (I8.310p and (I8.31ip . we obtain: 



Pitrx (2*(N-N V )) F^uXi^du 



L 3 (.M) 



Next, we estimate the second term in the right-hand side of (I8.309p . We have: 



G 2 ( 2i(N' - N u ,) ) ' Fj^u'X \<J)drf 



< 



< 



2>{N'-N V ,) 

it' x a J 



(8.309) 



(8.310) 



(8.311) 



(8.312) 



(8.313) 



where we used in the last inequality the estimate (12.421) for d^N and the size of the patch. 
Next, we estimate Gi- In view of the definition of Gi (I8.295p . the commutator formulas 
(I2.32p for [L, L] and the fact that 2N = L — L, we have schematically: 

G 2 = n- 1 V N mL'(P< l tr X ') + (C - C) ■ f{P<i^) + + L'(6'))iV / (P< I trx'). 
This yields: 



II c 



2|| 3 < 



L™,LHH U ,) + ||« ViV'nU^ie^,) + \\C\\l^L^H u ,) 
+ \\C\\l^^(H uI ) + H-C' / (6 / )IU^ 6 (?i u /))ll D - P <J tr x'l|L«La(7^,) 
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where we used in the last inequality the Sobolev embedding ( I2.50p . and the estimates 
f lOTj) (E3SD for n, 5 and (, the estimate fTOKD for b, and the estimate (EUD for 
Together with the basic properties of P</, the commutator estimates (I2.64p and (I2.65p . 
and the estimate f!2.39j) for trx, this implies: 



\C II < F 

1 2 »L^Li{H ul ) ~ ' 



Together with (I8.313p . we obtain: 



(8.314) 



L?(M) 



where we used in the last inequality Plancherel in A for ||Fj ] _i(M / )|| L2 , Cauchy Schwarz 

u' 

in u' and the size of the patch. Finally, CTl . (IOT2D and (1PT4D imply: 



|^ P , <? ||L 1 (A4)<2*2-f£ 2 7j7/. 



(8.315) 



Next, we estimate the ^(M) norm of /i3, p ,q. In view of the definition of h^ Piq (I8.292p . 
we have: 



\h^p,q\\L^{M) < 



L 2 (.M) 



y(6)P,tr X (2*(jV - A^)J Fj^i(u)rjj (uj)du 
Arguing as for the proof of (18.1361) . we have: 



(8.316) 



L 2 (M) 



N'(P^tix') ( 2i(N' - N v ,) ) ' F^u'X^'W 



Also, using the basic estimate in L 2 (A4) (17. ip . we have: 



L 2 {M) 



(8.317) 



fi^Pttxx [2i{N- N v ) F^uX^dw 



L 2 (M) 



< 



< 



sup 



Up 117(6)11^4, \\Pitrx\\ L *L^ 2h- 



2H 



where we used in the last inequality the estimate f)2.42p for d w N and the size of the patch. 
Together with the estimate (I2.38P for b, the embedding f)2.5ip . and the estimates (18.3 
and (I8.304P for Pitrx, we obtain: 



f(b)P l tT X [2i{N-N u )) F^uX^dw 



3 
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< £2-^-^/^22^ . (8.318) 



L 2 {M) 



Finally, (1QT5]) . (1CT7|) and (ICTSj) imply: 



(8.319) 



Next, we estimate the L l (M) norm of h^ PA . In view of the definition of h^ PA (I8.293p . 
we have: 



\\hi, p , q \\v(M) 



< 



L 2 (.M) 



N^mx (25 (iV - Ay J F h ^(uX(uj)duj 

N^Pttrx hi(N - N U )Y F^uX^du 



(8.320) 



L 2 (M) 



L 2 (M) 



where we used in the last inequality the estimate (18.3 1 7[) . In view of the estimate (I2.38j) 
for b , we have: 

\\N(b)\\L?Lt,<e- 

1 x' 

Thus, arguing as for the proof of (18.3181) . we obtain: 



N(b)P l tT X [2HN-N u )) F^uX^dw 



L 2 (M) 



< e2~^ 1 ~ s ^ 2 ^2 2 ^ 



Together with f[8T3"2TJj) . this yields: 

ol,2,2,2 
j,v,v' ,Z,m' 



(8.321) 



Now, in view of the decomposition (I8.289[) of F>Yv1^i m -> we nave: 



m/m<l 



2 _ /nl, 2,2, 2,1 , 7^1,2,2,2,2 . ^1,2,2,2,. 

i,m / V j,u,u',l,m ' j,u,u',l,m ' j,u,u',l, 

m/m<l 



< 



7"/ 



1 



+ ||^2,p l9 1| Li (yVt)) + 



(241^-^1)^+9 
1 



L°°(M) 



1 



(24^-^1)5 



(11*1 



L°°(/v() 



24(2*1^-^1) 



||^3,p,g|Ul(>l) + 2 ■ 7 ||^4,p,g||L 1 (A4) 



L°°(M) 
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which together with <K32} . ( IQUgj) . (1QT5]) . Hi and yields: 



< 



Enl, 2,2,2 _ /nl, 2, 2,2,1 ^1,2,2,2,2 nl,2,2,: 

j,f,u',l,m / j V j,u,u',l,m ' j,v,v',l,m ' j,u,v', 
m/m<l m/m<l 

1 



2,3 \ 



c 



/^i 



+ 



1 



P+9 



— — (\v - u'\2 j - l ^- Sl ^^ + 

(2z |z/ — v'\) 2 



< 2- J 



2i(2i\v-v'\ 
1 



(25|z/- z/'|) 2 



2~l( 1 ~ 5 j/2,i)2- ? ' + 2~- ? 2 _ 2( 1-5 i/2,!)2^ 



2a(2»|l/ — «X| 

Summing in /, we obtain: 



_2-|(i-5j/ 2 ,i)2-?' _)_ 2^2 _ 5( 1 ^ <5 j72,!)2-'' 



(«,m)/2 m <2 i <2J>-i/ 



1,2,2,2 _ /ol,2,2,2,l . nl, 2, 2,2, 2 . ol,2,2,2,3 ^ 

j,u,u',l,m / j V j,u,u',l,m ' j,u,u',l,m ' j,v,v' ,l,mJ 

(l,m) /2 m <2 l <2i\v-v'\ 



< 



+ 



2-4 



2S(2S|i/-i/|) (2S|i/-i/| 



+ 2" 



(8.322) 



In view of (18.3221) . we need to estimate Bj'^f^, B^J^, B^p^ m . We start with 
BjluvHsn which is defined in (I8.298P as: 



ol,2,2,2,3 
j,v,u' ,l,m 



-i2~ j / / r 1 Pjtrx^ , (PmtrxO(& , -&)^(w)^(^)^ ) -i(wO^(^0^^- A ^- 



We integrate by parts tangentially using (I7.137p . 

Lemma 8.14 Let Bj'^yj'^ defined in (18.2981) . Integrating by parts using (17.1371) yields: 

(8.323) 



Eol,2,2,2, 
m/m<l 



2 -'E 



V-l 



1 



^ JM{2i\N v -N u ,\y + « 
1 



{2%\N V -N V ,\) 2 
{hz,P,i + h 'b,P,i) + 2 ~ 3 Kv 



(hl,p,q + ^2,p,,/ ' 



, u . / D l, 2,2, 2,1 . D l,2,2,2, 

m/m<l 



2 ) 



25(2*1^-^1) 

where the scalar functions h 3/p q , h i p q are given respectively by (I8.292p and (I8.293p . where 
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the scalar functions h' lpq , h' 2pq , h' 5pq on M. are given by: 

K, P , q = Qf G' 1 (&-& 1/ ) r { 2 ^ N ~ N ^T ^nWlJM^) (8-324) 
x(f N'iP^trx'XK - b'Y (2i(N' - F^u'X' (u')dJ 



K, P , q = Q PitrxfckN - N «)) P '^-iWlIH^ (8.325) 
x ( I G' 2 (2i(N' - N^ 9 F h ^(u'X\uj')du' 



K, P , q = U^itrx^HN-N^yF^iuXi^du^ (8.326) 
x ( f G' 3 (2i(N' - N U ,)Y F h ^{u'X' {uo')duj' 



where the integer r, s satisfy: 

r + s = 1, 

where the tensors Gi,G 2 and G' 3 are schematically given by: 

G[ = { X + 9)Pitrx, (8.327) 

G' 2 = (x' + L\b') + 9' + fib^N'iP^trx'), (8.328) 

and: 

G' 3 = f'N'iP^trx'), (8.329) 

where B - ,2,2 i^ m , B ■ ,2 ' 2 f'^ m are given respectively by (18.2961) and (I8.297p . and where c pq are 
explicit real coefficients such that the series 

P,<3>0 

has radius of convergence 1. 

The proof of Lemma f8. 141 is postponed to Appendix D. We now use this lemma to estimate 

7^1,2,2,2,3 
j,u,v',l,m' 

We estimate the L l (M) norm of h' lpq , h! 2 , h' 5 p q . The estimate of h' l p q is completely 
analogous to the one of defined in (18.2901) . Thus, we obtain in view of (18.3 



\\K, P , q \W { M) <e 2 \u- u'lV-^^hW' ■ (8.330) 

Also, the estimate of h' 2pq is completely analogous to the one of ^2,^,9 defined in (I8.29ip . 
Thus, we obtain in view of (18.3151) : 

ll^, P ,jL 1( ^)<2^2~fe 2 7j 7 /. (8.331) 
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Next, we estimate the L l (M) norm of h' 5 . In view of (I8.326p . we have: 

\\K,p,q\\L\M) 

PttrX (zHn - N V )Y F^ x {uX{u)du 



< 



L 2 (M) 



G' 3 ( 2i(N' - N v i) ) ' F h (oo')du' 



< 



s 2 



G' 3 (2^(JV / -^^)) , F J •_ 1 (u , ) 



L 2 (M) 



L 2 (M) 

r] v Abj)doj 



L 2 {M) 



< 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Together with the definition of G' 3 f!8.329j) . this yields: 

< E (^JIli^xil^^^-iWIL^J^)^) ( 8 - 332 ) 



m/m<l 



Next, we estimate y N'(P m tix')- Using the estimate f!2.38j) for b', we have: 



\fN\p m tT X ')\\mH u , 



< wb'-y^N'iP^rx'nL^,) + \\b ! -y{b'N\p n Mx'))\\ L 2 { n ul 

0~ ^Tft 1 tV\ II Ml.Ar//7-> .l\ II 1 llT7/r) /l' AT'i '\ 



+ \\f[b'N',P m }tTx , )\\ L -mn ul) 

< \\P m (b'N'tT X ')\\ L!Lti + \\[bN',P m ]tT X '\\ L!Lti + ||y'P m (6'iV'tr X ')IU 2 (^) 

+ ||y / [6 / iV / ,P m ]tr X ')||L-L 2 (^) 

< \\P m {b'N't^)\\v{n ul ) + \\fP m (b'N'tTx')h* { H u ,) 

■>W AT' 



+ \\[b'N',P m ]tTx')\\L^mH ul ) + \\nb'N',P m ]trx')\\ L ~ LH H u , 



h 



where we used in the last inequality the Gagliardo-Nirenberg inequality (12.491) . Together 
with the finite band property for P m and the commutator estimate (12.681) . we obtain: 



\f'N'(P m tr X ')\\ LHHul) < 2 m \\P m (b'N'tTx')\\mn ul ) + ^e. 



(8.333) 
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Together with (I8.332p . this yields: 

\\K, P , q \W(M) < J2 2 ~ ll ~ ml ([ 2 l \\\\PMx\\L H H,)F^)\\ L2 V-(u)du) (8.334) 

m/m<l VJS2 U / 



X 



< 2 -3 J- 2-l'" m 

m/m<l 



(\\P m (b'N'tT X ')\\ L2(Hul) + 2-t £ )F._ 1 (^)|| l2 _ ^(u')du' 



x ||(||P m (6'iV'tr X ')IU 2 (^) + 2^e)F h _ 1 {u')^f{J) 



L 2 , , 



where we used in the last inequality Cauchy Schwarz in u and u', and the size of the 
patch. Now, we have: 

2 

(8.335) 



J2 22l W P ^x\\l H n u ) ) \F^)\ 2 du ) ^{u)du 



< 



< ^( 7 J) 2 , 

where we used the finite band property for Pi, the estimates (12.391) for trx and Plancherel 
in A. Also, we have: 

2 



\\(\\P m (b'NW)\\L^H u/ ) +2-f,)F J ,_ 1 ( M ')V<^ / ) 



L 2 , 



(8.336) 



X (/, (E {\\P m (b'N'tT X ')\\ LH n u , ) + 2-^e) 2 ) \F 3 (u>)\ 2 du>) ^'(co')dco' 



< 



\\b'N'tTx\\l^ {Hul) +e 2 ) WF^Wl.rfiu'W 



where we used the finite band property for P m , the estimates (12.391) for tr%' and Plancherel 
in A'. Finally, flOMjl . flQ35|) and (18^336]) yield: 

E KJUhao ( 8 - 337 ) 

(l,m)/m<l 



L 2 , 



^|(||P m (6'iV'tr X 0IU 2 (KO + 2- f £)^ ) -i(«0v / <(^) 
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2 

L 2 , 



Now, in view of the decomposition ( I8.323P of B^ffi^, we have: 



Ed1,2,2,2,3 /ol,2,2,2,l nl, 2,2, 2,2 

j,v,v',l,m / j \ j,v,v' ,l,m ' j,f,u',l,r 

m/m<l m/m<l 



< 



2 ~'E 



P'l 



1 



P,<J>0 

+ ll^2,p, g IU 1 (X)) + 



(241^-^1)^+9 
1 



L°°(jW) 



(2*|JV I/ -iV 1 x|) 5 



(H^pJI^CM) 



L°°(.M) 



2i{2i\N u -N v/ 



(Wh^qWL^M) + ll^p.glUH-M)) 



L°°(A4) 



-2~i\\h 



4,p,g||Ll(X) 



which together with ([OS]) . (1019]) . (IQ2TD . (JH3SDD and flOBTD yields: 



Enl.2,2,2,3 _ C Dl.2,2,2,1 r>l,2,2,2,2 x 

m/m<l m/m<l 



< 



2 ~'E 



p,q>o 



(2%- v'\)p+i 



(2%-i/|) 2 



(llz-l/l^-^-'w/a) +2^2-T) 



2a (2a |i/ — i/|J / 22 (22 |l/ — u'\) 



< 2~ j 



1 



-(|z/-z/'|2 J - / ( 1 - 5i ^ 2 ) + 2i2-f) 
{2i\v- u'\) 2 

! 2~l( 1_5 j72,!)2-j + 2~ j 2~^ 1 ~ s j/ 2 ^2 j 

1 



2*(2*|l/ - z/'l) 



„S, "(2*1" ""D"^ 1 
Summing in /, we obtain: 



\\K,p,q\\^(M)- 



E 



5 



1,2,2,2,3 



E 



/d1,2, 2,2,1 ol,2,2,2,2 \ 
j,u,u',l,m / j V j,u,u',l,m ' j,v,v' ,l,m) 

(l,m) /2 m <2 l <3j\v-nu' \ (l,m) /2 m <2 ; <2J \v-v'\ 



< 



+ 



2"* 



2*(2*|i/-i/|) (2$ i/'|)2 
+2 2 £ Ci 



+ 2~ 



p,q>o 



(22 |l/ 



U \> \(l,m)/m<l 



\L 1 (M) 
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Together with (I8.337p . we get: 



E 

(l,m)/2 m <2 l <23\v-v'\ 



nl,2, 2,2,3 
j,v,v' ,l,m 



E 



/ol,2,2,2,l , tjI, 2,2, 2,2 
V j,u,u',l,m ' j,v,u' ,l,m/ 



(l,m)/2 m <2 l <23\v-v'\ 



< 



+ 



2"* 



2S(25|i/-i/|) (2%-z/|) 2 

1 



3j 

+2-~ 



< 



1 



P9 (25|z/-Z/'|)P+9+ 1 

2-i 



— + - 

2*(2*|l/-l/|) (25|Z7-Z7'|)2 



+ 2- 



(8.338) 



Finally, f lQ22|) and flQ38|) imply: 



E R 1,2,2,2 _ / R l, 2,2, 2,1 | R l,2,7,2, 

n j,u,v',l,m 2-^1 \ a j,v,v',l,m ' n j,v,v',l, 

(l,m) /2 m <2 l <2i\v-v'\ (l,m) /2 m <2 l <2i\v-v'\ 



1,2,2,2,2 \ 
m I 



< 



+ 



2-i 



+ 2^ 



(8.339) 



25(25|i/-z/|) (2i\u-u'\) 2 

In view of (I8.339|) . we still need to estimate B.' 2 ' 2 ! 2 ^ and B-' 2 ' 2 ! 2 '^. We start with 
Bjlvffim which is defined by (18.2961) as: 

(N' - g(JV, iV')iV)(^trx)iV / (P m trx , )(&' - b) 



B 



1,2,2,2,1 
j,u,i/',l,m 



_ 2 -V 




xF^iuWi^Fj^iu'W^u^dudu'dM, 



I] V~J- 3 -iV- / '/J 

We integrate by parts tangentially using (I7.137p . 

Lemma 8.15 Let Bj^'J 2 '^ defined in (18.2961) . Integrating by parts using (17.1371) yields: 



Eol,2,2,2,l 
j,u,u',l,m 



(8.340) 



m/m<l 



2"» E c ™ / 



P ^o JM(2t\N v -N 1/ ,\)P+^ 
1 



(2*1^-^1) 



'(^l,p,q + ^2.; j 



dM, 



24(2*1^-^1) 

where the scalar functions hi pq ,h2 pq ,h^ pq ,h'l pq ,h^ pq on M. are given by: 
h'L, = Ug'I (2i(N - N U )Y F^uX^dw 

xff N'iP^trx') (2i(N' - JV„))* F jt _ x {u'X' ' (u')dcj' 



(8.341) 
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h" 



(8.342) 



T(Pitrx) (22(N-N V )) F^uX^du 



x / N\P< l tr X !){2i{N'-N v ,)) F^ x {u'X (u')du' 



(8.343) 



and: 



h" 



fiPttrxl^iN-N,,)) F^uX^du 
x ( [fiN'iP^trx')) [2i{N' - N vl )) q F^iu'X'i^du' 



h" 

5,p,q 



fiNiPitrx)) 22(iV - jV„) Fj_i(u)rfAoj)du 



x / N'iP^trx') (22(N'-N 1/ )) F jt - X {u'X (u')du' 



where the tensors G" and G'2 are schematically given by: 

G'[={x + e + f{b))f{P l tr X ), 

and: 

G^ = (x' + 0' + f'(b'))N'(P^trx'), 
and where explicit real coefficients such that the series 



Vnfl 



P,q>0 



has radius of convergence 1. 



(8.344) 



(8.345) 



(8.346) 
(8.347) 



The proof of Lemma f8. 151 is postponed to Appendix E. We now use this lemma to estimate 

d1,2,2,2,1 
,l,rn' 

We estimate the L 1 (A / i) norm of h"^ q , h\ pq , h'^ pq , h/l p q , h'l pq starting with h'{ pq . In 
view of (I8.34ip . we have: 



\\K, P ,q\\v(M) 



< 



G'l(2*(N-N v )) F h ^{uX^)du 



x 



N'iP^tvx') (2HN' - iW) F^-xiu'X {u')du 



l\v' I , l\ J. J 



L 2 (M) 
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Together with the basic estimate in L 2 (A4) fl7.ll) . this yields: 



\K,p,q\\Li(M) 



< 



sup 
x I sup 



G'{ [2i{N-N v 



N'iP^tx^hHN'-N,,,) 



(8.348) 



< ( sup\\G';\\ LTLHHu) ) ( snp\\N\P^tTx')\\L W H ul ) ) 



where we used in the last inequality the estimate (12.421) for d^N and the size of the patch. 
Now, the estimate (I2.39P for tr%, the boundedness of P m on L 2 (P tiU ) and the commutator 
estimate (12.681) yields: 

\\N'(P^tTx')\\ L ^ LH n u! )<e. (8.349) 
Also, we have in view of the definition (18. 346 p of G": 

\\G"\\l~l*(h u ) < {\\x\\l?l\ + Ml?*, + liy(fc)IU r ^)IIWtr X )|| i?i 4 ( 



< 



(M(x) + + Afi(f(b)))\\f(PitT X )\\ 



iy 2 (^tr X )|| 



where we used in the last inequality the embedding (I2.5ip and the Gagliardo-Nirenberg in- 
equality (I2.49p . Together with the Bochner inequality (I2.6ip and the finite band property 
for Pi, we obtain: 

\\G'{\\l-l*{h u ) < (M(x)+M(^)+MOT)))2^||ytr X |U^ 2( ^ ) (8.350) 
< 2^e, 



where we used in the last inequality the estimates (I2.39P (I2.40p for x, the estimate (I2.38P 
for b and the estimates (1237]) (12351 fl2T4D|) for 9. Finally, (JSIMED, dSMj and (IO 
imply: 



IK, 



Next, we estimate h'2 P q . In view of its definition (I8.342p . we have the analog of the 
estimate f|8.348p : 



(8.351) 



\ h 2, P , q \W{M) ^ 



supliyC^trx)!!^^^)) Lny\\G^ L ^ {nul A 2^ T J T j'. (8.352) 

The estimate (12.391) for tr% together with the finite band property for Pi yields: 

\\?(Pitrx)h~L*(H u )<£- (8-353) 



Also, in view of the definition (I8.347P of G'^ and the estimate (I8.349p . the analog of the 
estimate (I8.350P yields: 

\\G'i\\ L ™lJ>{U u ,) < 2^6, 

which together with (18.3521) and (18.3531) implies: 



\ti' 



2, P , q \\L H M)<e 2 2^nW'. 



(8.354) 
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Next, we estimate h'^ p q . In view of its definition (I8.343p . we have the analog of the 
estimate ( ET53S]) : 



(8.355) 

Now, the Bochner inequality (I2.6ip . the finite band property for Pi, and the estimate 
(E39D for trx yield: 

Wf^trx)^^ <2 l e. (8.356) 
Finally, ( 18355]) . flQ56|) and (jSHSj) yield: 



(8.357) 



Next, we estimate ^4 iPi(? . In view of its definition (I8.344p . we have the analog of the 
estimate f|8.348p : 

\\K, p JlHm) < (sjPllWtrx)!!^^)) ^upll^CiV^P^trx'))!!^^^,)) 2J 7j7/. 

(8.358) 

Now, we have in view of the estimate (18.3331) : 

Wf'N'iP^trx')]]^,) < 2'||P< i (&'iV'tr X / )||L 2 (^) + 2^ (8.359) 

where we used in the last inequality the boundedness of P m on L 2 (P tjU ), the estimate 
fFOHjl for b and the estimate (12^391) for tr*. Finally, f l8~358|) . fl8~359]) and fl8353]) yield: 

\\K, p JlhM) < £ 2 2^7jTj'- (8-360) 



Next, we estimate /i-spg- In view of its definition (18.3451) . we have the analog of the 
estimate f|8.348|l : 



\K p Jlhm) < ( supHy^Cfltrx))!!^^) ) (^pll^^^xOlU^^,) ) 2^7; • 

Together with the estimate (18.3491) and the estimate (I8.359p . we obtain: 

\K P jLHM)<e 2 2^ 1 ^'. (8.361) 
Now, in view of the decomposition (18.3401) of B 1 -' 2 f/^, we have: 



m/m<l 



< 



1 



p,q>o 

+ \\ h 2, P ,q\\L^{M)) + 



(2^|iV,-iV !/ |)^+ 1 

1 



Z,°°(A4) 



24(2^1^-^1) 



L°°{M) 



+^ j \\h'L q \W 



l (M) 
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which together with (jg^2jl . f lOBT]) . f lOB7|) . PI and flOoTT) implies: 



Epl,2, 2,2,1 
j,u,u',l,rr, 

m/m<l 



< 



1 



p ^ (21^-^1)^ 



1 



-22 + 



1 



< 2~s- 



(2*|i/ - 



(2%-z/|) 2 2S(2S|z/-z/|) 
1 



-2' + 2~ i+ * 



(2*|i/-i/| 



-25 + 



25(22 \ v - v'\ 



-2 l + 2~ j+l 



Summing in Z, we obtain: 



E 

(l,m)/2 m <2 l <2i\v-v' 



d1,2, 2,2,1 
j,v,v' ,l,m 



< 



2-1 



1 



(2*\u - 2i(2i\v-v'\ 
Now, (I8.339P and (I8.362|) . together with the fact that 

2%\v - u'\ > 1 

implies: 



+ 2" 



eW. (8.362) 



5 



1,2,2,2,2 



V 5 1 ' 2 ' 2 ' 2 V 

/ ^ j,u,u',l,m / j j,v,v',l,m 

{l,m)/2 m <2 l <23 \u-u'\ (l,m)/2 m <2 l <23 \v-v'\ 



< 



+ 



2-i 



2i(2i\u-u'\) (2i\u-u'\ 



+ 2-i 



(8.363) 



In view of (I8.363p . we still need to estimate B-^'^ 2 m . Recall the definition (I8.297P of 



B 



1,2,2,2,2 . 
~ j,v,v' ,l,m' 



3y 



ol,2,2,2,2 
j,v,u',l,m 



-2-^' / / iV^tr^iV'^trxO^'-fc)^ 



Note that the integrant in the definition of Bj' ' v ; z ' m is antisymmetric in ((/, u, v), (m, uj', v')) 
and thus we have the following cancellation: 

nl, 2,2, 2,2 , nl, 2,2, 2,2 
j,u,u',l,m ' j,f',u,m,l 

This yields: 



0. 



E/ R l,2,2,2,2 , R l,2,2,2,2 x _ n 
\ JD j,vy,l,m i SD j,v> ,v,m,l) ~ u ' 

(l,m) /2 max ( m .O <2i \u—v>\ 



which together with (18.3631) implies: 



E 

(i,m)/2 max ( m - i )<2^ \v—v'\ 



d1,2,2,2 
j,v,u',l,m 



< 



2i(2 



2 I 
2 Z/ 



+ 



(2%- i/|)2 



+ 2" 



e 2 7 ; 7 /- (8.364) 



169 



!,3 
',m' 



Next, we estimate B.' v '^ 3 lm . Recall the definition (18.2611) of B^'^p 

Recall also that we are considering the range of (/,m): 

2 m < 2 l < 2 j \u-u'\. 

Summing in (l,m), we have: 

E (L(P ; trx)P m trx' + F,trxL'(P ro trx')) 

(Z,m)/2 m <2'<2J>-i/ 
= L(P< 2 3\u-u'\tox)P<2J\iy-v'\teX + -P<2^| i y-^|t r X-^ / (-P<2J>-i/'|t r X')- 

Thus, using the symmetry in (u, u') of the integrant in B-'^ l m , we obtain in view of the 
definition tfffl]) of S^ >m : 

E ^vlm + BffilJ (8.365) 

(Z,m)/2 max ( i ' m )«<2^|^-i/'| 

= 2 ^ f ~u { r„2 ^ HP<v W -„>\trx)P<v W -.>\trx' 

xFj_i(u)r]j(u)Fj-i(u )rij(ui')duidui'+ terms interverting (u, u'), 

where we chose to ignore the terms which are obtained by interverting v and v' since they 
are treated in the exact same way. 

Recall the identities (E^Uj) and (IQTj) : 

cr(N — N' N - N') 

g(L, L ) = -1 + g(iV, N') and 1 - g(N, N') = ^ j L 

We may thus expand 

1 



g(L,L') 2 

in the same fashion than (18. 33 p . and in view of (I8.365p . we obtain, schematically: 

E (^JL+^SD ( 8 - 366 ) 

(/,m)/2 max ( i ' m )/<2J|i/-!^'| 

= ^ c pq I — i [hi pa + h 2p a}dM + terms interverting (z/, u'), 

^ Pq J M {2i\N v -N v ,\)^ 

where the scalar functions hi tPt g, h^ PA on M. are given by: 

hi, P , q = (7x^<2^-^trx)(6-M^ (8.367) 
x (J P<2>\*- v >\tox!Q>v> ~ b'Y (2l(N' - N V ,)Y ' 
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and: 

h 2 , P , g = UL{P<v\ v - v .\tex)(b-b v ,) r (2^{N- (8.368) 
x xP<v\v-v>\^x\K> - b'Y (2i(JV' - N v ,)) q F^u'X'^dw' 
where the integer r, s satisfy: 

r + s — 1, 

and where explicit real coefficients such that the series 

P,9>0 

has radius of convergence 1. 

Next, we estimate the L 1 (A / i) norm of hi tPtq , h 2 , Ptq starting with hi tP>q . We consider 
first the case r = 1 and s = which is easier. In view of the definition (I8.367P of h lpq in 
the case r = 1 and s = 0, we have: 



< 



X 



a xL(P< 2 ,>-,'|trx)(6 - V) (2"(iV - iV,)) P F ii _ 1 (n)^(a;)rfa; 
^<2,>-,'|trx' (2i(iV - jV„,)) V^^jV)^' 



L 2 (A4) 

.(8.369) 



L 2 (A4) 



We estimate the two terms in the right-hand side of (I8.369P starting with the first one. 
The basic estimate in L 2 (M) (17. ip yields: 



s 2 



^ I sup 



xL{P<v\u-u^ X ){b-b ul ) (2HN-N U )) Fj^iuX^dw 



(8.370) 



L 2 (A4) 



xL(P< 2J> _ l/| tr X )(6 - 6,0 (2i(N - 

^ k - A ^v\\xL{p<v\v- V '\^x)\\l^l^Hu) \ 2 hj- 



where we used in the last inequality the estimate (I2.44p for d^b, the estimate (I2.42p for 
d^N, and the size of the patch. Now, the estimate (I8.184p yields: 

\\xL{P<2i\v-v>\trx)\\L~L2(Hu) ^ eNiix) £ £ > 



where we used in the last inequality the estimates (12.391) (I2.40p for \- Together with 
fl8.37()p . we obtain: 



x£(P< 2J >- 1 /|trx)(&-M 2 2 (iV- A^) F^uXi^du 



L 2 (M) 



<e\u-u'\2^- 
(8.371) 
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L 2 (M) 



Next, we estimate the second term in the right-hand side of (I8.369p . We have: 
P<v W -w\tex' (zHN 1 - N v ,)) q F^u'X' {J)du' 

tr X ' (2i(N' - N v ,)y F^u'X' {u')du' 



< 



L 2 (M) 



+ 



L 2 (M) 



which together with the estimate (18.1291) . the estimate (I7.64p and the fact that 2 2 \ v- 
1 yields: 



-v 



L 2 (M) 



<e(l + q 2 )e^. (8.372) 



Finally, f lOMj) . (IQTTj) and (18372|) imply in the case r = 1 and s = 0: 

II^IIl^m) < (i + g 2 )k - ^|2^ 2 7 ; 7 /- 

Next, we consider the case r = and s = 1. We decompose ^i,p,<j as: 
where fta lPl9 ,i, ^i,p,g,2 and ^1,^,3 are given respectively by 



9,1 



(8.373) 
(8.374) 

(8.375) 



x (J^ P> 2 i k -,'|trx'(V - 6') (2* (JV - iV,0j F h ^{u'H 

hi, P , q ,2 = U xHP>*Wtr X ) (2i(N-N u )Y F^uX^du^j (8.376) 
x (7 tr X '(V - 6') (2*(iV - iV„0) • 



and 



l,p,<?,3 



X L(tr X ) ^(JV-N^J F^uX^du 
x ( / tr X '(iv - b') (2i(N' - F^u'X' (u')du' 



(8.377) 



Next, we estimate the L l (M) norm of /ii, p ,g,i, ^i,p,g,2 and foi lPl9 ,3 starting with In 
view of the definition (I8.375P of we have 



IKp, 



< 



X 



xL(P< 23 |_,|tr X ) (2^(iV-iV,)) ?, F J ,_ 1 ( M )^(a;)^ 
P>2,>-,'|tr X / (^ - (2"(iV' - N v ,)y F^u'X' {u')duj' 



L 2 (M) 



(8.378) 



L 2 (.M) 
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We estimate the two terms in the right-hand side of (I8.369P starting with the first one. 
Proceeding as for the proof of f)8.37ip . and noticing that the only difference is the missing 
factor of b — b u >, we obtain: 



s 2 



xHP^-^trx) (2a (JV - N V )J F^ x {uX{u)du 



(8.379) 



Next, we estimate the second term in the right-hand side of (18.3691) . The analog of (I8.247P 
yields: 

< £2 ~H' 



(jSSZHD , ([SSZSD and (IQfflj) imply: 



H^l.p.g.lIU 1 ^) 



< 



22 \v-v> 



L 2 (M) Il\v — V'\ 

(8.380) 



(8.381) 



Next, we estimate the L 1 (A / 1) norm of h l p ii 2- In view of the definition (18. 3 76 \ of hi >p>qj2 , 
J ^ xHL{P >2jw _ v/] tT X ) (2i(N - N V )Y Fj^uX^du, 



tr X '(V - b') (2i(N' - F^u'X' (cu')du' . 



we have 

hl,p,q,2 — 

where H is given by 
H = 

This yields 

< \\xHL(P >2Jlu _ ull ti X ) (iHN - N p )f F^, 

[ \\x\\ L oo iL ,\\H\\ L , /Lr \\L(P >23lu _ u/l trx)\\ L ~ LHHu ) hHN-N„ 

J g2 u,x' 1 u i x \ 

ll#IU 2 f L™\\Fj,-i( u )hlVj(u)du, 



(8.382) 



r\ v Auj)dbJ 



< 



< 



(2J|f - z/'i)5 y§2 



d23QD for x, the estimate ([232]) 



where we used in the last inequality the estimates 
for d^N, the estimate (I8.142p for L(P > 23\ u - v '\^x)i an d the size of the patch. In view of 
the definition of H and the estimate (I7.95p . we have 



2 \u — v' 



■\ + 1)7/, 



\W\\v ,l T < 2-5(1 + 9 I)e(2 
which together with (18.3821) implies 



\\h x ^\W m < — = ml 2-t(l + g i)e(2i|i/ - i/| + 1) 7 / / ||F i ,_ 1 (t*)||^(a;)dw. 



(2»>-l/|)3 
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Taking Plancherel in A, Cauchy-Schwarz in u and using the size of the patch, we finally 
obtain: 

Wh^WmM) <(l + gi)(2i|z/-z/|)M 7 ; 7 /. (8.383) 

Next, we estimate the L l (Ai) norm of /ii iP)(? ,3. In view of the Raychaudhuri equation (I2.22p 
satisfied by tr%, the worst term in xL(tr%) is of the form £ 3 . In view of the decomposition 
( I2.78P for £ 3 , we obtain the following decomposition for %L(trx): 

X L{tix) = X2l + X2lF( + X2lFi + X2 u Fi + X 2 u Fl (8.384) 
+X2 v Fi + 4 + F; + Fi + Fi 

where F(, F| and Fg only depend on (t,x) and v and satisfy: 

\\Fi\\ L ^L^{p t>Uv ) + ||F 3 J || iS o L 2 Loo( p tiiiJ + Hi^llLooL^^^) < e, (8.385) 

where F|, F| and Fy satisfy: 

II^'IU^(««) + \\Fih~L*(H u ) + WrfhwHu) < 2~^, (8.386) 
where F£ and Fg satisfy 

'\L* { M) + \\Fi\\L*(M)<s2- j - (8.387) 



and where Fg satisfies 

\\Fi\y- iM) <e2-%. (8.388) 
In view of the definition (I8.377P of hi p q ?> , this yields the following decomposition 

hl,p,q,3 — ^l,p,g,3,l + ^l,p,g,3,2 + ^l,p,g,3,3 + ^l,p,g,3,4 + ^l,p,g,3,5 + ^l,p,g,3,6 + ^l,p,g,3,7> (8.389) 

where ^1,^,3,1, h 1; p,q,3,2, ^i, P ,<?,3,3, h,p,q,3A, hi, P ,q,3,5, h i,p, g ,3,6 and /ii, P , g ,3,7 are given by: 
fri lM> 3,i = (X2^ + X 2 ^ + X2,F| + F|) (2^(iV-iV iy ))V :; -_ 1 ( M )^H^ if, (8.390) 



^1,^,3,2 = X2, (J §2 F 2 J [23 (JV - iV„)J Fj t -i(u)r}j(u)duj J H, (8.391) 

^i, p , 9j 3,3 = X2„ (7 Fi (2i (JV - AA I/ )) P F ?) _ 1 ( W )r/J(a;)^ if, (8.392) 

fei^M = X2, F| (2i(iV - JV I/ )) P J P i) _ 1 («)^(o;)dw^ F (8.393) 

^1,^,3,5 = U F> (2i(N - N U )Y F^uX^du^j H, (8.394) 

^1,^,3,6 = (J F i ( 2 H N ~ N V )) P F^uX^du^j H, (8.395) 
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and 

with H given by: 
H = 



Fi [2i(N - N v )) F h ^(u)r, v Auj)duj H 



trx'(K, - &') (2i(N' - F h ^{u'X\uj')duj' . 



Using the basic estimate (17. ip . we have for n = 2, 4, 7 



FU2HN-N U ) F^uX^du 



(8.396) 



(8.397) 



(8.398) 



L 2 (M) 



< 



sup 



FU2i(N-N u ) 



2%{N-N U ] 



2*7? 



where we used in the last inequality the estimate (I8.386p . the estimate (I2.42p for d u N and 
the size of the patch. Also, we have for n = 5, 8 



F>(2*(N-N V )) F^u^Mdu 



< 



< 



< 



Fl(2i{N-N v )) F jW (u 



n\\L 2 {M) 



2*(JV-JV„) 



2"% / WF^u) \\^(u)du, 



L 2 (M) 

rfAu)duj 

\\ F 3,-l{v>)\\LS°Tl!j(u)<h> 



L°° 



where we used in the last inequality the estimate (I8.387p . the estimate (12.421) for d u N and 
the size of the patch. Taking Cauchy-Schwarz both in A and u and using the size of the 
patch, we obtain for n = 5,8: 



F>(2*(N-N„)) F^uWMdu 



L 2 (M) 



(8.399) 



Also, we have 



Fi(2?(N-N v )) F^ x {uX{u)duJ 



< 



< 



Fi[22(N-N u )) F^ x {u 



\\H \\l 2 ~{M) 



L 2 -(M) 



L 2 ~(M) 

rfAoj)du 



2*(N-N V )) r WF^iu^rjA^du 



< 2'^e / WF^^h^i^duj, 
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where we used in the last inequality the estimate (j8.388p . the estimate (I2.42p for d u N and 
the size of the patch. Taking Cauchy-Schwarz both in A and u and using the size of the 
patch, we obtain: 



L 2 -(M) 



Fi(2*(N-N v )) F^uX^dw 

Finally, let G be given by 

G = f ^ (2i{N - N V )J F^uXi^dw. 
Then, we have in view of Lemma 17.61 we have 



< 2 -W- 



(8.400) 



.401) 



( ESBSD - dH3Q0D imply 

||^l,p,g,3|U 1 (M) 



1402) 



< || (X2I, X2 U , 1)H\\ L 2 {M) (\\ ( Xa „, F(, Fi, Fi)G\\ LHM) + £7 J) + \\H\\ L , + (M) 2-ie^ 

~ (IIX2^||l 2 (M) + ||X2^||l6(^1)H-^IU 3 (A4) + \\H\\ L ^{M)) 

x(\\X2 v ,Fi,Fi,Fi\\ L ~ , L 2 t \\G\\ L2 , Lr +e^) + \\H\\ L , + {M) 2-h^ 

< (\\X2lH\\ L 2 (M) + \\H\\ L s {M) + \\H\\ L 2 (M) )(1 + p 2 ) £7 J, 



where we used in the last inequality the estimate (I2.46P for X2 V -, the estimate (I8.385P for 
F(, F| and Fq, and the estimate (18.401 j) for G. Next, we estimate H. In view of its 
definition (I8.397p . we have from (I7.103P 



\H\\ L 2 {M) <2-ie(l + q 2 X'. 



(8.403) 



Also, we have 

\L°°(M) 



tT X '(b l/l -b')(2i(N'-N l// ))'F^ 1 (u') (u')dw' 



< 2-ie 



\F j ,- 1 (u')\\ L -tf(u,')<b/, 



where we used in the last inequality the estimate (12.391) for tr%', the estimate (I2.44p for 
d^, the estimate (12.421) for d^N ', and the size of the patch. Taking Cauchy-Schwarz in 
A' and u/, and using the size of the patch, we obtain 



\H\ 



L°°(M) 



< 



(8.404) 



In particular, interpolating (I8.403P and ( I8.404j) . we obtain 

\\H\\lHM) <(l + g 2 )^7j', 
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which together with fl8.4U2j) and (18.403j) implies 

\\hi, P , q , 3 \\ LH M) < (\\X2lH\\ L 2 {M) + (1 + (? 2 )§£ 7 J') (1 +p 2 )e r 



(8.405) 



Thus, in view of fl8.4Q5j> . it remains to estimate ||x2^||l 2 (.m)- We decompose X2IH: 



X2IH = X 2 V H 1 + H 2 + H 3 , 
where Hi, H 2 and if 3 are given by 



(8.406) 



H 



and 



Hi = I ( X 2u - X2)tr X '(b v , - b 1 ) (23(JV' - N v> ) ) F^u'X (cu')cLu', (8.407) 

(8.408) 

(8.409) 



{X2 V ~ X2)X2^X\K> ~ V) (2i(N' - N v ,)) q F h _i{u'X\u')duj' , 



H, 



X2 2 tr X '(K, - b') (2i(N' - N vl )yF^i{u'X\u')du'. 
In view of (I8.406p . we have 

\\X2lH\\ L 2 {M) < \\x2uHi\\l 2 {M) + \\H2\\l^{M) + \\H 3 \\l^{M) 

^ ||X2 i ,|U6(M)H-^l|U 3 (M) + \\H 2 \\ L 'Z{M) + \\H 3 \\ L Z{M) 

< e\\Hi\\ L 3( M ) + \\H 2 \\ L 2(m) + ||-^3||l2(x), 



(8.410) 



where we used in the last inequality the estimate (12.461) for X2 V - Next, we estimate each 
term in the right-hand side of (I8.410p starting with the first one. In view of the definition 
(18.4071) of Hi and the estimate ([7T2]) . we have 



(X2 V ~ X 2 ')trx'(V - b') [22 (N 1 - N v .) 
< UM\X2 V - X2\\l^l^h uI ) trx'(V - b') (2i(N' - N v 



<-l 



2j / 
^1- 



2j / 



< 



\v-v'\2«e^ 



3 ' 



(8.411) 



where we used in the last inequality the estimate (I2.75P for X2 V — X2', the estimate (I2.39j) 
for trx', the estimate (12.441) for d^b, the estimate (12.421) for d^N , and the size of the patch. 
Next, we estimate H 2 . In view of the definition (I8.408P of H 2 and the estimate (17. ip . we 
have 



< 



< 



< 



2H; 



\H 2 \l2{M) 

sup ( X 2u ~ X2 , )X2 , trx'(V - b') (2i(N' - N„,)\ 
sup||x 2l , - X2\\l^l^h u ,)\\X2\\l^l^h uI ) trx'(V - &') h^N' - N v >)\ 
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(8.412) 



2*7? 



where we used in the last inequality the estimate (I2.75P for X2 V ~~ X2', the estimate (I2.46P 
for X2', the estimate (12.391) for tr%', the estimate (I2.44p for d^b, the estimate (12.421) for 
d u N, and the size of the patch. Next, we estimate if 3. In view of the definition (I8.409P 
of H 3 and the estimate (17.11) . we have 



\H- 



3||L 2 (.M) 



< 



< 



sup 



X2 2 tr X '(b u ,-b'){2HN'-N u ,) 



2%' (8.413) 



^M'llX^lli-L*^) \\tr X '(K,-b') (2HN'-N u ,)y\\) 2*7} 



where we used in the last inequality the estimate (I2.46P for X2, the estimate (I2.39P for 
tr%', the estimate (I2.44p for d u b, the estimate (I2.42p for d u N, and the size of the patch. 
Finally f l8^T0|) - flCT3|) yield 



\\X2iH\\ L * {M )< (1 + |^-^|2*) £7 J. 
In view f l8.4U5j) . we obtain: 

\\KmAl\m) i (k - "'|2' + (1 + I 2 ) 1 ) (1 + P 2 )e 



which together with (I8.374p . (I8.38ip . (I8.383p . and the fact that 2%\v-u'\>l, implies in 
the case r = and s = 1 

||^l,p,glU 1 (.M) < ||fta,p,g,l|U 1 (A4) + || ^l,p,q,2 1 1 1,1 + || ^l,p,g,3 1| L 1 (X) (8.414) 

< (l +p 2 )(l + g l)(2i|z/-z/'|)^ 2 7 ; 7 /. 

Using (18.3731) in the case r = 1 and s = 0, and (18.4141) in the case r = and s — 1, 
together with the fact that 2a \v — v'\ > 1, we finally obtain 



6 \ „L 



3 'J 



(8.415) 

Next, we estimate the L 1 (A^) norm of h^ v ^ q . We start with the case r = 1 and s = 
which is easier. In view of definition (I8.368p . we have: 



\h 



2,p,q\\L 2 (M) 



< 



(8.416) 

L 2 (M) 



L 2 (M) 



We estimate the two terms in the right-hand side of (I8.369P starting with the first one. 
The basic estimate in L 2 (M) (17. ip yields: 



(8.417) 



L 2 (M) 



< 



< 



sup L{P< 2 i\ v ^ X ){b - V) (2i{N - N U )J 
v-v'\ ^sup||L(P< 23k _^|trx)|U-L2 (Wu) ^ 22 7 J. 
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where we used in the last inequality the estimate ( I2.44p for d^b, the estimate (I2.42p for 
dujN, and the size of the patch. Now, the estimate (I8.184p yields: 



\\L{P<2j\v-v>\trx)\\L~L2(Hu) ^ £ - 

Together with (I8.417p . we obtain: 

L(P<2i\„-v>\tr X )(b - K>) (2"(iV - N V )J F^uXi^du 



(8.418) 



<e\u-u'\2H. 



L 2 (M) 

(8.419) 

Next, we estimate the second term in the right-hand side of (I8.416p . Recall the decom- 
position (I2.76P for x'- 



x ' = X2u , + F( + Fi 
where the tensor F( only depends on v' and satisfies for any 2 < p < +oo: 

ll-^i Wl^lU™ 

u' 

and where the tensor Fl satisfies: 



The decomposition (I8.420p implies: 

x'P<2iW-u>\trx' (2*(JV' - N v ,)y Fj^u'X' {u')du' 

(ll^^Higo x > L 2 +\\F{ 



L 2 (M) 



(8.420) 
(8.421) 

(8.422) 
(8.423) 



< 



< 



+ 



^ FiP^^trx' (2i(N' - N v ,)) q F^ x {u'X' {u')d 
f ^ Pk^u-u^X 1 (2i(N' - N v ,)) q F^u'X' {u')d 

FiP<v\v-„>\tT X ' hHN' - N U ,)Y F^u'X \u')dJ 



L 2 (M) 



L k,K> L ? 



L 2 (M) 



where we used in the last inequality the estimate (18.42 ip for F( and the estimate (I2.46P 
for Xi v i- Now, in view of the estimate (17.711) . we have for m > j/2: 



P m tr X ' ( 2i(N' - N u ,) ) ' Fj-i(u')rjj' (u/) dJ 



(8.424) 



L l,<> L ? 



< 



(sup || (2* (JV - N^W^ e{2- 1 ^ + 2-^i)^' 



< s(2-^+2-5+l)^', 
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where we used in the last inequality the estimate (12.420 for d^N and the size of the patch. 
Also, in view of the estimate (17.830 . we have: 



tr X ' (2i(N' - F^u'X'i^du' 



<(l + g 5 W". (8.425) 



( 18.4240 . (j8.425p . the fact that 2?\v - v'\ > 1, and the fact that: 

P<v\ v -v'\^x' = trx' - p m^x' 

m/2 m >23\v-v'\ 

implies: 

P<v\u-u^X (2i(N' - N v ,)) q F^u'X' {u')du' 

* ' 7 2 J fro 

On the other hand, the basic estimate in L 2 (Ai) (17. 10 yields: 



<(l + g5 W'. (8.426) 



(8.427) 



L 2 (M) 



< 



< 



< 



sup 



FiP^-^W (2i(N'-N u ,) 
( sup||P||U~ i2(?v) P^i^itrx' (2i(iV' - iV^) 



2H 



L°°(M) 



where we used in the last inequality the estimate ( 18.4220 for F^, the boundedness of 
P<23\v-v'\ on L°°(P tjU ), the estimate (12.390 for tr%, the estimate (12.420 for c^iV, and the 
size of the patch. Now, (IO250 . (18T426]) and (KT3270 imply: 



X , J P< 2J >-,'|trx' (2t(iV' - N u >)y Fj-x(u')r)j' (co')duj 1 



<£(l + fK' (8.428) 



L 2 (M) 



Finally, (18.4160 . (18.4190 and (18.4280 imply in the case r = 1 and s = 0: 

llfojwll^) < 2*|i/-i/|(1 + g l)e 2 7 J 7 /. 



(8.429) 



Next, we estimate h,2,p iq in the case r = and s = 1. In view of the definition (18.3681) . 
we may decompose /i2, P ,<j as: 



h-2,p,q — h,2,p,q,l + ^2,p,g,2 + ^2,p,<j,3; 

where ^2,p, g ,i, ^2^,9,2 and /?-2,p,g,3 are given respectively by 



(8.430) 



L(P< 23> _ l/ ,|tr X ) (2^(JV - iV,)) P P,-„ 1 ( M )^(a;)rfa;j (8.431) 
x ( / x'P^w-v'^xXK, - b') (2i(N' - N^F^ ^{u'X'{u')dJ 
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h 



x ( / x'tr X '(^ - b') (2i(N' - F^^rg {u/)dJ 



(8.432) 



and 



L(tr X ) (2i(iV - F^uXi^du 
x ( / x'trx'(V - 6') (2*(iV - iV 1 /))V i ,_ 1 («0<(o/)dw' 



(8.433) 



Next, we estimate the L 1 (A^) norm of ^2,p,g,i, ^2,p,g,2 and /i2,p,g,3 starting with /i2,p,g,i- in 
view of the definition (I8.43ip of h 2tPt q t i, we have 



2,p,g,l||L 1 O0 



(8.434) 



< 



^(P< 2 ,>-,'|trx) 2*(iV- iV„) Fj-i{u)rfj{u)duj 



L*{M) 



X 



x'^V-.'ltrx'CV - 6') (2^(JV' - q F jt . 1 (u')rg(u')dLj' 



L 2 (M) 



We estimate the two terms in the right-hand side of (I8.434p starting with the first one. 
The basic estimate fl7.ll) yields 



< 



L(P<v\v-.'ltrx) (2* (AT - JV„))*F A -,(u)i£M<iw 



(8.435) 



L 2 {M) 



< IsupllXCP^i^itrx)!!^^) (2*(N-N V ) 



where we used in the last inequality the estimate (I2.42p for d w N, the size of the patch, 
and the following estimate 

\\L{P<2JW-u>\tox)\\L~L*(Hu) ~ £ > 
which follows from the estimates ( I8.305P and f)8.306p . Next, we estimate the second term 
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in the right-hand side of (I8.434p . Using the basic estimate (17. ip . we have 
x'P>vw-u>\tex'(Ki - b') (2i(N' - N„,)X F^u'X'iu'W 



(8.436) 



L 2 {M) 



< (sup \\x'P>vw-„i\trx\b v/ - b') (2i{N' - N v ,)) 

< Yl (^Pllx'll^^,^ II Pi^x'Wl^lt \{b»> - V) (2i(N' 



2 l >2h 

< i 2_z i^ 

2 l >23v-v' 
2 2£ 



2^7- 



< 



(2i\u- l/|)2 



r7 



where we used in the last inequality the estimates (I2.39P (I2.4(jp for x', the estimate (I2.69P 
for Pitrx', the estimate (12.441) for d^b, the estimate (12.421) for poN, and the size of the 
patch. ([8331, (jB335D and < KW\ imply: 



||^2,p,g,l|Ui(7W) 



< 



(2i\v-v'\)5 



(8.437) 



Next, we estimate the IM^M) norm of h 2 . p ^2- In view of the definition (18.4321) of h 2 > p ^2, 
we have 



||^2,p i( },2||li(A4) 



< 



L{P >vW -u'\tTX) (2i(N - N„)Y ' F h ^{uX{u)duj 
X'trx'ih' - b 1 ) (2i(N' - N^" F^u')^' (u')du f 



(8.438) 



L 2 (M) 



L 2 (M) 



We estimate both terms in the right-hand side of (I8.438P starting with the first one. In 
view of (I8.159p . we have 



L(P >2 i\„-„>\trx) (2^(JV - N U )) P F^uX^du 



L 2 (M) 



(8.439) 



< 



< 



i-L 



K 2 l >2i\v-u'\ 

2i 



(2i\is-is'\)i 



For the second term in the right-hand side of (18.4381) . we use the decomposition (I2.76P 
for x' which yields 



X' = F( + F 



(8.440) 
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where the tensor F( depends only on (t, x) and v' and satisfies 



\\H\ 



U I ,x' I 1 



and where the tensor Fj satisfies 

Using the decomposition (I8.440p . we have 

[ 2 xW(K> - bf) (2i(N' - N v ,)) q F^u'X V)<* 



(8.441) 



(8.442) 



tr X '{h, - b') [2i{N' - N v ,)) F h ^(u'W' (u')du' 



+ J Fitr X '(b v , - b') (2i(N' - F^u')^ (u')du' . 



This yields 



< M 



X 'trx'(V " b') (2i{N' - A^))* F^u')^ \co')dco' 



L 2 (M) 



(8.443) 



"00 r 2 

u I ,x' 1 L 



tr X '(V - 6') [2i{N' - N u ,) F^u'W (co')dw 



L 2 , Lf 

II. I ..TT' I f> 



+ 



F 2 J tr X '(V - b') [2i(N' - N U ,)Y F^u'X'^dJ 



L 2 (M) 



< 2-4(1 + + 



FltvxXK, - b') (2i(N' - Nsj) q F^u'X' {uj')duj' 



L 2 (M) 



where we used in the last inequality the estimate (18 .441 p for F( and the estimate (17.951) . 
The basic estimate (17. ip yields 



< 



F|tr X '(£v - b') (2i(N' - F h ^(u')^' (u')du' 

Fitr X '(b u ,-b') ^(N'-N^y 



(8.444) 



L 2 (M) 



2H 



< (snp\\Fi\\ LWHul) tT X \b v ,-b , )(2i{N'-N l 



< 2-W 



where we used in the last inequality the estimate ( 18.4421) for Fl, the estimate fl 2 . 3 9 j) for 
trx', the estimate (12.441) for d w b, the estimate (I2.42p for d w N, and the size of the patch. 
Finally, flE3SD and <KM^ yield 



XW(K> - b') ( 2i(N' -N U ,)Y F^u'X' {u'W 



< 2-4(1 + q*)ei{. 



L 2 (M) 



(8.445) 



183 



H33HD, A8.439P and (I8.445p . together with the fact that 2%\u - i/\ > 1, imply 



||/i2 !Ml 2|Ui(^) < (l + g^)£ 2 7j7j'- 

Next, we estimate the L l (M) norm of ^2, P ,g,3- Recall the decomposition ( I8.64p 
(ESHD for L(trx). We have: 



L{tx X ) = X2 V ■ (2xi + x) + fx + fi 
where the scalar f( only depends on v and satisfies: 



where the scalar /| satisfies: 



ll/ilU-Lfi-(P tiUl/ ) < e, 



ll/2lUs°L 2 (« u ) % £ 2~ 



In view of the definition (18.433P of h 2jP , q ,3, this yields the following decomposition 

^2,p,q,Z — h>2,p,q,3,l + ^2,^,9,3,2 + ^2,p,ij,3,3> 

where h 2 , p , q ,z,i, ^2,^,3,2 and fo 2 , M ,3,3 are g iven b Y : 



^2, M ,3,i = X2, / (2xi + X) 2^ (JV-iV„) F^ x {u)rf<{uj)du )H 



h 



2,p,q,3,2 



and 



ft 



2,p,g,3,3 



/f Qf (2i(iV - iV,)) V jW ( M )r?>)^ if, 
/>' (2i(iV - N U )Y F^ x {uX{u)diA H, 



with H given by: 

# = x'trx'(V - b') (2i(N' - N,))" F jt - X {u')rf (u')du'. 
Using the basic estimate (17. ip . we have 



(8.446) 

(EMD 

(8.447) 

(8.448) 
(8.449) 
(8.450) 

(8.451) 
(8.452) 

(8.453) 
(8.454) 



(8.455) 



L 2 (M) 



^ I sup 



f 2 (2 L *{N-N V ) 



< 



(sup||/ 2 J || LSOL2(Hu) ||( 



2i (N-N v ) 



2*7? 



< £7" 
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where we used in the last inequality the estimate (I8.449p . the estimate (I2.42p for d u N and 
the size of the patch. Also, we have 



fl 



2 L 2(N-N U )) F jf . x {u)^Au})dw 



(8.456) 



L 2 (M) 



< 



\\fl\\L™LlL°°{Pt,u„) 

< (1+P 2 )^7j, 



2i(N-N v )) F^ x {u)rfAu)du 



L 2 , h\ 



where we used in the last inequality the estimate (I8.448P for f(, and Lemma [7.61 Also, 
recall (£72}: 



(2 X i + X) (2i(N - N V )) P F h ^{uX{uj)du 



<(l+p 2 )e^. (8.457) 



L 2 (M) 



dH3SnD-(E3SZD imply 

\\h 2 , P , q ,3\\LHM) < (\\X2 V H\\ L 2 (M) + \\H\\ L 2 (M) )(1 +p 2 )^. (8.458) 
Next, we estimate H. In view of the definition (18.4541) of H, the analog of (18.721) yields 

\\H\\ LHM) <(l + q 2 )e^'. (8.459) 
Also, in view of the definition (18.4541) of H, we have 

X2 V H = H 2 + H 3 , 

where H 2 and H 3 have been defined respectively in (I8.408P and (18.4091) . We deduce 

\\X2 U H\\ L2{M) < \\H 2 \\ L2(M) + \\H 3 \\ L 2 [M) (8.460) 



< ^7j, 



where we used in the last inequality the estimate (18.4121) for H 2 and the estimate (I8.413P 
for H 3 . (g35HD , ([S35SD and fl8^60|) imply 

\\h2, m , 3 \\ LHM ) < (l+p 2 )(l + q 2 )e 2 l-l-\ 

which together with fl8.4rS0l) . 08.4H7I) . f!8.446p . and the fact that 2* \u - v'\ > 1, implies in 

the case r = and s = 1 

\\h 2i p tq \\ L i(M) < H^p.g.ilU 1 ^) + ll^2,p, ? ,2|Ui(M) + H^p^Hi 1 ^) (8.461) 
< (l+p 2 )(l + gi) £ 2 7 ; 7 /. 

Using (18.4291) in the case r = 1 and s = 0, and (18.4611) in the case r = and s = 1, 
together with the fact that 2a \v — v'\ > 1, we finally obtain 



\\h 2 , P J L HM) < (l+P 2 )(l + <P)2^ ~ A^l] 
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(8.462) 



Now, in view of the decomposition (I8.366p . we have: 



El d1,2,2,3 , nl A 2,J \ 
\ j,u',u,l,m ' j,u,v' ,l,m) 

{l,m)/2 max i l ' m )l<2i\v-v'\ 



,1,2,2,3 



< 



P,<?>0 



pq 



{2i\N v -N v ,\)p+' 



[II^i^IUh-m) + ll^2 ) p, g |U i (M)]) 



L°°(.M) 



which together with fljggj) , (I8.415P and (I8.462|) implies: 



< 



E/ R l,2,2,3 , R l,2,2,3 s 
\ D j,v',v,l,m JD j,v,i/,l,m) 

1 2\/i , „t\o£l.. ..'I„2.,^„y 



(8.463) 



P,<3>0 



(2% - z/|)P+<H-4 



(l+y)(l + g5)2S|i/-i/|e^^ 



< 



(2%- z/|) 3 

In view of (jEZSSD , we have in the range 2 max ^' m ) < 2 J > - 

|nl,2,2 _ / nl,2,2,l , nW,2 , nl,2,2,3 x I 
I j,u,u',l,m \ j,u,u',l,m ' j,u,u',l,m ' j,u,u' ,l,m) \ 



~ z / „ c p? 

p,g>o 

1 



(2*1^-^1) 



p+<? 



L°°(A4) 



X 



K - N v 



L°°(M) 



||^l,p,g,Z,m|U 1 (.M) + 



\N U -N V ,\* 



\\h2,p,q,l,m\\L' L (M) 



L°°(M) 



Together with (ET32I) . (gSMD and dH2H2D, we obtain: 



j,v,v',l,m \ j,u,v',l,m ' j,u,u',l,m ' j,v,v',l, 



)1, 2,2,1 



1,2,2,2 



,1,2.2,3 



5 2-«£e 



^ ™(2*|„ -„'|)p+« 



f — V 



-((l+p 2 )2^-z/| + 2% 2 7j< 



< 



2 ii 



+ 



2-i 



+ 



2~T6 



2i(2%\v-v'\) (2i\u-u'\) 2 (2%-z/|) 3 
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Together with <K7Mf . QBZHMJ) and (g3S3D , we finally obtain: 



( R 1 ' 2 ' 2 -I- R 1 ' 2 ' 2 1 

\ j,v,u' ,l,m ' j,v' ,v,l,m) 



< 



(;,m)/2 max ( i . m )<2J|nu-y' 

I d1,2,2,1 

V j,v,u',l,m jy,v,l,' 

(Z,m)/2 max ( ! ' m ) 



E/d1,2,2,2 , nl,2,2,2 \ 
V j,u,u',l,m ' j,u' ,u,l,m) 

(Z,m)/2 max ( ! ' m ) 



+ 



E/ R l,2,2,3 , d1,2,2, 

(i,m)/2 max ( i - m ) 



3 n 



+ 



J2- 



16 



< 



(2%-z/'|) 2 + (2%-z/|) 3 

2"(i)-J 1 
+ —r. — + 



2i(2i\v-v'\) 2i(2S|i/-i/|)3 (25 |i/ - z/|) 2 (25 |i/ - z/|) 3 



Together with (18. 255p . we obtain the estimate on the whole range 2 mm ^> m ) < 2 J 



v — v 



E/nl,2,2 , R l,2,2 s 

\ j,u,v',l,m ' j,u' ,v,l,m) 

(;,m)/2 min ( ! > m )<2J \u-u'\ 



< 



1 



+ 



1 



+ 



+ 



1 



2i{2i\v-v'\) 2*(25>-i/|)t (2%-z/|) 2 (25 |z/ - u'\f 



This concludes the proof of Proposition 18.111 



8.2.3 Proof of Proposition I8TT21 (Control of Sj'JJ , m ) 



Recall that B]'^, l m is defined by (jOSj) : 



d1,2,3 
i.i/.v'l 



-%2 



-3-1 




1 



- L(P i tr X )P m tr X ' + ^trxL'(P m trx') 



x6 /_1 (l - g(JV, N'^F.^F^u'^iu^^uj^dujduj'dM. 



Together with the identity (18.301) : 



;(L,L') = -l + g(iV,iV'), 



this yields: 



= «2^'- 1 / / ^(/.(P^P^rx' + ^trxL^P^rx')) (8.464) 
./.M </§ 2 x§ 2 



Recall dSHJ: 



xF ii _ 1 ( M )F i (M , )^(w)^'(u; , )^^W. 
m < Z and 2 m < 2 j \u- v'\. 
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We first consider the range of (l,m) such that: 

2 m <2 3 \v-v'\ <2 l . 

This yields: 



E 



B 



1,2,3 

j,v,v',l,m 



-i2~ j - 1 / (h 1 +h 2 )dM, 



{l,m)/2 m <V\v-v'\<2 1 

where the scalar functions hi, h 2 on A4 are given by: 



(8.465) 



M 



hi 

and: 
h 2 



L(P >2J> _^|tr X )F J -_ 1 («)7 7 ;(a;)da;J (7 &' 1 P< 2 i| I/ _ l/| trx , F i (u , )<(w , )dw') , 

(8.466) 



P >2 i\ v -„'\trxFj-i(u)rjj(u)duj ^ 6' ^'(P^i^itrx')^^')^^^')^' 

(8.467) 

Next, we estimate the L l (M.) norm of /ii and h 2 starting with hi. In view of the 
definition of hi (18.4661) . we have: 



< 



/ L(P >2] \ v _ vl \tTx)Fj-i{u)ri u Auj)duj 
Js 2 

Jn 2 



(8.468) 



L 2 {M) 



L 2 (M) 



< 



21 



(2i\u - 

where we used in the last inequality the estimates ( I8.238P and (I8.372p . 

Next, we estimate the L 1 (A^) norm of h 2 . In view of the definition of h 2 (18.4671) . we 
have: 



||^2||ii(M) 



< 



/ P>v\u~u'\^xFj-iiu)vi u Auj)duj 
Js 2 



(8.469) 



L 2 (M) 



6'- 1 L'(P< 2Jk _ i/ |tr X / )^K)<(^)^' 



< 



2 

2i 



L 2 (M) 



2 v v' 



(2 2 \v-v' 

where we used in the last inequality the estimates (I8.129P and (I8.435p . 

Finally, (I8.465p . (I8.468P and (I8.469P imply the following estimate in the range of (I, m) 
such that 2 m < 2 j \u - v'\ < 2 l : 



E 

(l,m)/2 m <Zi\v-u'\<2 1 



j,u,v',l,m 



< 2 3 (\\hi\\ L i {M) + \\h 2 \\mM)) 

1 1 



(8.470) 



< 



T + 



2%(2i\v-v>\)i 2%(2i\v-v'\ 
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Next, we estimate B.'J^, lm in the range of (l,m) such that: 

2 m <2 l < T\v-v'\. 

12 3 

We have the following decomposition for BfJ v , { : 

1,2,3 _ pi, 2,3,1 , pi, 2,3,2 



Di/.o pi, Z, .3,1 _|_ pl,Z,d,Z /o AiJ-t \ 

D j,u,u',l,m ~ D 3,v,v',l.m ' D j,u,u> ,l,mi {0.<±l 1) 

j,u,i/',l,m allyJ - ■ LJ j } u,u',l,m 



where B^;) m and B 1 ^/, are given by: 



B)' 2 //i m = l l ^(^tr^t^ 

J M JS 2 xS 2 

(8.472) 

and 

1^.,,, rl ' 1 / / r^trxL'^trxO^ 

(8.473) 

We first estimate B L f^*',\ m . We integrate by parts tangentially using (IT. 136j) . 



' M JS 2 xS 2 
,1,2,3,1 



Lemma 8.16 Let B x -^j', lm defined by (18.4721) . Integrating by parts using (17.1361) yields: 



Bffilm ( 8 - 474 ) 



2 J ' C pq / 

J A 



p,q>o 
1 



m (2^\N U - N u ,\)p+i l\K-N u ,\ 2 

if^i,p,q,l,m h&,p,q,l,m) ^b,p,q,l, 



,p,q,l,m + ^2,p,i},;,r 



dM, 



\N V -N U ,, 

where c pq are explicit real coefficients such that the series 

p,q>o 

has radius of convergence 1, where the scalar functions hi^ q ^ m , ^2, P , g ,«,m ; ^3, P ,g,j,m; ^4,p,g,J,m; 
^5,p,g,i,m cm -M are ozwen fry: 

^i, Pl? ,/,m = (/ 2 XHPitrx) {^H N - ' F^iuXi^du) (8.475) 



xff P m trx' (2i(N' - N v i)^ q Fj-x(u')T]j' (u')du'j , 



h 2 , P>g ,i,m = ^j^HP^^^N-N^yF^uX^dcoj (8.476) 
xff x'Pmtrx' (25(iV' - N v ,)) q F^u'X' {u')<kj' 



s 2 
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h 



3,p,q,l,m 



X 



2 G x (ti{N - F^iuXi^duj (8.477) 

^ P m trx' (zHN' - ^0) 9 ^ ) -i(w , )<(^)^') > 



h 



4,p,q,l,m 



(8.478) 



and: 



<'h, P , q ,l,m 



L(P l tr X )(2HN-N u )) F^uXi^duj 



(8.479) 



x ( f N'(P m trx') {^Hn' - N v ,)y F^u'X' {J)dJ 



and where the tensors G\ and G 2 on M. are given by: 

G x = f(L{Pitrx)) + (0 + fo- 1 y(6))L(P^r % ), 

and: 

G 2 = f {Pmtrx) + (9' + b'^f(b'))P m trx'. 



(8.480) 



(8.481) 



The proof of lemma 18.161 is postponed to Appendix F. In the rest of this section, we use 
Lemma 18. 161 to obtain the control of B-'^ l . 

We estimate the L l (M) norm of fci , p , g ,j, m , h 2 , p , q ,i, m , hz, p , q ,i, m , h^ p , q ,i,m, h, P , q ,i,m starting 
with hi jPjq> i jm . In view of the definition (I8.475P of hx iPtqi i trn , we have: 



\l 1 (M) < 



X 



xL^PMx) [2i(N-N v )) F^uXi^dw 
P m tr X ' [2i(N' - N„,)Y F^iu'X \u')du 



(8.482) 



L 2 (M) 



L 2 (M) 



< 



xmtrx) (2-2(N-N u )) F^uX^du 



L 2 (M) 



where we used in the last inequality the estimate f )8.18ip . Now, the analog of the estimate 
( jOZED with r = yields: 



s 2 



xLiPttrx) [^(N - N v ) Fj-x(u)r]j(uj)du 



<^ 7 



L 2 (M) 



v 
3 ' 



(8.483) 



which together with (18.4821) implies: 

WKv^iAl^m) <(l + g 2 )2^ 2 7 J<- 



(8.484) 
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Next, we estimate the L 1 (A / 1) norm of h2 >p>q j >m . In view of the definition ( 18. 4 76 j) of 



h2, P ,q,i,m, we have: 



,m|| L 1 (^W) 



< 



(8.485) 



L 2 {M) 



X 'P m tix' (ti{N' - iV)) q F^u'X' {u')dJ 
The basic estimate in L 2 (.M) (17. ip yields: 



L 2 (7U) 



L(Pitvx) (2*(N-N V )) F^u^^dco 



< 



(sup |L(P,tr X ) (2 L *(N-N v )y 



L2(M) 



(8.486) 



2*7? 



where we used in the last inequality the analog of the estimate ( 18.4181) . the estimate (I2.42p 
for d^N, and the size of the patch. Also, the analog of the estimate (18.4281) yields: 



L 2 (M) 



(l + ^h/. (8.487) 



C8.488) 



x'Pmtrx' [2'(N' - N u ,)) Fj-xiu')^' (u')du' 

Finally, ( 1H^85|) . ( 1H^86|) and (EM) imply: 

||^2, M ,/, m ||Li(A4) < (1 + q^)2ie 2 ^^'. 

Next, we estimate the L 1 (A / 1) norm of /i3 iPi(?i z im . In view of the definition ( I8.477P of 

h3, P ,q,i,m, we have: 

J2 h ^ 1 ^ = if G 1 (2i(N-N v )yF j ,- 1 {uX{u)du 

m<l 

x H P^trx' (2i(N' - F^u')^' ' (u')du'^ , 

which yields: 

Gi fa* (N - N U )Y Fj^iu^^du (8.489) 

V ' L 2 (M) 

J P^trx' (2i(N' - N v ,)y F^iu'X' {u')dJ 
In view of the estimates (I8.179P and (I8.180p . we have: 





< 


m<l 





L 2 (M) 



P^trx' (2i(N' - N v ,)) q F^u'X' {u')du' 



< 



L 2 (M) 



(l + g 2 )e 7 /. (8.490) 
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Also, using the basic estimate in L 2 (M) (17. ip . we have: 



G X [2*(N-N V )) F h ^(uX(u)du 



(8.491) 



L 2 (M) 



< 



< 



G x (25(iV-iV,)) F 
\sM\G x \\ L ™ L 2 {Hv ^j 2ijj 



where we used in the last inequality the estimate (I2.42p for d u N and the size of the patch. 
In view of the definition (I8.480P of G x , we have: 



IGllU-L^) < WnLiP^xML-L^) + \\{6 + b- 1 f{b))L{P l tT X )\\L~mu u ) 



< 

< 2*e, 



(8.492) 



where we used the estimate (I8.193P for the first term and the estimate (I8.186P for the 
second term. Now, f!8.49ip and f!8.492p imply: 



Gi (2i(N - N V )Y F^iuX^dw 
which together with 08.4891) and (18.4901) yields: 



^ ^ h3,p,q,l,in 



m<l 



<(l + g 2 )2i + ^ 2 ^'. 



(8.493) 



Next, we estimate the L 1 (A / 1) norm of h^ VA i m . In view of the definition (18.4 78 j) of 

h4, P ,q,i,m, we have: 



\h II < 

\""i,p,q,l,m\\L^(M) ~ 



X 



L(P,tr X ) (2*(N -N U )Y ' Fj^rfiMdu 
G 2 (2i(N' - N v ,)y F^iu'X' {u')du' 



(8.494) 



L 2 {M) 



L2(M) 



< (l+p 2 )2%e^ 



G 2 [2t(N' - N,) ) ' F^u'X' {u')dw' 



L 2 (M) 



where we used in the last inequality the estimate (I8.170p . Now, the basic estimate in 
L 2 (M) dH]) yields: 



G 2 (2i{N> - N U ,)Y F^ x (u'X \<J)du' 



.495) 



L 2 (M) 



G 2 ^(N'-N^y 
< (sny\\G 2 \\ L oo L 2 {Uu/) ) 227/ 
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where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Now, in view of the definition (I8.48ip for G2, we have: 

\\G 2 \\l^l\h uI ) ^ \\f\P<i^x)\\L™LHH u ,) + P' + b l ' 1 y(b')\\ L ^ L 2 {Uu , ) \\P<itix\\L^{M) 
< e, 

where we used in the last inequality the finite band property and the boundedness on 
L°°(Pt, u ') for P<i, the estimate (12.391) for trx', the estimate f!2.38j) for b', and the estimates 
dZSSD CTij) for 6'. Together with (ET495]) . this yields: 



G 2 (22 (N' - N U ,)Y F^u'X \u')dw' 
which in view of (I8.494p implies: 



< e2H 



L 2 (M) 



(8.496) 



Next, we estimate the L 1 (A / 1) norm of /is^^m- In view of the definition (I8.479j) of 

h 5 , P ,q,i,m, we have: 



I h II < 

\"'5,p,q,l,m\\]J-(M) ~ 



L(P,tr X ) [2-2 (N - N v ) F j; ^(u)^(uj)du 



(8.497) 



x 



l\v' I , l\ J. J 



N'(P m tr X ') (2i(N' - N v ,)) F ,-iWH ( u} ') du} 



where we used in the last inequality the estimates (I8.170P and (I8.317p . 
Finally, we have in view of ( I8.474[l : 



Eol,2,3,l 
j,v,v',l,m 

m/m<l 



< 



p,q>o 



(2i\N„ - 



L<*>{M) 



X 



+ 



\N V -N V ,\ 2 



+ \\h2, P , q ,i ,m\\L 1 {M) , 



N u -N v > 



( 



,p,q,l,m\\L 1 {M) 

m/m<l 



m/m<l 

dM. 



+ ||^4,p,g,Z,m|U 1 (.M) 



Together with the estimates (IPS]) . (JH3H1, (ESSD , flCT3j) . (BSSD and f lCTTft . and the 
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fact that we are in the range 2 m < 2 l < 2^\v — we obtain: 



Eol.2,3,1 
j,u,u',l,r 

m/m<l 



< 



^ {2i\v-v'\y^ 



X 



\v — v 



\v — v 



-((l + g 2 )22+5 + (i +p 2^ 2 i^ 



+ (1 +p 2 )j'2 12 



< 



+ 



1 1 



L(2%-z/|) 2 2§(2% 
Summing in Z, we finally obtain: 



j2~^2~ j 



(Z,m)/2 max ( ! ' m )<2^-i/| 



nl, 2,3,1 
j.u,u',l,m 



< 



J 2 2" 



(25|z/-Z/'|) 2 2* (2«|l/ — 



-2" J 



£ 2 7 ; 7 /. (8.498) 



Next, we estimate Bj'^; 2 lm in the range 2 m < 2 Z < 2^\v — v'\. We obtain the analog 
of the estimate ([8398]): 



E 

(Z,m)/2 max < ! ' m )<2J 



nl, 2,3,2 
j,u,u',l,m 



< 



J 2 2" 



T+2 



L(2%-z/|) 2 2f(2i|v-i/'| 



To this end, we proceed exactly as for B x ^fj} x m , the only difference being that we integrate 
by parts tangentially using (I7.137P instead of (I7.136P to obtain the analog of Lemma 18. 161 
This is left to the reader. 

Finally, the decomposition (18. 471 p of B 1 .'^, x m together with the estimates (I8.498P and 
0H299D imply: 



—j 



£ 2 7 ; 7 /. (8.499) 



£ 



B 



1,2,3 

j,u,u',l,m 



(l,m) /2 max ( ; . m ) <2J \v-v'\ 



< 



< 



B 



1,2,3,1 



(Z,m)/2 max ( i . m )<2J | v-v'\ 



+ 



E 

(l,m)/2 max ( l ' m )<23\v-u'\ 



^1,2,3,2 



J 2 2" 



+ 



1 



(2i\v-u>\) 2 2%(2t\v-i/\ 



T + 2- 



Together with the estimate (I8.470P in the range of (l,m) such that 2 m < 2 j \u — v'\ < 2 l 



we obtain: 



< 



E 

(Z,ra)/2 mia ( ! . m ) <2i\u-u> 

- f2-i 



□ 1,2,3 
j,v,v' ,l,m 



(2i\u-u'\) 2 2i(2i\v-v'\) 2x(2§ \v - z/|)l 
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This concludes the proof of Proposition 18.121 

8.3 Proof of Proposition Q (Control of B 2 ] vy l m ) 

Recall the definition of B 2 - V , lm (RTTT|) : 



R 2 - _ AO-3 

j,v,v> ,l,m ~ l * 




M JS 2 xS 



Ug(N, N') - l)PitrxN'(P m trx!) + (tr X ~ 5 
-o - (1 - g{N, N ))b - 2Cjv-g(Ar,iV')iV' gJTL 7 ) J 

We first consider the range of (l,m) such that: 



2 m < 2?\v-v'\ < 2 l . 

This yields: 

EE 2 
j,u,u' ,l,m 

m/2 m <23\v-v'\ 

~ i2 ' j I I ~T7~77\ \ (g( jV > N ') ~ l)^tr X iV / (P <2J> „ l/ |tr X ') + ( tr X - 6 
xPitr X P<2i\„- v >\W ) F^F^u'X^X'^dujduj'dM. 



Together with the identity (18.3 

g(L,L') = -l + g ) (N,N'), 

we obtain: 

m/2 m <23\v-v'\ 

= -i2- j J (J b^ptrxFAnX^diA (^'(P^^i^^itrxO^-iK)^'^')^') dM 

~ i2 ~ j I I ^TTm ( trx -5-5' -(1- g(N, N'))5' - 2&_ gWW 

X '(N - g(N, N')N', N - g(N, N')N>) \ p ^ , 
mT\ )Pitr X P<v\u~u'\tr X 

x Fj (^Fj-iiu'Xiu)^' (u')dudu'dM . 
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Next, recall the identities (100]) and flCTj) : 

g(L, L') = -l + g(N, N') and 1 - g(N, N') 
We may thus expand 



l(N-N\N-N') 



<>(L,L>) 



in the same fashion than (I8.33p . and in view of (I8.500p . we obtain, schematically: 



m/2 m <2J\v-v'\ 



Lm 



;-«/ 



1 



/M/ Jm (2i\N v -N v ,\)p+«+i [\N V -N V 



■{hl }Pt q t l + h2 lP} q t l) + ^3,p,g,Z 



(8.501) 



dM 



x rj^JV'(P< 2J> _^|trxO^,-i(«0^(w , )dw') 
where the scalar functions hi tPt q t i, h2 tP>q ,i, ^3,p,g,i on .M are given by: 

fc W = (Jjtrx-^PitTx^HN-N^yF^iuXi^dcj 



5.502) 



2,p,q,l 



PitT X (2*(N-N v )) F^iujrfA^du 



(8.503) 



x 



and: 



= (/ Pitrx{2*(N-N v )) Fj-i(u)r}j(u)duj J (8.504) 
and where c pg are explicit real coefficients such that the series 



p,q>o 



has radius of convergence 1. 
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Next, we evaluate the LM^M) norm of hi tPt q ! i,h2, p ,q t i,h 3tPt q ! i starting with h lpq ^. We 
have: 



< 



L 2 (M) 



(trx - 5)Ptr X p(jV - jV„)J F^u^^du 



(8.505) 



L 2 (M) 



(trx - 5)P/tr X (25(JV - jV„) F.^uX^dw 



L 2 (M) 



where we used ( 18. 3 72 j) in the last inequality. The basic estimate in L 2 (M) (17. ip yields: 



(tr X - S)PfrX 2a(JV - jV„) Fj-i(u)rfAu)du 



1506) 



< 



sup 



(tT X -S)PitT X (2HN-N U ) 

Now, for any tensor G, we have: 

||GP m tr X '|U~ L2(?v) < ||G||^ L 2||P m tr X '|| L , ;L 
which together with the estimate (12.691) for P m trx' yields: 

\\GP m t^\\ L ^ { H ul) <1- m e\\G\\ L ^ t . 



L 2 (M) 

2%- 



(8.507) 



Using the estimate (I8.507P with G = tr% — 5, the estimate ( I2.39P for trx, the estimates 
( I2.36P (I2.37P for 5, the estimate (I2.42p for d^N and the size of the patch, we have: 



(trx-5)ptr X [2l(N-N v ] 
Together with (I8.505P and (I8.506p . we obtain: 



< e2- 1 . 



\\h M \\L H M) <(l + g 2 )2- i+ ^ 2 7 ; 7 /. 



.50£ 



Next, we evaluate the L l (A4) norm of ^2,p,?,/- I n view of the definition (I8.503p . we 
have: 

\\h2, P , q ,i\W{M) (8.509) 
Ptr X (2i(N - N v )y F^_ x {uX{u)du] 

The basic estimate in L 2 (Ai) yields: 



< 



L 2 (M) 



L 2 (M) 



PttTx(2*(N-N v )) F^uX^du 



L 2 (M) 



(8.510) 



< 



sup 



Pitrx[2*(N-N v ) 



2*7* 



< 2-'+^ 7 J, 
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where we used in the last inequality the finite band property for P t , the estimate (I2.39p 
for tr%, the estimate ( I2.42p for d u N and the size of the patch. On the other hand, the 
decomposition (I2.76P for x', the decomposition ( I7.132p for 5 , and the estimate (12.421) for 
d^N yield the following decomposition for 5 + x' : 



6' + x ' = F( + Fi 

where the tensor F'( only depends on v' and satisfies: 

\\Fi\\lz> ,,x' ,L'f ^ e, 



and where the tensor satisfies: 



\Fi\\ L °°,L\H ul ) 



In view of f)8.51ip . we obtain: 

[ FiP^^tix' (2 l *(N> - N V ,)Y F^X'iu'W 
Js 2 V / 



(8.511) 



(8.512) 



(8.513) 



(8.514) 



L 2 (M) 



~ \\ f (\\l™ ,y ,l 2 



+ 



L 2 (M) 



< (l + g,W' + 



L 2 (M) 



where we used in the last inequality the estimate (I8.512p for F( and the estimate (I8.426p . 
Now, the basic estimate in L 2 (A4) (17. ip yields: 



< 



< 



/ FlP <2 i\v- 


Js 2 




I sup 


Fip<v 


V u' 




erf, 





L 2 (M) 



L°°,L 2 (H U ,) 



2^7- 



where we used in the last inequality the estimate (18.5 13j) for F$, the boundedness of 
P<v\u-v'\ on L°°(P t y), the estimate (I2.39P for tr%, the estimate ( I2.42[) for d^N and the 
size of the patch. Together with (I8.514p . this yields: 



(-5 ~x')P<2^-u'\trx'{2 2 (N'-N l/l )J F^u'X (u')du' 
Together with (I8.509P and (I8.510p . we finally obtain: 



L 2 (M) 



\h 



2,p,q,l\\L 1 (M) 



H^)<(l + ^)2- Z+ ^ 2 7j7/. 



(8.515) 
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Next, we evaluate the L l (M) norm of h 3iPiqi i. In view of the definition (j8.5U4p . we 
have: 



\\h3,p,q,l\\L 2 (M) 



< 



J 2 C'P<2^-u'\tTx' (2i(N' - N v ,)) * F^u'X {u')d 



(8.516) 



L 2 (M) 



L 2 (M) 



L 2 (M) 

where we used (I8.510P in the last inequality. In order to estimate the right-hand side of 
f)8.516p . we use the decomposition (I2.80P of ('. We have: 



C = F{ + F{ 

where the tensor F( only depends on v' and satisfies: 

11*1 IU« 



and where the tensor F^ satisfies: 



In view of f)8.517p . we have: 

WHWli ,l 2 ,l*, I P<v\v-u>^x' hHN' - N vl )) q F^ x {u'X\uj')duj' 

" x ..l _/s2 \ / 



L 2 (M) 



(8.517) 



(8.518) 



(8.519) 



(8.520) 



< 



< 



FiP^^tix' [2-2 (N' - N v ,)) Fjiu'X (u')du' 
J ^ P<2s\u-w\W (2i(N' - N U ,)Y F^u'X \u')d 



L 2 {M) 



L' 3 , Lf 



L 2 {M) 

where we used the estimate (18.5181) for F( in the last inequality. We have the analog of 

mm- 



7- 



P<v\v-„'\trx' (2*(N-N V )) F^uX^duj 



L°°(M) 



< (8.521) 



Now, interpolating between the the estimate in L 2 u t , Lf" ( I8.426P and the L°° estimate 
f l8.52ip . we obtain: 



L 4 , Lf 



< 2ie^. (8.522) 
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For the second term in the right-hand side of (I8.520p . we have: 
FiP<v W -„>\trx' hHN' - N u ,)) q F 3 (u'X\u')duj' 



L 2 {M) 



< 



\FiR 



t jjFiP^^trx' (2i(N' - N u ,)j F,(u')\\ L 2 {M) ^'(u')du' 



\FH\\ TPOT21V . \\Fj(u') 



P<2i\v-u>\trx' hHN' - N v .) 



1]] (u')duj'. 



Together with the estimate (17.1241) for F|, the boundedness of P<2i\ v -i>'\ on L°°(P t>v i), the 
estimate (I2.39P for trx, the estimate (12.421) for d^N and the size of the patch, we obtain: 



J a FiP<2i\v-u<\trx' (2*(iV' - Ns)) q F 3 {u'X' {uj')duj' 

< 2-ie [ \\F 3 {u')\\ L ,^\uj')duj' 
Js 2 



(8.523) 



L 2 (M) 



where we used in the last inequality Plancherel in A', Cauchy Schwartz in u' and the size 
of the patch. Finally, (15320]) . <K5T2lf and f lS325j) imply: 



CP<v\u-»>\trx' (ti{N' - F^u'X' {u')du' 



L 2 (M) 



<£2t 7 j'. (8.524) 



Together with (18. 516j) . this yields: 

II/?. 



3,p,q,l\\L 2 (M) ^ ■ a ^*e Ijlj ■ 

Next, we estimate the last term in the right-hand side of (I8.50ip : 



(8.525) 



J. 


M ( 


We hav< 






/ 


< 


h 




Js 2 


< 2 


-1+3 



jf b^P^xFA^H^do^j (N\P^ w _ ull tix')F^r 



u'X'(u')du')dM. 



b- l PitrxFj(u)r}"(u))duj 



L 2 (M) 



N\P<^ v ,\tvx:)F 3 ^ l {u'X\u , )duj 



3 '3 ' 



L 2 {M) 

^8.526) 



where we used in the last inequality the estimate (I8.510P and the estimate (18.31 7p . 
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Now, we have in view of the decomposition (I8.50ip of B 2 ul/ , lm : 



m/2 m <23\v-u'\ 



< 



2 "E 



-PI 



p,<?>0 



(2i\N u - N v ,\)p+i+i 



L°°(M) 



\N U -N V 



(II* 



l,p,g,i||i 1 (A^) 



+ ||^2,p, 9 ,/||l 1 (X)) + ||^3,p,g,dU 1 (-M) 



+2" 



'A4 \JS 2 

Together with flQ2l . fl8308j) . fl83T5|) . fl8325|) and fl8326|) . we obtain: 



< 



< 



m/2 m <2J>-!/' 



+ 



2" / 2i 



(2%-z/|) 2 (2t\u-i/\) 
Summing in I, we finally obtain in the range 2 m < 2^\u — v'\ < 2 l : 

B 2 



(l,m) /2 m <23\v-v'\<2 1 



(8.527) 



< 



+ 



2-1 



+ 



1 



(2*|i/-i/|) 3 (25|i/-i/|) 2 2S(2*|i/-i/|) 
Next, we consider the range of (l,m) such that: 

2 m <2 l < 2 j \u-u'\. 
We integrate by parts in tangential directions using (j7.137|) . 

Lemma 8.17 LetB 2 uv , lm be defined by (18.111) . Integrating by parts using (I7.137P yields: 



d2 

j,v,v' ,l,m 



-PI 



1 



^ Jm(2$\N„-N v ,\)p+<i+i 



\N V -N^ 



\h\,p,q,l,m ~\~ ^2,p,q,i,m) 



\N V ~N V ,\ 2 



\N V - N v 



q,l,m 



dM 



~~^~h'7,p,q,l,m ^%,p,q,l,m) ^9,p,q,l,m hlO,p,q,l,m 

+ terms intervening (u, u') + B]f vv , lm + B^ y<l lii . 
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(8.5281 



where c pq are explicit real coefficients such that the series 

p,q>o 

has radius of convergence 1, where the scalar functions h\^ v ^^ m , /i2, P , g ,z,m; hz, p , q ,i,m, h^ Pt q t i tm , 
h5, P ,q,i,m, hQ tPt q t i^ m , /i7, P ,g,«,m, ^8, P ,g,«,m; ^9,p,(?,/,m ; ^io,p,(?,/,m on M. are given by: 

h Mm = ^xix + Wtrx^iN - N U )Y F^uX^d^j (8.529) 
x P m trx' (2i(N' - N v ,)y F^u'X' (u')dw^j , 

h 2 , P , q ,i,m = ^Jjx + Wtrx^HN - N U )Y F^uX^du^ (8.530) 
( X ' + 5)P m trx' (2i(N' - N,))' F^u'X V)<*"') - 



h 3 , p , q ,i, m = Q^G 1 (2*(JV-JV I ,)) P ' F^uXi^d^j (8-531) 
[ P m trx' (2i(N' - F^u'X {u')dJ\ , 



h4, P , q ,i, m = (J^nPitrx) (*Hn - N V )Y ' F^uXMdo^j (8.532) 
x Jod + S')P m trx' (2i(N' - N u/ )) 9 F^u'X'W^ , 

h 5 , P , g ,i, m = ^Jjx + 5)Pitrx{2i(N - N U )Y ' F^uX^du^j (8.533) 
j {# + (')Pmtrx' (2i(N> - Fj^u'X' (u'W^j , 



hs, P , q ,i, m = ^G 2 (2i(N-K)y F^iuXMd^j (8.534) 
P m trx' <2HN> - N^yF^u'X'iu'W) , 



h 7 , P , q ,i, m = Q^P^ + ^P^^^^ (8.535) 
x Qjx' + S' + C)Pmtrx' (2i(N' - F^u'X'Wuj'^ , 
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hs, P , q ,i,m = I^Jj K e + b- l y{b))P l trx{2k N - N v)) P F^uXi^duj (8.536) 



i9,p, g ,j,m = UPitrx(2^N-N u )Y F j} ^(uX(uj)(kj) (8.537) 
x ( / y'(iV'(P m ^)) (2*(JV - Ny,))* F^iWrg {J)dJ 



and: 



h w , P , q ,i, m = PitrxfekN ~ N »)) P F iMuH(u)dcuj (8.538) 



where the tensors G\ and G 2 on .M are given by: 

Gi = (X + 5)yP,*TJC + (^(x) + W) + (X + W + b-ifib^Pttrx, (8.539) 

and: 

G 2 = ( X + miPtrx) + (fPitrx + (D N ( X ) + N(S) + f{C)9)Pitrx, (8.540) 
and where B 2 .' vvll and B^ u , l m are defined by: 

B*iy,i,m = 2 " 2J f (f NiP^F^u^i^du) (8.541) 
x ^N\P m trx!)F^{u'X\uj')dw^ dM, 

and: 

B j,vy,i,m = 2 / / 1 „/A f A m 2 (8.542) 

Js 2 x§ 2 1 - g(^v,7V J z 

The proof of Lemma [8.171 is postponed to Appendix G. In the rest of this section, we 
use Lemma f8. 17l to control Bf , , over the range of (I, m) such that 2 m < 2 l < 2 j \ 

8.3.1 Control of the L X {M) norm of /ii iPi(?i z im 

We estimate the L l (M) norm Of /^l^g^m, ^2,p,g,Z,m, ^3,p,g,«,m) ^4,p,<j,Z,m, ^5,p,<?,«,m, ^6,p,g,Z,m; 

h7,p,q,i, m , h 8 , p ,q,i, m , ^9,p, 9l i,m, ^io, Pl9l i,m starting with h hP ^ hm . Consider first the case Z > j/2. 
Let if be defined by: 



P m tr X ' (2i(iV' - F^u'X'i^du'. (8.543) 
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Then, we have in view of the definition (I8.529P of h 



X,p,q,l,m m 



\\hi, p , q ,l, m \\Li(M) 



< 



< 



< 



X H( X + 6)P l tr X [2?(N - N U )J F^u)^)^ 
\\xH\\ LHM )\(x + ~b)PMx (2i{N -N V )) P F^ x {u 
l\ 1 1 H 1 1 L 2 / Lr 1 1 (x + 5) Pi tr X 1 1 Ly l 2 («„ ) 



(8.544) 



-L 1 (X) 



L 2 (X) 



rfAuS)du 



x 



2i(iV-Ag 



< £ 2~< f \\H\\ L 2 ^WFj^W^i^dco, 



where we used in the last inequality the estimate (I8.507P with the choice G = x + the 
estimates fl23U|) ( g30D for x, the estimates (|i£3E) (gZZD for 5, the estimate fl2g2) for 
<9 w iV and the size of the patch. Next we estimate the term in H in the right-hand side of 
(I8.544p . Using the estimate (I7.7ip in the case m > j/2, we have: 



P m ti X ' (2i(N' - ' F^u'X' \u')du' 



(8.545) 



L 2 ,L5 



< e{2 2 \v - v'\2~ m + 2 + (2a \v - ^'1)^2-^+4)7/. 
Also, using the decomposition: 

m/m>j'/2 

together with the estimate f)7.7ip and the estimate f)7.83p . we obtain in the case m = j/2: 



P< j/2 tr X ' ( 2t(N> - N v ,) ) ' F h _ x (v!)rti {<J)dd 



L 2 ,L1 



<(l + gi)e(2i| I /- i/|+l)7/. 



Together with (I8.545p . we obtain for all m > j/2: 

P m tr X ' (2i(N' - N u ,)) 9 Fj^u'X' (u')du' (8.546) 

V J L 2 ,L°° 

< e{22\u -u'\2-' m+ 2 + (2i|z/-z/'|)52-f + 4) 7 /. 
In view of the definition (I8.543P of H, this yields: 

\\H\\l 2 u , l? < e(2i\v - v'[T m+ i + (2*|i/ - z/|)h~f +i) 7 / . 
Together with (18. 544ft , we obtain in the case I > j/2: 

\\h 1)P>q , l>m \\ L i(M) < e\2^ - u'\2- m+ i + (2^u - u'\)h-f+i)2- l 1 f (8.547) 
x (JjF^u^^^dw 
< e 2 (2i\v- u'\2- rn+ i + (2i I - v'\)H^ Hp^ 1 ^' , 
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where we used in the last inequality Plancherel in A for ||Fj _ 1 (M)|| L 2, Cauchy Schwartz 
in u and the size of the patch. 

Next, we consider the case I = j/2. Recall that in view of the decomposition for x 
f)2.76p . we have: 

X = F{ + Fi (8.548) 
where the tensor F( only depends on v and satisfies: 

II*? 



L°° , L? ~ £ i 



5.549) 



and where the tensor satisfies: 



1*2 Wl^L^-Hu) < £ 2 2 * 



(8.550) 



In view of the definition (I8.529P of foi, Mi i, m , the decomposition (18.5481) and the definition 
of H (18.5431) . we have in the case I = j/2: 



\hu 



p,q,l,m\\L 1 (M) 



(8.551) 



< I IF/ 

r^j 1 1 1 



+ 



L°° ,L 2 t 



(X + S)P< j/2 tT X [2*(N- N u ) F^uX^duj 



\Hur2 



L 2 (M) 



Fi( X + 6)HP< j/2 tr X (2*(N- N v ) F^uXi^dL 



< e{2 2 \v - i/\2- m+ * + (2*|i/ - u'\)h-^ + i)jf 



x 



+ 



{X + S)P<j/2tT X [2'{N - N„)) F^ x {u)rfAu)duj 



V 



L 2 (M) 



Fi(x + 6)HP <j/2 ti X (2*(N-N„)) F h ^{u) Vj(")duj, 



where we used in the last inequality the estimate (I8.544p for F( and the estimate (I8.546P 
for H. Next, we estimate the two terms in the right-hand side of (I8.55ip starting with 
the first one. In view of the decomposition (17. 1321) for 5, 5 also has a decomposition of 
the form (I8.543P (I8.544p f|8.545p . and thus so has X + S. Proceeding as in (j8.423p . (I8.426P 
and (I8.427p . we obtain the analog of (I8.428j) : 



2 2 



(X + S)P< j/2 tT X (2HN- N„) F jt ^(u)^(u)du 



< 



e{l + q*)rf. (8.552) 



L 2 (M) 



j 



r] v Auj)duj 



On the other hand, we have: 

Fi( x + 5)HP< j/2 tr X (2i(N - N V )) P F^{u 

< / ||*1|U^(^)||x + ^IU^II^IIl^,l- P< 3/2 tTx(2 2 (N-N v ) 

x\\Fj,-i(u)\\LiVjn du} 

< e2~i / \\H\\ L 2 ^WFj^i^W^i^duj, 

J§ 2 



L<*>(M) 
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where we used in the last inequality the estimate (I8.550P for the estimates (I2.39P 
(E3QD for x, the estimates fl2T36|) fl2^7j) for 5, the boundedness of P< j/2 on L°°(P t)U ), the 
estimate ( 12 .42ft for d^N and the size of the patch. Together with the estimate (I8.546P for 
H, Plancherel in A for \\Fj^i(u) ||^2 , Cauchy Schwartz in u and the size of the patch, we 
obtain: 



Fi( X + S)HP< j/2 tr X (2*(N-N U )) F^u) r]»{u)duj (8.553) 

V / L l (M) 

< e 2 (2i\u - u'\2- rn+ i + (22 \ u - 
Now, fl835T|) . (E552D and (l8~553j) yield in the case I = j/2: 

II^AmllziCM) < (1 + q^e 2 (2i\u - z/|2~ m+ i + (2* |i/ - u'\)h^ + i)^' . 
Together with (I8.547p . we finally obtain for all / > j/2: 

\\h M , m \\LHM) < (1 + <7 f )e 2 {2i\v - u'\2- m+ i + (2^\v - u'\)h-^i)2i~ 1 ^' (8.554) 
8.3.2 Control of the L l (M) norm of /i2, P ,q,z,m 

Next, we estimate the L 1 (A / 1) norm of k2, p , q ,i, m - I n view of the definition f)8.530p of h 2 ,p,q,i, m -i 
we have: 



L 2 (M) 



\h 2 , P , q ,i, m \\LHM) < I {x + S)PitT X [2i{N-N v )J F^uX^du 

( X ' + S')P m tr X ' (2i(N' - N U ,)Y F^u'X' (co')d 
In the case I > j/2, we use the basic estimate in L 2 (Ai): 

( X + S)Pitrx (2i(N - N U )) P F^uX^du 



.555) 



L 2 {M) 



< 



r/- 



sup 



L 2 {M) 



( X + 5)P z tr X (2*{N-N„) 



2*7? 



< el* 1 ! 1 . 



where we used in the last inequality the estimate (I8.507P with the choice G = x + the 
estimates fl2T3T)|) ( BID for x, the estimates (12"^]) fl237]) for 5, the estimate fT2"^2j) for d w N 
and the size of the patch. Together with f)8.549p . we obtain for all / > j/2: 



( X + 5)Pitv X [2i{N- N v ) F^ x {u)rfAu)dw 



L 2 (M) 



$.556) 



Finally, f)8.555p . (I8.556P and the analog of (I8.556P for the second term in the right-hand 
side of (I8.555P implies: 

\\h2, P , g ,i,m\\LHM)<^- l - m 7^^ (8.557) 
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8.3.3 Control of the ^(M) norm of h 



3,p,q,l,m 



In view of the definition ( 18.531 j) of h^ PA ^ m and in view of the definition (I8.539[) of G\, we 
have: 



G 1 (2^N-N V )) FjJuXi^du 



x( / P m tYx'(2i(N'-N 1/l )yF j ^ 1 (u , X'(u , )du' 



l/l>m 



where G\ is given by: 

Gi = { X + ~5)fP>nMx + (fix) + W) + (x + W + b^f(b)))P> m trx (8.558) 
This yields the following estimate: 



^1 ^3,p,q,l,m 
l/l>m 



< 



G 1 [2i(N-N v )) F^uXi^doo 



L 2 (M) 



1559) 



X 



P m tr X ' (25(iV' - N v ,)y F^u'X' {u')du' 



L 2 (M) 



Now, using (17.711) in the case m > j/2, and (18.2711) in the case m — j/2, we obtain for all 
m > j/2: 



j ^ P m trx' (2i{N' - F h ^(u'X\u')duj' 



<{l + q 2 )e2i- m ^'. (8.560) 



L 2 , Lf 

It / ,X . v 



Together with (I8.559[) . this yields: 



l/l>m 



<(l + g 2 )e2^ m 7 ; 



G 1 (2^(N-N V )) F^iuXi^du 



L 2 {M) 

8.561) 

Next, we estimate the right-hand side of ( 18. 56 1[) . The basic estimate in L 2 (A4) (17. ip 
yields: 



G 1 (2i(N-N v )) Fj^uXWdu, 



L 2 (M) 



(8.562) 



< 



< 



sup 
sup 



G x 2i(iV-^; 



L??L 2 (Hu) 



2*7* 



Gi 



L™L 2 (Hu) 



2n- 
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where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
In view of (I8.558p . we have: 



< (WxW^q + \\Sh-Ll)(\\f^x\\Ll,L r + ||yP< m trx|| L 2 ;Lr )(8.563) 

+(\\nx)h^mu u ) + \\?(8)\\l~l*(Hu) 
+ ll(x + 5)(^ + r 1 TO)|| Ls . i2( ^ ) )||P> m tr X || 



< 



where we used in the last inequality the estimates (I2.39j) (I2.4Q[) for Xi the estimates 
(12371) (12T36|) for 8, the estimate ( 12T38D for b, the estimates f l23Tj) f l2~39|) f l2^0|) for 0, the 
decomposition: 

trx = P< m trx + P> m trx, 
the estimate (12.701) for yP< m tr\;, and the fact that P> m is bounded on L°°(P 4u ). Finally, 
(JE3SU), dS^S2D and (IHiSSD imply: 



^ ^ h"3,p,q,l,r 
l/l>m 



< (1 + g 2 )^- m 7 j7/ 



(8.564) 



L!(>I) 



8.3.4 Control of the L 1 (A'l) norm of /i4 iPi(?i z im 

In view of the definition (I8.532[) of h i>p ^i >m) we have: 

l/l>m 



x(f ( X ' + 5')P m trx' (2i(N' - jV„))' P jW («')< ' (u')du' 



which yields: 





< 


l/l>m 





f(P> m tr X ) (22(N-N V )) F^uX^dw 



L 2 (M) 



{x! + 5 )P m tr X ' [2i(N' - N v ,) F^u'M (u')du' 



f(P> m tr X ) 2*(iV- Ag F^iuX^du 



(8.565) 

L 2 (M) 
L 2 (M) 



where we used in the last inequality the estimate (I8.556p . 
Now, the basic estimate in L 2 (M) (17. ip yields: 



^ I sup 



y(P> m tr X ) (2i(N-N l/ )) F^ x {uX{u)du 



L 2 (M) 



(8.566) 



y(P> m tr X ) (2 2 (N-N l 
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where we used in the last inequality the finite band property for P> m , the estimate (I2.39P 
for trx, the estimate (I2.42p for d u N and the size of the patch. Finally, (I8.565P and (I8.566P 
yield: 



l/l>m 



(8.567) 



V-{M) 



8.3.5 Control of the L 1 (A / 1) norm of h^^^^ m 

In view of the definition (I8.533[) of /i5 jPig ,/ im , we have: 



|^5,p,g,i,m|U 1 (M) ^ 



L 2 {M) 



< e2 



{ X + ~5)P l tx X (2»(JV - i\g)* ' F^uX^du 
Jy + C)P m tTx' (2i(N' - N v ,)) q F^u'X' V)d 



(8.568) 



L 2 (.M) 



2 Tj 



L 2 (X) 



where we used in the last inequality the estimate (I8.556p . 
Now, the basic estimate in L 2 (M) (17.11) yields: 



< 



< 



y + CO^mtrx' (2i{N f - N v ,)y F^u'X' {uj'W 
l P (6' + C)Pmtr X '(2HN'-N u , 
sup ||(0' + 0^tr X , || i oo L2(H;) )2i 



L^{M) 



.569) 



where we used in the last inequality the estimate (12.421) for d w N and the size of the patch. 
We have: 

W + OPntodWiqvcHj) < (H^IUr^ + IIC'lUr^jiiP^rx'IU^^,) (8.570) 



where we used in the last inequality the embedding (I2.5ip . the estimates (I2.37P (I2.39P 
(I2.40p for 6', the estimates ( 12.41 j) for the Bernstein inequality and the finite band 
property for P m , and the estimate (I2.39P for tr%'. Note that the factor 1 — 5j/2,m comes 
from the fact that we use the finite band property for P m in the case m > j/2, but only 
the boundedness of P<j/2 in the case m = j/2. Finally, (I8.568p . (I8.569P and (I8.570P yield: 



\hr: , II rl,,,> < p 2 9^^f i 1 ' S m ,j /2) 

|' i 5,p,g,Z,m||L 1 (.M) ~ E Z Ijlj ■ 



(8.571) 
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8.3.6 Control of the L 1 (A'l) norm of /t6,p,g,/,m 

In view of the definition (I8.534p of he, p , q ,i,m, we have: 



\h 



6,p,q,l,m\\L l (M) 



< 



G 2 (2i(N - N„)Y F it _i(u)^(o;)dw 



J ^ P m tr X ' (2i(JV' - N,,)) q F h ^(u'X'(co')du' 



(8.572) 



L 2 (.M) 



G 2 (2i(N-N„)) FjJu)ifAu>)dw 



L 2 (M) 



L 2 (M) 



where we used in the last inequality the estimate (I8.556p . 
Now, the basic estimate in L 2 (A4) ( IT. 1 p yields: 



G 2 (2 l *(N - N„)Y F^uXi^du 



(8.573) 



L 2 (M) 



G 2 (2 2 (N-N V 
< \sup\\G 2 \\ L ^ L2{Hu ^2ijj 



2H 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Next, we estimate G 2 . In view of the definition ( I8.540P of G 2 , we have: 

\\G 2 \\ L ^ L2(nu) < (||x|U ri 4 ; + ||5|| iri 4,)||iV(^trx)|| Lf ^ (8.574) 

+llClU|°z*Jl^trx|| £? ^ + (\\B N (x)h^mn u ) 

+ \\N(5)\\ L ~ L2(nu) + \\f(C)e\\ L ^ L2( H u ))\\Pitr X \\L^ 
< eiWNiPttvx)]]^ + \\fPitTx\\ LUt ,)+e, 

where we used in the last inequality the embedding (I2.5ip . the estimates ( I2.39P (I2.40p for 
X, the estimates ( 1236]) (l237j) for 5, the estimate (EUD for (, the estimates (l237j) ( 1239]) 
(I2.40p for 6, the estimate (I2.39P for tr% and the boundedness of Pi on L°°(P tiU ). Now, the 
estimate (I2.38P for b and the Gagliardo-Nirenberg inequality (I2.49p . yields: 

\\N(PitT X )\y tLtr + \\fPitrx\\ L 2 L *, 

< Wmmrx)]]^, + ||[6A^]tr X |U ?i 4, + ll^taxllip^^jll^tixll^^) 

< 22 \\bNtrx\\L™L 2 (Hu) + \\¥\bN ■, Pi^xVL^L^tHu) 

||[6iV,P]tr X ||f 

where we used in the last inequality the Gagliardo-Nirenberg inequality (I2.49p . the Bern- 
stein inequality for Pi, the Bochner inequality (12.611) . and the finite band property for 
Pi. Together with the estimate (12.391) for tr% and the commutator estimate (I2.68P for 
[bN, P/]trx, we obtain: 

\\N(PitTx)\\ L ^ x , + WfPi^xh^, < (8.575) 
Finally, ( 183721 . ( 183731) . ETJ and ( 18375]) imply: 



< e 2 2^ 



(8.576) 
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8.3.7 Control of the L 1 (A / 1) norm of hf^ q ^ m 
In view of the definition (18.535P of /i7 lPig ,/ jm , we have: 



|^7,p,q,Z,m|U 1 ( J M) < 



(Nimx) + K^trx)) (2*(jV - N v )j ^(ujijj^)^ 
^(X' + ^ + O^tntrx' (2"(iV' - A^)* ^,-i(«0<(^)^' 
The basic estimate in L 2 (.M) (17. ip yields: 

(iV(P,trx) + ^(Pitrx)) (2"(iV - i\y Y i?- _ x («)^(a;)dw 



(8.577) 

L 2 {M) 



L 2 (M) 



8.578) 



L 2 (.M) 



< 



sup 



(iV(Pztrx) + KPtrx)) 2§(iV - jV„ 



2H 



< (sup(||iV(ptrx)||^ i2 ( Wu ) + ||y(^tr X )|| is3i2(Ku) ) (2*(JV - JV,) 



2*7? 



where we used in the last inequality the estimate (I8.263P for iV(ptrx), the finite band 
property for Pi, the estimate (12.391) for tr%, the estimate (12.421) for d^N and the size of 
the patch. 

Now, since k does not depend on u, and in view of the decomposition (I2.72p (I2.74p for 
x'i and the decomposition ( I2.80p for z', we have the following decomposition for + ^ +C' : 

x ' + t + C = F( + Fi 

where the tensor F( only depends on v' and satisfies: 

ll-^i II ;$ e, 

U 

and where the tensor F| satisfies: 

||FllU^(^< £ 2-i 



Note that this decomposition has the same properties as the decomposition (I8.267P (I8.268P 
(PD for 6 + b- l y{b). Thus, arguing as in (18^70]) - (18^751) . we obtain: 



( X ' + S+ OPmtrx' mN' - N v ,) F^iu'X (u'W 



Finally, ( 15377]) . ( 15375]) and ( 153791) imply: 



<2W'. (8.579) 



L 2 (M) 



">j 



\h 7 , p , q> i, m \W(M) < £ 2i l v jl v j ■ 



(8.580) 
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8.3.8 Control of the L 1 (A'l) norm of /t8,p,g,/,m 

In view of the definition (I8.536[) of hs, p , q ,i, m , we have: 



< 



b~ L f(b))PitTx (2*(N-N U )) F^uXi^dw 



(8.581) 

L 2 (M) 



< 2W 



C'PnMx hl(N' - N u ,j) " F h ^{u'X\uj')duj 



L 2 {M) 



L\M) 



where we used the estimate (18.2751) in the last inequality. Also, we have the analog of 



j C'Pmtrx (2i(N' - N v ,)) q F^iu'X' {u]')du' 
Finally, f l838Tj) and fl8382|) imply: 



<2W'. 



(8.582) 



L 2 (M) 



\\h 8 ,p,q,l, m \\mM) ^ 22£ . 

8.3.9 Control of the L l (M) norm of hg jPjq> i jm 

In view of the definition (I8.537P of hg }P)qi i trn , we have: 



(8.583) 



\\h 



9,p,q,l,m\\L 1 (M) 



< 



L 2 (M) 



f(N'(P m tT X ')) (2i(N' - N v ,) F^u'X {tJ)dJ 



L 2 (M) 



< 



r] v Auj)du] 



(J \PfcX (2*(N - N V )Y F h ^{u) 
x (J \f{N\P m tr X ')) (2i(AT'-^,))V i) _ 1 « 



L 2 (M) 



T)] {Uj')duj' 



Together with the estimate (I2.42p for d u N and the size of the patch, we obtain: 



\\h 



9,p,<j,Z,m||L 1 (.A/() 



< 



X 



< 2~ j 



x 



1 1 PfaX 1 1 L2 (« u ) (u) 1 1 Ll 77J (w) cL; 
||||y / (AA'(P m trx , ))IU 2 (^,)^ 1 -i(« , )|L 2 



llPtrxH^^)^-^^)^^^ 



|/(iV / (P m trx / ))IU 2 (« u ,)^-i(« / )v / <( w/ ) 



i 2 , 
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where we used in the last inequality Cauchy Schwarz in u and a/, and the size of the 
patch. This yields: 



^ ||^9, : p, g ,Z,m||L 1 (.M) 
(l,m) /m<l 



(i,m) 

x I 2~ m 



|y'(Ar'(P m tr X 0)||L 2 (K u o^-i( M OV / <K 



L 2 



< 2-n^ 2l \\\P^x\\LHn u) F j ,- l ^)Jv. 



2 

L2 



2 

£ 2 , 



Now, we have: 



< 



(8.584) 



5.585) 



where we used the finite band property for P\, the estimates (12.391) for tr% and Plancherel 
in A. Also, in view of the estimate (12.381) for b', we have: 



\\f(N'(P m tT X '))\\ LHnul) 

< \\b'f(N'(P m txx'))hHH u ,) 

< 11^(6011^11^(^1^)11^* + \\y(P m (b'N'tTx'))\\mn ul ) 
M\f{[b'N\P m }tT X ')\\ L ^ LHUul) . 

Together with the estimate (12.381) for b, the estimate (I8.575P for N'(P m tYx'), the finite 
band property for P m , and the commutator estimate (12.681) . we obtain: 



f'(N'(P m trx'))\\LHH u/ ) < + 2 m \\P m (b'N'tr X ') \\ L , {Hul) . (8.586) 
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This yields: 



2 

i 2 , , 



(8.587) 



< 



2 

3 > ' 



where we used the finite band property for P m , the estimates (12.391) for tr%' and Plancherel 
in A'. 



Finally, fl83Mj) . (18385]) and (18387]) yield: 

\\h9, P , q ,Lm\\L H M)<^e 2 l^'. 

(l,m)/m<l 



(8.588) 



8.3.10 Control of the L 1 (A^) norm of /iio,p,g,;,m 
In view of the definition (I8.538P of /iio,p,g,i,m, we have: 



(8.589) 



< 



J Pttrx (2%(N - N V )Y F^ x {uX{u)duj 

b'- l y{b')N\P m tT X ') (2i(N' - N v ,)) q F^u'X'^du' 



L 2 {M) 



L 2 (M) 



We estimate the first term in the right-hand side of (18.5891) . Using (18.5101) for I > j/2 
and flEZEEQD for I = j/2, we obtain for all I > j/2: 



P l tTX[2HN-N u )) F^uXWdu 



L 2 (M) 



<{l+p 2 )2- l+ i £ ^. (8.590) 



Next, we estimate the second term in the right-hand side of (18.5891) . The basic estimate 
in L 2 (M) flUD yields: 



z 1 



^ I sup 



b'-'fib^N'iP^rx') (2i(N'-N u ,)) F^u'X' {u')du 



(8.591) 



L 2 {M) 



b'- l y{b')N\P m tix') (2*(JV' - N v ,) 



2H' 



< 



sup 



b'- l f(b')N\P m t^) 



2*7- 



Now, we have: 



\\b'-y{b')N\P m tTx')\\ L ^ { n ul) < ll&'-XfoOlUr^ll^'l^trxOlk?^ 

m 
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where we used in the last inequality the estimate (I2.38P for b and the estimate (I8.575P for 
N'(P m trx'). Together with (I8.59ip . we obtain: 



b'- x y{b')N\P m t^) (2i(N f - N v ,)) ' F^u'X (u')du' 
Finally, ( 18389]) . (18390]) and (18392]) imply: 

IIV^/.Jl^) < (i + p 2 )2^-' + t £ 2 7 ; 7 /. 



L 2 (M) 



(8.592) 
(8.593) 



8.3.11 Control of B 2 ;^ 

Recall the definition (I834T]) of B 2 ^ yim . 



B 



2,1 



j,V,V* ,l,m 

J JV\ ^ 

x ^jT JV , (P m trx , )F j ,_ 1 («')7?/(w , )^'J 

Recall that we are considering the range of (l,m): 

2 m <2 l < 2 j \u-u'\. 

Summing in (l,m), we have: 

]T iV(ptr X )iV'(P m tr X ') = iV(P< 2J> _^|tr X )iV(P< 2J> _,,|tr X '). 

(l,m)/2 m <2 l <2i\v-v'\ 

Thus, using the symmetry in (u>, u>') of the integrant in B 2, vv , t m , we obtain in view of the 
definition B 2 ^ v , l m . 



(Z,m)/2 max ( ; ' m )Z<2J \v-v'\ 



v j,u',u,l,m ' j,v,v' ,l,m) 



2- 2j J (jf NiP^^^F^iuX^du 
x ^N\P^ ^ ^ /l tTx')F^ 1 (u'X\uyu^ dM, 



which yields: 



E( B 2,l , n2,l ^ 

V j,u',u,l,m ' j,u,v' ,l,m) 

(Z,m)/2 max ( i ' m )Z<2J>-i/'| 



(8.594) 



< 2~ 2j 



^V(-P<3»[ 1 /-iX|trx)-F>,-i(u)^(w)dw 
iV , (P< 2 , k _ i/ |tr X ')^,-iK)<(^)^ / 
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L 2 (X) 



L 2 (X) 



Together with the estimate ( I8.317P applied to both terms in the right-hand side of (18.5941) . 
we finally obtain: 



E (B 2,1 , d2,1 



(i,TO)/2 max ( J > m U<2i|i/-i/'| 



(8.595) 



8.3.12 Control of B^y Am 



Recall the definition fl8342|) of B^ y i m : 

. 2j f f (A"-g(A'.A")A')(P / t.r.v)V(P m ti- x ') 



5 



2,2 




tMJ&xS* l-g(iV,iV') 2 



We sum for m < I, and we obtain: 
V R 2,2 = 2~ 2j ' 

/ ^ j,v,u',l,m 



m<l 




(N 1 - g(N, A^')iV)(P z trx)iV'(P< ^ trx , ) 



A^xS* l-g(Ar,iV') 2 
xF^xi^Fj^iu'^Hvfi^dojdu'dM. 

2:2 



1596) 



We can not estimate ^2 m<i B-' v v , t m directly due to a lack of summability in I. Instead, 
we integrate by parts in tangential directions using (17.137p . 

Lemma 8.18 Let Ylm<i ^fuu' i m ^ e defined by (18.596P . Integrating by parts using (I7.137P 
yields: 



m<l p,q>0 JA 



1 



X 



p ^ J M (2t\N v -N v ,\Y+^ 

1 ,., , 1 



[\N V -N V 



r(^l,p,i},i,?Ti ^2,p,q,l,m) 



\N V - N v 



(8.597) 

-ih' + h' 

\ 3,p,q,l,m ' A,p,q,l,m 



6,p,q,l,r, 



7,p,q,l,m ~ 8,p,q,l,m 



h' 



dM, 



where c pq are explicit real coefficients such that the series 

^ c pq^ p y <1 

p,q>o 

has radius of convergence 1, where the scalar functions h' hp ^ m , h' 2 ,p, q ,i, m > K,p,q,i, m > K, P , q ,i,r 
^5,p,q,i,m' ^6, P ,q,i,m> ^7,p,q,i,m' ^8,p,q,i,m on M are given by: 



p,q,l,m 



xV(Pitrx) [2i(N-N„)) F^u^ (u)dcj 
x ( [N'iP^trx') (2^N' - N u/ )) 9 F^u'X' (u')du') , 



(8.598) 
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K, P , q ,i, m = ^ViP^^HN-N^yF^uXi^du) (8.599) 
x(f X 'N'(P<itrx') (2i(N' - F^ x {u'X' {u')dJ 



K tP>q , l>m = Q 2 y 2 (P^r X )(2^(iV-iV,)) P F,,_ 1 ( M )^(a;)^j (8.600) 
x f I N'{P<itrx!) (2i(N' - ' F^u'X '(w')dw' 



K, P , g ,i, m = ^f(Pitr X )(2HN-N u )YF^ 1 (uX(u)du ) ) (8.601) 
x(f f{N'(P<itrx')) (zHN' - F^iu'X '(u/)duf 



K, P , q ,i,m = (^(^ + r 1 y(6))V(P i ^) {2^N - N V )) P F h ^{uX{uj)d^ (8.602) 
x C fN'(P^trx') (2i(N f - N v ,)y F^u'X' {u'W 



K, P , q ,i, m = y s J(Pitr X )(2HN-N u )yF^ 1 (uX(u)du^ (8.603) 
x ( I ' {b'- X f{b') + e^N'iP^trx') (2l(N' - N v >)^ 9 Fj-i(u')r]j' (u')du' 



K >m , l>m = ^^iV(P^r % ))(2i(iV-iV,)) P F ij _ 1 ( W )7 7 J(a;)^ (8.604) 
x (J N'{P^trx!) (2i{N'-N u ,)yF j ,„ 1 {u'X\u')du'\ , 

and: 

K, p , q ,i, m = (^(^ + iV(6))V(P^)(2^iV-^))V, i _ 1 (n)^H^ (8.605) 
x(f N'{P m trx!) (2i(N' - F^u')^ (u')dJ 



The proof of Lemma 18.181 is postponed to Appendix H. In the rest of this section, we 



use Lemma 18.181 to control Em</^/^im over ^ ne ran g e °f m ) sucn that 2 m < 2 
2P\v-i/\. 



< 
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h' 



Next, we evaluate the L X {M) norm of h' lpqlm , h' 2>mjl>m , h' 3pqlm) K pql K qlm , 
h 7, P ,a,Lmi h 8, P ,a±m starting with h[ , . In view of the definition (JESSE]), we 



p,q,l,rn' 7,p,q,i 



have: 



< 



X V(P,tr X ) (2i(N-N„)) F^uXA^du 



(8.606) 



L 2 (M) 



N'iP^trx') (2i(N' - N^" F^u')^' (u')du' 



< 2^7 



X V(P ; tr X ) 23(JV - N„) F h ^{uX{u)du 



L 2 (M) 



L 2 (M) 



where we used in the last inequality the estimate (I8.317p . Now, the basic estimate in 
L 2 (M) flUD yields: 



xV(Ptr X ) [2*(N-N V )\ F^u^^dw 



L 2 (M) 



< 



sup 



^1- 



< sup||x|U rL 4j|V(Pitr X )|U ?L 4 / (2i(N-N, 



L°° 



2H 



Ij-Z 



< e2-^H, 



(8.607) 



where we used in the last inequality the estimates f !2.39|) (I2.40p for x, the estimate (I8.575[) 
for V(ptrx), the estimate (12.421) for d^N and the size of the patch. In view of (I8.606P 
and (I8.607p . we obtain: 

\\K, P , q ,iJW { M) <e 2 V+hW'- (8-608) 
Next, we evaluate the L l (M) norm of h' 2pqlm . In view of the definition (I8.599P of 

h 2,p,q,l,m, We haVe: 



o- 



V(ptrx) (2>(N-N V )) F^ x {uX{u)dw 



L 2 (M) 



x'N'iP^tix') (2 J *(N'-N„,)) F^u'W (u')dw 



(8.609) 



L 2 (M) 



where we used in the last inequality the analog of the estimate (I8.317P for the first term 
and the analog of the estimate (18.6071) for the second term. 

Next, we evaluate the iAi^M) norm of h' 3pqlm . In view of the definition (I8.600P of 
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h 3,p, q ,l,mi We haVe: 



\\h' Mm \\L H M) < J t(Pitrx) (2HN - N V )) P F^uXMdu 



X 



> 2 V ' L*(M) 



(8.610) 



j ^ y\PM X ) (2i(N - N„)Y F jt -i(u)r$(u)du> 



L 2 {M) 
L 2 (M) 



where we used in the last inequality the estimate (I8.317p . Now, the basic estimate in 
L 2 (M) yields: 



£ I sup 



tiPitrx) (2i(N - N V )) P F^ x {uX{uj)d, 
f 2 (Piti X ) (2i(N-N v 



(8.611) 



, 2 H 



L 2 (M) 



8.613) 



where we used in the last inequality the estimate (I8.356[) for ^(ptrx), the estimate (I2.42p 
for d u N and the size of the patch. Finally, ( I8.610P and ( I8.61ip yield: 

Ws^J^M) < e 2 2 j+l ^'. (8.612) 

Next, we evaluate the L X (A^) norm of h' 4pql m . In view of the definition f)8.60ip of 

K,p, q ,l,m, we have: 

\\K, P , q ,i,J\LHM) < J f(Pitrx) (iHN - N V )) P F^uX^dw 

f(N'(P< l tT X '))(2i(N'-N vl ) 
I fiN'iP^trx')) (2i(N'-N u/ )YF^ 1 (u'X\u')d 

J§2 V 7 L 2 (M) 

where we used in the last inequality the analog of estimate (I8.317p . Now, the basic 
estimate in L 2 (M) yields: 

| 2 y , (AA / (p<^xO)(2^(^ / -^o) 9 ^,-i(«0<(^^ / 

f{N\P^ X '))(2i{N'-N v ,) 



< e2 l * 



7 



L 2 (M) 



L 2 {M) 



(8.614) 



^ sup 



2H 



where we used in the last inequality the estimate ( 18.3591) for y (iV'(P<;trx')), the estimate 
(g32D for d u N and the size of the patch. Finally, flBZECj and <^M§ yield: 

\\K, m>l ,J\L H M) < e 2 2^ l j^' . (8.615) 
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Next, we evaluate the L 1 (A / 1) norm of h' 5p lm . In view of the definition (I8.602p of 



K, P , q ,i,m, we have: 



p,q,l,m\\L 1 (M) 



(8.616) 



< 



+ b- 1 f(b))V(P l tr X ) (2*(N-N U )) F^uX^du 



L 2 (M) 



L 2 (M) 



(0 + r 1 y(6))V(P i tr X ) [22(N-N U )\ F^ x {u)rfAuj)duj 



L 2 (M) 



where we used in the last inequality the estimate (I8.317p . Proceeding as for the estimate 
of (E60ZD and using the estimates fl2T38j) for b and flOTj) fl2T39|) f l2~40|) for 9, we obtain 
the following estimate: 



(0 + b- l f(b)) V(Pitrx) [2$ (N - N„j) Fj_i(u)ri u Au)duj 



<£2^+%. (8.617) 



L 2 (M) 



Finally, ( I8.616|) and flTOTjl imply: 

Whi 



5,p,q,l,m\\LHM) ^£ 2 2 J + 2 ljlj 



(8.618) 



Next, we evaluate the L l (M) norm of h' 6p lm . In view of the definition (I8.603P of 



K,p,q,l,m, We haVe: 



\h' 

\ u 6,p,q,l. 



m\\Ll(M) 



(8.619) 



< 



3- 



X 



V(^trx) (2*(iV- jV„)J F^uX^du 



L 2 (M) 
'1 



L 2 (M) 



< e 2 2^ 7 /, 



where we used in the last inequality the analog of the estimate (18.31 7p for the first term, 
and the analog of the estimate (18.6171) for the second term. 

Next, we evaluate the L 1 (A / 1) norm of h' 7pql m . In view of the definition (I8.604p of 

h 7,p, q ,l,mi We haVe: 

\W7,p,q,l,m\\^(M) < 



fiNiPMx)) (2*(N-N V )) F^uXi^dcu 



(8.620) 



L 2 (M) 



X 



N'(P^tTx') hi(N' - N v ,)) q F^ l {v!X{^'W 



L 2 {M) 



where we used in the last inequality the analog of the estimate (18.6141) for the first term, 
and the estimate (18.3171) for the second term. 



220 



Next, we evaluate the L 1 (A / 1) norm of h' 8pql m . In view of the definition (I8.605P of 
\W 8 , m ,i, m \\LHM) (8.621) 



K,p, q ,l,m, We haVe 



< 



+ iV(fo))V(P/trx) (2* (N - N v )j F^ x {uX{u)du 
N'(P m tr X ') (2i{N' - 'i?- rl (iO< V)du/ 



L 2 (A4) 



L 2 (M) 



(0 + N(b))V(Pitix) [2HN- N v ) F h ^(uX{uj)du 



L 2 (M) 



where we used in the last inequality the analog of the estimate ( I8.317p . Proceeding as for 
the estimate of f l8307j) and using the estimates (jZSHD for b and f l2~37j) (T2T39]) CTij) for 0, 
we obtain the following estimate: 



9 + iV(&))V(P,trx) (2*(iV - jV„)J F^uX^du 
Finally, fl8.621j> and (l8322|l imply: 



< £2^+%. (8.622) 



L 2 (.M) 



IK 



%,p,q,l,m\\L l {M) 



< e 2 2^ 



(8.623) 



Now, we have in view of the decomposition (18.5971) of ^2 m< i B^' vu , l m . 

EB 2 ' 2 
j,v,v',l,m 

1 r i 

(IIM ,p,q,l,m 



rn<l 



s 2 -* E 



+ ll^2,p,g,«,mlU 2 (M)) + 



1 






1 


(2i\N u - N u ,\y+^ 1 


L°° 




\N V -N v r\* 



\K-N V 



{\Wz,p,q,l,m\W(M) + \\K ,p,q,l,m 



+ ll^5,p,g,Z,mlU 1 (>1) + \\^6,p,q,l,m\\L l (M)) + II K,p,q,l,m II L 1 ^) + II^S^.mlliH^) 



Together with fl8T32|) . fl8308|) . (I81T09D . fl8^T2j) . (183T5|) . (1CT8|) . f[8iIT9j) . f l8320|) and 
(18.6231) . we obtain: 



Eo2,2 
j,u,u',l,m 

m<l 



c 



P9 



< 



+ ! r + 2 3+l 



\v — V 



'12 



2-i+l 



(2* |^ — {2i\v-v'\ 



2-¥+' 

2i\u - v' 



\v — V 
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Summing in /, we finally obtain in the range 2 m < 2 l < 2 J \v — v'\. 



E 



B 



2,2 

j,v,v',l,m 



(l,m)/2 m <2 l <2i\u-u'\ 



< 



2-i 



1 



L(2%-z/|)t 25(2% 



v 



e 2 7 J 7 j'. (8.624) 



8.4 End of the proof of Proposition 18.2 



In view of the decomposition (I8.528[) of B? v v , h m , the estimate (I8.32p . the estimates (I8.547P 
j357D ([H367D (18371]) (183751) (Eigoj dHSHSD (E5HD (1535511 for ^.i,™, 

^3,p,g,(,m) ^4,p,n,l,m] ^5,p,q,l,mi h6,p,q,l,mi ^7 ,p,q,l,mi ^8,p,qi,mj ^9,p,g,Z,m; ^10,^,9, i,m> the estimate 

(18.5951) for B^ vv , lm and the estimate (18.6241) for B-' uv , l m , we obtain: 



E 

(Z,m)/2 m <2'<2^|i/-i/' 

M ^ 1 



/d2 , o2 ^ 

\ j,v,u',l,m ' j,v' ,v,l,mJ 



S 2'E 



^ W (2i|z/-z/'|)^ 



x 



(l + g 2 )2* 2if(25>-z/|)f + 2t 



+ 



+ 2 J + 2^(25>-z/|)5 



< 



|z/ — z/| 2 

+2-% 2 7 J 7 / + 
1 



v — v 



2"! 



1 



+ 



(25|i/-i/|)a 22(22 |z/ - z/| 
1 1 



+ 2" 



T + 



2-i 



+ 



1 



(25>-z/|) 3 (2S|i/-i/|)s 24(2S|i/-i/|)S (2§>-r/'|)2 2S(24|i/-i/| 
1 



2¥(2^|i/-i/|)t 



r + 2- 



Together with the estimate (I81)27j) for B) vv , lm in 2 m < 2 J '| v — v'\ < 2 l , we finally obtain 
the following control for B^ vv , lm : 



(Z,m)/2 min ( i > m )<2J|!/-!/'| 



< 



1 



1 



1 



2-1 



+ 



(25 |z/- Z/'|) 3 (2a|i/-i/|)3 2S(2»|l/-l/| 
1 



(2a |i/ - Z/'|) 2 2a(2a|l/ — Z/'| 



2" J 



2%(25>-i/|)^ 
This concludes the proof of Proposition 18.21 



9 Proof of Proposition 16.6 



Since 2 min(z ' m) < 2 j \u - v'\ < 2 ma - x( - l > m \ we may assume that / > m and thus: 

2 m < 2 j \v-v'\ < 2 l . 



(9.1) 



222 



In order to prove Proposition 16.61 recall that we need to show: 



^ ^ A-j,U,l'' J -ill 

(Z,m)/2 min ( ! > m ) <2i \v—v' | <2 max ( ; >" 1 ) 

_^ 2 _ 2j'22 min(i,m) 

— ||/^,dU 2 (Mx§ 2 )||^j>^||L 2 (IRx§ 2 ) 



< 



(i,m)/2 min ( ! ' m '<2J |f— ! /'|<2 max ( i > m ) 

1 2-1 1 



+ 



(2%-z/|) 2 

+ 



(25|i/-i/|) 3 (2i\p-u'\) 2 (2i\p-u'\)2 
where the sequence of functions (fij,v,i)i>o on 1R x S 2 satisfies: 

EE 22, n« 

,f,dL 2 (MxS 2 ) 



!/ l>0 

and where Aj^yj t7n is given by (18 . 8 p : 



.4 



j,u,w ,t,m 
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-j 




PfaxiN - g{N,N')N'){P m tT X ') 



mJs 2 xs 2 g(L,L') 
xFji^F^iu'XiuX'iuj^dujduj'dM. 



<3 v ' 'J 

We may sum over the region (19. ip . and we obtain: 



E 



.4 



■j,v,v',l,m 



(9.2) 



(Z,77l) /2 min ( i ' m > <2^ [1/— I/' I <2 m ax(i,m) 



-i2~ 




.M </§ 2 xS 2 



x (M)F ji _ 1 (M , )r7j(w)r7j' (oo')dujduj'dM. 



We integrate by parts using (I7.143p . 



Lemma 9.1 Le£ X](z, m )/2 min ('> m )<2J>-z/|<2 max ( i . m ) ^-j,vy,i,m be defined by (19. 2p . Integrating 
by parts using (17. 143|) yields: 



E 



.4 



j,is,v' ,l,m 



(9.3) 



(Z,m) /2 min ( ! ' m ) <2J j/|<2 max C> m ) 

.av- f 1 



2-f £ 



1 



:{hl,p,q + ^2,p,g + ^3,p,<? + ^4,p,( 



|iV„ - N v , 



where c pq are explicit real coefficients such that the series 

P,q>0 
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has radius of convergence 1, where the scalar functions hi tP>g , h 2tPtq , h 3pq , h^ PA 
h&,p,q, h 7 , p , q , h 8 , p , q on M are given by: 



h hp , q = ^ 2 L(P >23 |_,|^)(2^(Ar-^))V jW ( M )^(a;)d 

f{P<v\v-v>\trx!) (2^(iV'-iV,0)V :^ •_ 1 K)<(w / )^ , ) , 



x ^f(L'(P^ lu _ u/l trx')) (2*(JV' - ^))V i ,_ 1 (u / )«a/)dw' 

h 3 , p , q = ^ 2 // 1 P >2 , > _^|^(2i(^-^)yF J -_ 1 H7 7 J(a;)d< 

?'(P<2i W -v>\trx') (2^{N' - N v ,)y F j> _ 1 {u'X\u')du'\ , 



h±, p , q = ^P >2^ ^ /l trx[2^N - N U )Y F^uX^ 

h, p , q = ^ 2 P >2J> _,^r X (25(AT-^)y^._ 1 ( M )^(a;)^ 

f\P<v\u-u>\tr^) (2^N' - F j ,_ 1 (u'X\u')du'] , 



h, P , q = ^ 2 P3P> 2 ,>-,^r X (2i(Ar-^))V : ,-_ 1 H^(a;)rf ( 

x y^(P<2^-u'\trx') (2i(N' - N U ,)Y F^u'Wiu'W^ , 

h 7 , P , q = ^P> 2J -|^|^(2^(N-^)) P F J -_ 1 (u)^(w)^ 



and: 



h 8 , P , g = (^j^P>v\u-u>\trx(rt(N - N V )) P F^uX^d 

J f{N\P mv _ v ,\trx!)) (2*(JV - JV„)) * F^u'W (u')duj' 
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where the tensor Hi on M. involved in the definition of h 3tPtQ is given by: 

H x = x + e + £ + ™~ 1 Vn + L(6), (9.12) 
where the tensor H 2 on M. involved in the definition of h^ PA is given by: 

H 2 = X ' + e' + 6' + n- 1 Vn + L'(b'). (9.13) 
where the tensor if 3 on M. involved in the definition of ^6,p,g given by: 

H 3 = k + nr 1 Vn + 9 + b- 1 f(b) + x + C, (9-14) 
and where the tensor H4 on A4 involved in the definition of h<j tPtq is given by: 

H 4 = k + n~ l Vn + 9' + 6'"Y(6') + C' + Vjv>(&'). ( 9 - 15 ) 



The proof of lemma 19.11 is postponed to Appendix I. In the rest of this section, we use 
Lemma [O to obtain the control of Y^{i,m)/2™*( l < m )<2i\v-v'\<2™<**( l > m ) A?>y,*,™- 

We evaluate the L l {M) norm of hx, p , q , h 2 , p ,q, h 3tPtq , h^ Ptq , h 5jm , h 6 , p , q , h 7 , p , q , h 8 , p , q 
starting with hx )P , q - In view of the definition (19.41) of hx )P , q , we have: 

hx, m = X) / a GiL{P >2] \ v _ ul \tx X ) (2i(N - N V )) P ' F^x{u)rf<{u)dw, 

l>2j\u-v'\ ^ 2 

where the tensor Gx on Ai is given by: 

Gx = f ^(P^i^itrxO^i^-^o)^^^^^^'- (9-16) 
In view of the estimate (I7.10p . this yields: 



k wesupp(?jj) 



/ \l>Z>\v-i/\ J 



\\hx, Ptq \\L H M) < sup \\Gx\\ L 2 > 25-' ei ] (9.17) 



£7 



< I sup ||Gi|| £ 2 /L o 

.wesupp(^) u ' x I 22 \v — v' 



Now, in view of the definition (19.161) of Gx and the estimate (17.761) . we have: 

sup \\Gx\v lLT < fsup (2 L *(N'-N u ,)) q V 2 >-z/| 7 / (9.18) 

wesupp^n u ' x V w' v / 



< £ 2>-*/| 7 



where we used in the last inequality the estimate (I2.42p for <9 w iV and the size of the patch. 
Finally, f l9~TTj) and f l9~T8|) imply: 

\\hx, m \W{ M ) <£ 2 2% T ;'- (9.19) 
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Next, we evaluate the L 1 (A4) norm of h 2pg . In view of the definition ( 19. 5p of h 2 ^ q , 
we have: 



I G 2 f(L'(P^ lu _ ull tr X ')) (2i(N' - N ul )) Q F h ^{u'X\j)du\ 

> 7 1 1/ — i/ f I ^ 



l>2i\v-w 

where the tensor G 2 on Ai is given by: 



G 2 = J ^P^^trx^HN-N,,)) F^uX^du. 
In view of the estimate (17.131) . this yields: 



\h 2 , P ,q\\mM) ^ ( sup ||G 2 ||l 2 ,Lf I ^erf' . 

w' 6supp(r^' ) 



Now, in view of the definition ( I9.20p of G 2 and the estimate (17.711) . we have: 



sup ||G 2 ||l2 ,l T < sup 22 (N -JV, 



(9.20) 



(9.21) 



(9.22) 



x {^\u-u'\2- l+ 2 +(2i\u-u'\)h-^+i) 

2 l >2i\v-v'\ 



< erf. 



where we used in the last inequality the estimate (I2.42p for d u N and the size of the patch. 
Finally, ( 19~2T|) and ( 19~22|) imply: 



l2,p,qhHM) ^ E ^rfrf\ 



(9.23) 



Next, we evaluate the L l (M) norm of h 3p g . In view of the definition ( 19. 6p of h 3 ^ q , 
we have: 



\h 



< 



z 1 



HxP^sfiX [2HN - N v )\ F h ^{uX{u)do: 



L 2 (M) 



< 



[ F 1 P >2J> _ i/ ,|tr X hi(N - N U )Y F^uX^dw 



(9.24) 



L 2 (M) 



2* 



L 2 (7K) 



where we used in the last inequality the analog of the estimate (I8.317p . The basic estimate 
in L 2 (M) flUD yields: 



L 2 (M) 



(9.25) 



sup 



HxPttvx (2i(N-N„) 
< [supll/Jill^iill^trxlU^oc (2i(N-N u ) 



2->rf 



2*7- 
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where we used in the last inequality the estimate (I2.69P for P/tr^, the estimate ( I2.42p 
for d u N and the size of the patch. Now, the definition of H% (I9.12p . the estimates f !2.39|) 
(I2.40p for x, the estimate (I2.37P for e and 5, the estimate (I2.36P for n and the estimate 
(E2BD for b imply: 

\\HiWl~l* < llxlU-Lf + IklU-if + IHU~z? + ll^Vnllioo^ + ||L(6)|| L oc L 2(9.26) 

< F . 



which together with (I9.25P yields: 



H 1 P l ti X (22(N-N v )) F jt . x {u)rfAu3)du 



L 2 (M) 



< 2i~ l e^. (9.27) 



Finally, (EMD and (E2ZD imply: 



\2 l >2i\v-v'\ 

2i 



(9.28) 



< _ 

22 \v - v 



-/Hit- 



Next, we evaluate the L 1 (A4) norm of h^ p g . In view of the definition ( 19. 7p of h^ Ptq , 
we have: 



||^4,p,g||L 2 (jW) 



(9.29) 



< 



L 2 (M) 



X 



< -11 

22 V -V' 



H 2 f(P<2J\u-u>\t*x') h^N' ~ N u ,)) q F h ^{u'X\uj')duj 



L 2 (M) 



where we used in the last inequality the estimate f)8.129p . The basic estimate in L 2 (M) 
(TO) yields: 



Hif'iP^w-wpx') (2i(N' - F^u'X'iuj'W 
H 2 f(P<2i\„-vi\tr X ') (2i(N'-N u 
< (sup||if 2 || i: o L? ||y / (P< 2J |_,|trx / )IU^ r 11(2^^-^)) 



(9.30) 



L 2 (M) 



L™L 2 (H U ) 



2*7? 



(■ 



2H 



< (sup||i/ 2 || L ^ )2ie 7 /, 
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where we used in the last inequality the estimate (I2.70p for ^(P<2Jii/- J /'|trx / ), the estimate 
(I2.42p for dujN and the size of the patch. Now, in view of the definition of Hi (I9.13p . and 
proceeding as for the proof of (I9.26p . we have: 

which together with (I9.30p yields: 

H 2 f(P< 2jl ^ ull txx') (2 l 2(N' - N v ,)) q F^u'X' {u')d, 
Finally ( jOg) and f lOTjl imply: 



<2W'. (9.31) 



L 2 (M) 



||^4,p,< ? ||L 1 (.A/f) 



25 1/ - 1/ 



(9.32) 



Next, we evaluate the L l (M) norm of h 5tPtq . In view of the definition (19. 8p of h^^g, 
we have: 



II^pJIl 1 ^) 



< 



P. 



L 2 (X) 



X 



2 m <2J>-i/|<2 ; 
X 



< 



>2>\u- v >\trx [22 (N - N v )j Fj_i{u)rfj(u)(fa) 
f\P<v\v-u>\W) (2"(iV' - N v ,)) Q F h ^{u'X\u')d, 



L 2 (X) 



L 2 (7K) 

rfAu)du 



L a (M) 



rjj' (cj')duj' 



2 m <2i\v-v'\<2 1 



\\ p i^x\\L^H u )Fj,-i(u)\\ L2 T]^(uj)duj 



|liy ,2 (P m tr X ')IU 2 (^)^-iK) i2 

where we used in the last inequality the estimate (12.421) for d^N and the size of the patch. 
Taking Cauchy Schwartz in u and a/, using the size of the patches, and using the Bochner 
inequality (I2.6ip . we obtain: 



2 m <2i\v-v'\<2 1 



(9.33) 



In view of (I9.33P and the estimate (I6.18p . we finally obtain: 

\\h<o,p,q\\L l (M) ~ £ 2 2m ~ J, '||/i J>) i|| L 2( Kx g2)||^ > / im || i 2 (Rx s2), 

2 m <23 \v-v'\<2 1 



(9.34) 
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where the sequence of functions (fJ>j,v,i)i>j/2 on M x § 2 satisfies: 

^ ^ll/^lli^KxS*) ~ e2 2 2j 11/11 L2(I 

v l>j/2 

Next, we evaluate the L l (M) norm of he )Pt q. In view of the definition ( 19. 9 p of he, p , q , 
we have: 



\h 



< 



[ H 3 P >23lu _ ul] tT X (2i{N - N V )Y ' F^uXi^du 
Js 2 v 7 



L 2 (M) 



(9.35) 



V^i^tr*') (2i(N' - N v ,)y F^ x {u'X' {u')du' 



< 



H 3 P >23ll/ _^trx [2i(N- N u ) ) Fj-i(u)ijj(u})du 



L 2 {M) 



L 2 (.M) 



where we used in the last inequality the analog of the estimate (18.31 7p . The basic estimate 
in L 2 (M) dH]) yields: 



H 3 P l tT X (2^(N-N v )) F^ x {uX{uj)dw 



(9.36) 



L 2 (M) 



^ I sup 



2*7? 



HsPitxx (2z(N-N u )^ 

< (supll^lL^JI^trxll^ \\(2i(N-N„)Y\\ L ^ 2% 

< (^up\\H 3 \\ L?L 4/j e2^rf, 



where we used in the last inequality the estimate ( I8.303P for Pitrx and the estimate (I2.42p 
for d^N and the size of the patch. Now, in view of the definition (I9.14p for H 3 , we have: 



\H^\\ L?L ^ < \\k\\ L «, L *, + \\n VnHioc^ + II^IU-i,^ 



(9.37) 



< 



where we used in the last inequality the embedding (12.511) . the estimate (12.371) for k, the 
estimate (T2T36|) for n, the estimates (107) (TOI (ICTj) for 0, the estimate (12381) for b, 
the estimate (12351 (jjjDD for X and the estimate (TZ^B for C- (193BD and (1937]) yield: 



# 3 Ptrxp(jV-i\yj F^uXi^du 
Finally, (ES5D and ( l9~35j) imply: 



L 2 (.M) 



< e2*-W- (9-38) 



(9.39) 



< 



(2i|i/-i/|)5 
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Next, we evaluate the L l (M) norm of h lp q . In view of the definition (19.101) of h-j jPjq , 
we have: 



||^7,p,g|U 1 (.M) 



(9.40) 



< 



L 2 (M) 



X 



L 2 (M) 



2^1/ — v 



^4V(P< 23> _^|tr X ') f 2*(7V' - N V ,)X F^ x {v!)rfWW 



L 2 (M) 



where we used in the last inequality the estimate (I8.129p . Proceeding as for the estimate 
of fTOITD . we have: 



J ^ HrfiPMx') (2i(N' - iW)) 9 F jt _!(«')< (w')dw' 
< (suy\\H4 LrL A 25+f £7 ;'. 



(9.41) 



L 2 (M) 



Now, in view of the definition ( 19 . 1 5[) of if 4, we have: 

11-^4 1 U»l^ < ll^lUr^/ + ll n ~ lv ™IU^, + II^'IU^l*, 

+||rY(&0|| £r * ; + IIC'IIl^, + WVn'WWlth, 



(9.42) 



< 



where we used in the last inequality the embedding (12.511) . the estimate (12.371) for k, the 
estimate (T2T36D for n, the estimates (12371) (T2T39D (12^01) for 0', the estimate (|ZSB]) for 6', 
and the estimate ([2l4j) for (ICTD and fliCT) yield: 



^ F 4 V(P z tr X ') (2^(iV' - N^tf F^u 1 )^ WW 
Finally, ( l9~4Uj) and |Q3J) imply: 



<2*+W. (9.43) 



L 2 (.M) 



\\h 



< 



7, P ,q\\LHM) „ , 

2 2 i/ — v 



, 2 l >23\v-v'\ 



(9.44) 



< 



{22\v-v'\)^' 

Next, we evaluate the LM^M.) norm of h$ tPtq . In view of the definition (19.111) of hs, p , q , 
we have: 



ll^8,p,g||L 1 (.M) < 



P> 2 ,>-,'|tr X 2 2 (N-N u )) F^{uX{uW 



x 



y'(iV(P< 2J> -^|tr X ')) 2 2 (iV' - iW) F^ x {u'X WW 



L 2 (M) 

l\v' I , J\ j. J 



(9.45) 



Lt{M) 
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where we used in the last inequality the estimate (I8.129P for the first term, and the analog 
of the estimate (18.614P for the second term. 



Now, we have in view of the decomposition ( 19. 3 j) of 



(i,m)/2 min ( ; ' m )<2J |^-i/'|<2 max ( ! ' m ) 



(Z,m)/2 min ( i ' m )<2J \ v-v'\<2 rna ^( l ' m ) Aj,v,v',l,m 



< 



2 i c pi 

p,q>o 



(2i\N u -N u ,\)p+^ 



L°°(M) 



X 



+ 



\N U -N U ,\ 2 
1 



L<*>(M) 



{\\hl,p,q\\v-{M) + 1 1 ^2j3 )(Z 1 1 Zl (M) + \\h3,p,q\\ L^(M) + II h4,p,q\\ L^(M) ) 



\N„ - N u , 



L°°(A4) 



(||^5,p, 9 |Ui(X) + ||/l6,p, 9 ||ii(A4) + \\h7, p , q \\Li(M)) + \\hs,p,q\\L^(M) 



Together with (Km . fBTTSji . (19T23]) . (BT2Bjl . (ET52j) . (ESI, MP , ([IEBD , and (J93SD, we 
obtain: 



E 



4 . 

- rl -j,v,u,l,m 



(l,m) /2 min ('. m ) <2J |^— i/' | <2 max ('. m ) 



< 



1 



P,<3>0 
1 



(25 



2^ 



i/ — i/' 



'12 



< 



^ 2 2m J ||/ij,^/||L 2 (RxS 2 )||A i j,i/',m||L 2 (RxS 2 ) + 2 4 J + 2' 7 

2 m <2J>-z/|<2 i 

77J^ ^||/ i j,i/,/||L 2 (RxS 2 )||/ i i^',m||L 2 (Rx§ 2 ) 



2- • -,/|<2< ( 2 ~ 2 W-»'\) 
1 



+ 



2-1 



2 v u' 

£ 7; 7; , 



(2*|i/-i/|) 3 (2%-i/|) 2 24(2% 
where the sequence of functions {Hj,u,i)i>j/2 on E x § 2 satisfies: 

X] 22 'll/ i J>:'Hi 2 (Rx§ 2 ) ~ £2 2 2J ll/ll L 2 (R3)- 

v l>j/2 

This concludes the proof of Proposition 16.61 



10 Proof of Proposition 16.7 



Since 2 max (' ,m ) < 2 J |z/ — u'\, we may assume that I > m and thus: 

2 m < 2' < V\v-v'\. 



(10.1) 
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In order to prove Proposition 16.71 recall that we need to show: 



^ Aj^v,v' ,l,m 

(i,m)/2 max (^ m ) <2?\v—v'\ 



(Z,m)/2 max ('. m ) <2i\v-v'\ \ I 1/ 

1 1 2-^)-J 



||A t j,y,z|U 2 (RxS 2 )||A t i^',m||L2( Kx §2 



+ 



+ 



+ 



+ 



.{2i\v-v'\f (2a|l/- l^|)3 (22|z/-z/'|) 2 22(2% -z/|) 
where the sequence of functions (fij, u ,i)i>j/2 on 1 x § 2 satisfies: 



+ 2- 



" ;>j/2 



X§ 2 ) 



2 2j \\f\\h m , 



and where A 



3,uy,i, m is given by 



.4 



j,v,v' ,l,m 



-12 



;o-3 




PMxiN - g(N,N')N')(P m tix') 



(10.2) 



xF i (M)F ji _ 1 (M , )^(wX (uj')dujdu'dM. 
We integrate by parts using (I7.137p . 
Lemma 10.1 Let Aj tI/ y t i jm be defined by (110. 2p . Integrating by parts using (17.1371) yields: 



A 



j,u,i/',l,m 



A 



1 4- A 2 4- A 3 

j,v,v' ,l,m ~ j,u,u' ,l,m ~ j,v, 

1 



+ 2-E 



/'</ 



P,g>0 



.M (2*1^-^1)^+2 

dM, (10.3) 



where c pq are explicit real coefficients such that the series 



Vnfl 



p,g>o 

has radius of convergence 1, where the scalar functions , lm , A 2 vv , lm , A 3 uu , lm on 
A4 are given by: 



A 1 

j,v,v' ,l,m 



2~ 2j 




Pitrxf 2 Pm(trx!)(N - g(JV, N')N', N - g(iV, N')N') 



iMJVxP g(L,L')(l-g(N,N') 2 ) 
xF^F^u'^iu^'^dujduj'dM, (10.4) 



4 2 

7, ,2,: 



2 -2i 




(JV' - g(iV, N')N)(Pitrx){N - g(JV, N')N'){P m trx') 



iMJVxW g(L,L')(l-g(N,N') 2 ) 
xFji^F^u'^iuj^'iuj^dujduj'dM, (10.5) 
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and: 



A 3 



-2.7 



,l,m 




N(Pitrx)(N - g(N,N')N')(P m trx') 



'MJS 2 xS 2 g(L,L') 



(10.6) 



and where the scalar functions h\ tPjq ^ m , h2 jPjq> i jm , h^ PA ^ m , h^ v ^, m on M. are given by: 



Lm 



xPitrx (2i(N - N V )) P F^ x {uX(u)du 
x I I f(P m trx') (2i (N' - N v ,)) q F^u'X' (u')du' 



(10.7) 



h 



2,p,q,l,m 



(10.8) 



h 



3,p,q,l,m 



Pttrx[2*(N-N v )) F^ x (uX{uj)du 
x ( ^xy'(Pmtrx') (2i{N' -N u ,)y F^u'X'iuj'W 

(9 + &- 1 V(6))P,frx (2i(iV - ^^-^(u^Mdw) (10.9) 
x I [f'(P m trx') (2 L *(N' - N^ 9 ' F^u'X \J)dw' 



and: 

h4,p,q,l,m 



The proof of lemma [10.11 is postponed to Appendix J. In the rest of this section, we use 
Lemma [10.11 to obtain the control of Aj jV y^ m . 

We evaluate the V-{M) norm of foi, Ml j, m , h 2 , p ,g,i, m , h 3tPt g t i !m , h^ PA ^ m starting with 
^i,p,g,i,m- In view of the definition (110.71) of h\^^^ m , we have: 



P x trx (2i(N - N v )y F^uXi^dwj (10.10) 
x ( [y + b'-yWYiPmtrx') (2i(N' - N^ 9 ' F^u'X' {u')dJ 



m<l 



xPttTx[2v{N-N v )) F i) _i(u)7^(w)dw 
x ( I ?'(P<itrx') {2i{N'-N vl )yF j ,_ l {u'X\u')dw'\ . 



This yields: 





< 


m<l 





L 2 (M) 



< 



2- 



xPitrx (2i(N - N v )y F^uXi^du 

f(P<itT X ') (2i(N' - N^ 9 ' F^u'X'^'W 
XPitrx (2i(N - N V )Y F^uX^du 
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(10.11) 



L 2 (M) 



L 2 {M) 



where we used in the last inequality the analog of the estimate (I8.317p . Now, the analog 
of (18.5561) implies: 



Finally, f fTinTj) and fTHmjl imply: 



(10.12) 



L 2 (M) 



m<l 



<5 2 2^ 7 J<. 



(10.13) 



Next, we evaluate the IM^M.) norm of /i2,p,g,z,m- In view of the definition (110.81) of 

h2,p,q,i, m , we have: 



m<l ^ 



PitTx[2*(N-N v )) F^uX^du 
x ( 1 2 X'f(P<itrx') - N v ,)) q F^{u'X\u')dw' 



This yields: 





< 




Li(M) 



L 2 (A4) 



P,tr X (2i(N - N U )Y F^uX^duj 

X 'f(P<itTx') (2*(JV - iV„)) V i ,_ 1 (t* , )<(wOdw / 
Using (gT7gp for / > j/2 and (l8TT8Dj) for Z = j/2, we obtain for all I > j/2: 



(10.14) 



L 2 (M) 



L 2 (M) 



Ptxx (2i (N - N V )Y F^uX^du 
Also, the basic estimate in L 2 (A4) (17. ip yields: 

x'f'(P<itrx') (2i(N' - N U ,)Y 'F^Wrff '(uj')cLu' 



(10.15) 



(10.16) 



L 2 (M) 



< 



< 



sup 



XJ\P<MX) (2i(N'-N v 



supUx'IU^ H^^jtrxOH^L?. hHN' - N u ,) 



2*7? 



< e2i>yf, 



where we used in the last inequality the estimates (I2.39|) (I2.40p for x, the estimate (I2.70p 
for ^'(P^trx'), the estimate (J232J) for d u N and the size of the patch. Finally, fll().14p . 
(UniSD and f lHTTEj) imply: 



m<l 



<£ 2 2^ 7 J 7 /. 



(10.17) 
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Next, we evaluate the L^i^M.) norm of h 3tP! g t i !m . In view of the definition (110.91) of 

h3, P ,q,i,m, we have: 



\h3,p,q,l,m\\Li(M) ^ 



f'(P m trx') (2*(N' - N v ,)) q F^X' 



(10.18) 

L 2 {M) 



where we used in the last inequality the estimate (18.275P for the first term, and the analog 
of the estimate (18.31 7p for the second term. 

Next, we evaluate the L^i^M) norm of h± iP}q j im . In view of the definition (110. 10p of 



h 



4,p,q,l,mi 



< 



we have: 



\h 



4,p,g,Z,m||Z, 1 (.M) 



10.19) 



L 2 (M) 



2 P,tr X (25 (iV - N U )J Fj-x(u)r]j (w)(ku 
j {& + b'-y(b'))f(P m t^) (2i(N' - N v ,)) q F^ x {u')rf;\uj')du' 



L 2 (M) 



where we used in the last inequality the estimate (110. 15j) for the first term, and the analog 
of the estimate (I8.622[) for the second term. 

Next, we estimate A? v v , l m . In view of the definition (110.61) of A^ uu , lm and the 
definition (183421) of B % ? v , l m , and in view of the fact that g(L, V) = -1 + g(JV, N'), we 
see that A^ uu , lm is essentially obtained from B 2 -'l u , lm by exchanging the role of v and 
u'. Proceeding for A z - v v , l m as we did for B^ u , t m , using the integration by parts (I7.136P 
instead of (17. 1371) . we obtain the analog of the estimate (18.6241) : 



E 

(7,m)/2 m <2 ! <2J>-i/ 



A a 

j,v,v' ,l,m 



< 



2-1 



+ 



1 



(2%-z/|)2 2i(2i\u - u'\ 



£ 2 7 ; 7 ;'. (10.20) 



Next, we consider A x - V , lm . We have the following proposition. 



Proposition 10.2 Let A x - vv , lm be given by (110.41) . Then, A l - U , lm satisfies the following 



estimate: 



E 



A 1 

j,v,v' ,l,m 



(l,m) /2 max ( i - m ) <2?\v— u' 



(10.21) 



< 



E 



(Z,m)/2 max ( i ' m )<2^ \v—v'\ 



+ 



2 — j- 2^+™+™in(/,m) 

„ (2^-z/|) 3 



||^>^||l2(kxs 2 )II^' ,v' ,m || L 2 (IR.x8 2 ) 



—5 + 

(25|z/-z/|)3 (2%-z/|) 2 2*(2*|i/-i/|) 
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where the sequence of functions (f-ij,u,i)i>j /i on M x § 2 satisfies: 

|2 



E E 22, Hft,, 



;|li 2 (iRx§ 2 ) ~ 



2^11/11^-,. 



The proof of Proposition 110.21 is postponed to section 110.11 

Next, we consider A? v , lm . We have the following proposition. 

Proposition 10.3 Let A? v v , l m be given by (110. 5p . Then, A 2 uu , lm satisfies the following 
estimate: 



E 

(;,m)/2 max ( i . m ) <2i \v-v' 



A 2 

j,u,v' ,l,m 



(10.22) 



s E 

(«,m)/2 max ( ! > m )<2J|i;-i/| 
1 



+ 



+ 



2 — y <2l+m+m'm(l,m) 

„ {2 L >\v-v'\Y 
1 



||/^,dU 2 (Mx§ 2 )||/^y,m|U 2 (Rx§ 2 ) 



(2*|i/-i/|) 3 (2i\v-v'\)i 2§(2%-i/| 
where the sequence of functions {^j jV ,i)i>j /2 onM. x S 2 satisfies: 

22 'H/ i J:^llL 2 (IRx§ 2 ) ~ 11/11 L 2 (R3)- 

v l>j/2 



The proof of Proposition 110.31 is postponed to section 110.21 

Finally, we estimate Aj^y^i^ m . In view of the decomposition (110. 3p of Aj )V yj trn , the es- 
timate (J832D, the estimates jgEgj) fTTTTTD ffTOTTSj) (JO) for /ii, M ,j, m , h 2 , p , q ,i,m, h 3 , p , q ,i, m , 
hA, M ,i, m , and the estimates (HESS) P^ip (ffM for ,!].,,„,,,„. and 4^,^, 

we obtain: 

^ ^ Aj t u,u' ,l,m 

(l,m) /2 max (', m ) <2J \u-v>\ 

_^ 2~ 2'+ m + m i n (^ m ) 

~ 77^ 77^ ll^j,^l|L 2 (RxS 2 )||^i^',m||L 2 (IRx§ 2 ) 



+ 



+ 



1 



+ 



+ 



1 



L(2%-z/|) 3 (2i\v-is'\)l (2S\v-v<\) 2 2i{2i\v-v'\) 



+ 2- 



< 



E 



1 



PI 



2i 



v — V 



m > (2%-z/|)^+2 

2 — ;=r 2'+™+Hiin(i,m) 



(«,m)/2 max ( i . m )<2J>-i/'| (2 2 | Z/ V '\) 

1 1 2~(^-J 



||/^,z|U 2 (RxS 2 )||/^y,m|U 2 (RxS 2 ) 



+ 



(2%-z/|) 3 (2%-i/|)§ (2%-z/|) 2 25(25|i/-i/|) 



2 1/ 
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where the sequence of functions (fJ.j >v ,i)i>j/2 on 1 x § 2 satisfies: 

^ 2 ^H/ i i-^lli 2 (IRxS2) < £ 2 2 2J ||/|||2( K 3)- 

v l>j/2 



This concludes the proof of Proposition 16.71 



10.1 Proof of Proposition fl(L"2l (Control of A) vyim ) 



In order to prove Proposition 110. 2\ recall that we need to show: 



A 1 

j,u,f' ,l,m 



2~ 4f 2^+«2+min(Z,m) 



< 



E 

(l,m) /2 max ( i - m ) <Z>\v— v 1 
(i,m)/2»«(*>' n )<2>>-i/'| k — ^'1 

1 2-<&-i 



||/A?>,mU 2 (KxS 2 )||/^>^|U 2 (RxS 2 ) 



+ 



+ 



+ 



(2i\v-v'\Y (2t\v-is'\) 2 25(2*|i/-i/|) 
where the sequence of functions (fij tU ,i)i>j/2 on 1 x § 2 satisfies: 

E E 22, n^ 

,^IIl 2 (Kx§ 2 ) L 2 (R3), 

and where A 1 - V , lm is given by fllU.4j) : 



A 1 = 2~ 2j 

j,v,w',l,m 




7/2 



PitixY P m (tr X ')(N - g(N, N')N', N - g(N, N')N') 



MJS^ g(L,L')(l-g(N,N') 2 ) 
xF 3 (n)F 3rl (ii>J(w)f)j'(w')(iu(lu'(IM, (10.23) 

We integrate by parts using (17.137)) . 

Lemma 10.4 Let A^ uu , lm be defined by (110.231) . Integrating by parts using (17.137)) 
yields: 



A 1 

j,v,u' ,l,m 



2 J C pq / 

„ J A 



(10.24) 



1 



^ JM(2i\N v -N v/ \y+«+z 
1 



\N„ - N v , 



\N V -N V ,\* 

\J^Z,p,q,l,m h&,p,q,l,m h5,p,q,l,m h(i.p,q,l,rri) ^7 ,p,q,l,m 



y^l,p,q,l,m ^2,p,q,l,m) 

dM, 



where c pq are explicit real coefficients such that the series 

P,q>0 
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has radius of convergence 1, and where the scalar functions h 1:P:q j :m , h 2tPtqt i tm , h SjPjqj i jjn , 
hi,p, q ,i, m , h 5jPjqjljm , he, p , q ,i,m, ^7, Pl9 ,z,m on M are given by: 

hi, P , q ,i, m = ^ X Pitrx(2i(N - N V )J '^^(uJ^Hdwj (10.25) 

x f\P m W) {iHN' - N ul )) q F^iu'X' "(u/)du/) , 

h 2 , P , q ,i, m = ^Pitrx(ti{N - N U )J F^uXiu)^ (10.26) 
x'f\P m trx') [2i{N' -N v ,)) q F^u'X'^duj^ , 



hs, P , q ,i, m = ^fiParx) [2^N - N U )J F^u^^du^ (10.27) 
x ( [f\p m trx') (2i(N' - TV,,))" F^u'X' \J)dJ\ , 



h Mm = y^Pitrx^iN - N V )Y Fj^u^iu)^ (10.28) 
f\P m trx') ^(N' - F^u'X' ("'W) , 



h 5 , p , q , l>m = [Jie + b-^ibWtrxfcHN ~ N V )Y F^uX^du^j (10.29) 
f\P m trx') (2i(N' - 'F^u'X \,J)dJ\ , 



h 6 , p , q ,i, m = ^Pitrx^iN - N U )Y F^uXi^du^j (10.30) 



and: 



h 7 , P , q ,i, m = (^f^NiP^^^N-N^Y F h ^{uX^)d^j (10.31) 
f\P m trx') (2i(N> - N V ,)Y F^u'X' {"'W 
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The proof of Lemma ["10.41 is postponed to Appendix K. In the rest of this section, we use 
Lemma 110.41 to obtain the control of t x . 

We evaluate the L l (M) norm of h\# A ^ m , h2, p , q ,i, m , ^3,p,g,/,m) ^4,p,g,i,m, ^5,p,g,«,m, h^ p ^ m , 
h7,p,q 7 i, m starting with /ii iPi? ,j im . In view of the definition fll0.25[) of hi iPiq j im , we have: 



11*1**1 



< 



L 2 (M) 



X PitTx[2HN-N v )) F^uX^du 
f\P m tv X ') (2i(N' - JV„))' Fj^u'X \u')du' 



(10.32) 



L 2 (M) 



f 2 {P m ti X r ) ( 2*(JV' - N v .) ) " Fj, (w')dw' 



L 2 (.M) 



where we used in the last inequality the estimate (j!0.12p . The basic estimate in L 2 (A4) 
(TTTD yields: 



< 



S y \\f 2 (P m tr X ')(2i(N' - N,)y\\) 2h- 



(10.33) 



L 2 (M) 



< 2* + - £T j', 



where we used in the last inequality the Bochner inequality (I2.6ip . the finite band property 
for P m , the estimate ( I2.39P for tr X , the estimate ( I2.42p for d^N, and the size of the patch. 
Finally ( 110321 and (fl(H3p imply: 



(10.34) 



Next, we evaluate the L X (M.) of h2, p , qi i, m - in view of the definition (110. 26p of ho„ p , q ,i,mi 
we have: 



h 



2,p,q,l,m 



where H is given by: 



J H X 'f\P m tv X ') (2i(N' - N u ,)) q F^u'X' \u')du' , 
H = J P*tr X (2i(N - N v )yF jt .x(uX(u)du. 



This yields: 



\\h2,p,q,l, m \\L 1 (M) 



(10.35) 



(10.36) 



H X y'\P m tT X ') [2i{N' - N v ,)) 
< llifx'x/^^trx') (2i(N' - F^ x {u' 
+ \\H X ' 2 f\P m tr X ') (2i(N' -N^ ' F^u' 



I/ 1 (A / () 



Li(M) 



if, (oj')du' 
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where we used in the last inequality the decomposition (I2.45P of x', and where we neglected 
the tr%' contribution to x' since it satisfies better estimates than x'i- We start with the 
first term in the right-hand side of (110. 36p . We have: 



< \\H 



j 2 \\Hx\f\Pmtrx') <2i(N' - N,j) " F^ x {v!) 
l 2 {M)\ / IIXiIIl°sl 2 l°° ; liy' (-Pmtrx')|| L oo i 2 
2i(N' - N U ,)Y F^u')^^ iff WW 



Li(M) 



rf-{J)dJ (10.37) 



< \\H\\ L2iM) s2 1 ^' , 



where we used in the last inequality the estimate (I2.47P for x'n the Bochner inequality 
(I2.6ip . the finite band property for P m , the estimate (I2.39P for tr%, the estimate (I2.42p 
for d w N, the size of the patch, Plancherel in A' for Fj_i(u'), and Cauchy Schwarz in u>'. 
Next, we estimate the second term in the right-hand side of (110. 36p . We have: 



_i(u') ^'(u')du' (10.38) 



Li(M) 



< 



< 



\\H X ' 2 f 2 (PmtTx') (2i(N' - N v ,)) q F . 
[ H(x' 2 -X2,)f 2 (PmtTX , )(2HN'-N u/ )) 9 F^ 1 (u') ^ {J)dJ 

+ f Hx2„f 2 (Pmtr X ') (2i(N' - N„)Y F jt -i(u') <(u/)du/ 

J § 2 V / Li(A4) 

ff SU PllX2 - X2 u \\l 6 -(M)^ \\ H \\l 3 +(M) + \\X2 u H\\l 2 (M) 



< {\v- */|||#|| i3+(>1) + \\x*M»{M))&** m ij, 



ffj (u')dcu' 



L 2 (M) 



where we used in the last inequality the estimate (I2.47P for d^xb the Bochner inequality 
(I2.6ip . the finite band property for P m , the estimate (I2.39P for tr%, the estimate (I2.42p 
for d^N, the size of the patch, Plancherel in A' for Fj t _i(u'), and Cauchy Schwarz in uj' . 
Next, we estimate H . In view of the definition (110. 35p of H and the estimate (110. 15p . we 
have: 

\\H\\ LHM) <e2^. (10.39) 
Also, in view of the estimate (I8.272p . we have: 

\\H\\l~>(m) ^ £2 3 7j, 
which by interpolation with (110. 39|) implies: 

\\H\y H M)^^ )+i ii- 

Finally, we have: 



(10.40) 



\X2 u H\\h 2 {M) < ||X2„||l°? Ll\\H\\L™ , L. 2 



'10.41} 



< (1+ P 2 )e24-2 7 J 
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where we used in the last inequality the estimate (I2.46P for \2 u i the estimate (I7.7ip for H 
in the case I > j/2, and the estimate (18.2711) for H in the case I = j/2. Finally, f ll0.36j> . 

frnoTj) . fmosj) . frnooj) . mr^ and frnrni imply: 

\\h2, P , q ,i,m\\v(M) < {1+P 2 )e 2 {2^ + \v- u'\2^)2i +m ^'. (10.42) 

Next, we evaluate the L^^M) of h^ tP ^^ m . We first consider the case where m = j/2. 
In view of the definition (110. 27p of /i3 iPi(?i z, m with m = j/2, we have: 



\h3, p ,q,l,j/2\\Ll(M) ^ 



L 2 (M) 



f{Pitx X ) [2*(N-N„)) F^uX^dw 



L 2 (M) 



where we used in the last inequality the analog of the estimate (18.3171) for the first term, 
and the analog of (I10.33[) for the second term. Since I > j/2, this yields in the case 
m = j/2: 

\\h 3 , m> i, j/2 \\mM) < 2 J+ ^ 2 7jTj'- (10-43) 
Next, we consider the case where m > j/2. Since I > m, we also have I > j/2. In view of 
the definition (I10.27P of h^ Piq> i^ m , we have: 



\h 



3,p,9,Z,m||l, 1 (A^) 



< 



5- 



yiPfrx) (2i{N-N v )) F jW (ti 



L 2 (M) 



x 



< 



(J \\f'\P m tr X ') <2i(N' - N u ,)) q F^u') 



L 2 (M) 



tf\u')dJ 



X 



( [ \\f\P m ^x')\\L 2 { n ul F h - 1 W) t2 V-'Wco') , 



where we used in the last inequality the estimate (12.421) for d w N and the size of the patch. 
Taking Cauchy Schwartz in u and a/, using the size of the patches, and using the Bochner 
inequality (I2.6ip and the finite band property for Pi and P m , we obtain: 



I L II <r r)2m + l—j 

\' l 3,p,q,l,m\\L 1 (M) 1 



IP^txWl^F^JvUu) 



L 2 , 



(10.44) 



\P>x\W{H u )FA^)\fr^) 



In view of (I10.44p and the estimate (I6.18p . we finally obtain in the case m > j/2: 

||"3,p,g,/,m||i 1 (M) ~ 1 \\^j,iy,l\\L 2 (RxS 2 )\\^jy,m\\L 2 {RxS 2 ), (1U.40J 

where the sequence of functions (fij, u ,i)i>j/2 on 1 x § 2 satisfies: 

EE 22 'ii^iii 2 (Mxs 2) <^ii/iii 2 

v l>j/2 
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Next, we evaluate the L l (M) of h^ p>q> i >m . We first consider the case m = j/2. In view 
of the definition (110.281) of h^ v ^\^ m with m = j/2, we have: 



= J ? Hf' 3 (P< j/2 tr X ') (2* (N' - N u ,)) ' /}. ;(»')//; (u')du'. 
where H is given by: 



H 



Pitix [23 (N - N v ) ) F^ x {u)rfAuj)du. 



This yields: 



\h 



±,p,q,l,j/1\\V-{M) 



10.46) 



10.47) 



< / Hf\p <j/2 tr X ') hHN' - N V ,)Y F^u') WW 



< 



F|| L2( P tv) ||y' 3 (P< j/2 tr X ')IU 2 (P tV )^-iK) rl rtf(u/)du 



where we used in the last inequality the estimate (12.421) for d^N and the size of the patch. 
Now, in view of the estimate (I2.62p . we have: 

\\f\P< 3 ,2^x')\W { P^) (10-48) 

< (2^ + / x(t)2*+/x(t) 2 ) £ ,, 

where we used in the last inequality the finite band property for P<j/2 and the estimate 
(I2.39P for tr%, and where \i in a function in L 2 (IR) satisfying: 



(UnaZD, (11048]) and ffTTT49l yield: 



$ 2 



(10.49) 



(10.50) 



+ SUP # £ a LrL 



< 2 2 ^e 2 7 J 7 / + ^j\\H\\ L>rL ^ 2ie^ 



where we used in the last inequality the estimate (110. 15p for H which holds in view of the 
definition (110. 46p of H, Plancherel in A' for ||F, j _i(m / )|| L 2 , Cauchy Schwarz in u' and the 
size of the patch. Using the estimate (I7.7ip in the case I > j/2, and the estimates (I7.7ip 
(I7.83P in the case I = j/2 together with the decomposition 

P<j/2^X = trx - Pitrx, 
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we obtain: 

sup||tf || A iLT < (l+pl)e(2i\v - v'\T 1 ^ + (2i\u - j/^Tr^i)^. (10.51) 

U)' 

Together with (110. 50p . this yields in the case m = j /2: 

WhAwuMWiM) < 2 2i -'e 2 7j7j' + (1 +P f )(2% - i/|2^ + (2*|i/ - ^|)i2^+f )e 2 7 J 7 /. 

(10.52) 

Next, we consider the case where m > j/2. Since I > m, we also have I > j/2. In view of 
the definition fll0.28[) of h i>p>q> i >mi we have: 

h 4 , P , q ,i, m = J ^ Hf 3 (P m tr X ') (2i(N' - F jt WW- 

where H is given by (110. 46[) . This yields: This yields: 

11^4^,9,/,™^!^) (10.53) 

< / Hf 3 (P m tTx')(2HN'-N u ,)) q F^') rl( rf(<S)du/ 
J S 2 V / V-(M) 



< 



||//|U 2 (P tiU/ )||/ 3 (P m tr X 0||L 2 (P tX )^-iK) rl ^'(u')dw', 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Now, in view of the estimate (12. 62 p . we have: 

\\f 3 (Pmtr X ')\\L>(P t>u , } (10.54) 

< \\fHPmtT X ')\\mP Uul ) (PmtT X ')\\l?(P ttUl ) + fX 2 (t)\\nPrntrx')\\mP t , uf ) 

< 2 3m \\P m tix'\\LHP ty) + 2 m Kt) 2 e, 

where we used in the last inequality the finite band property for P m and the estimate 
f!2T3"g|) for trx, and where /i in a function in L 2 (R) satisfying (I1U.49|) . (110. 53p . (110.541) and 
(Mm yield: 



\\h4,,p,q,l,m\\L-i{M) (10.55) 

< 2 im \\H\\ LHM) ( [ \\\\P m tr X '\\LHH u ,)FiMu)\\ L 2 V-'(' 
+2 m s (suy\\H\\ LliLrL A ^JI^^K)!!^^'^')^ 

< 2 3m \\H\\ L , {M) (J || HP^trx'll^^)^^!^') \\^rjf(<J)dJ\ 

+(1 + pi) (2i\u - v'\2- l+j+m + (2% - u'\)h-^ +m )e 2 ^\ 

where we used in the last inequality the estimate ( 110.511) for H, Plancherel in A' for 
\\Fj _i(m / )|| L 2 , Cauchy Schwarz in u' and the size of the patch. In view of the definition 
( 110. 46p of H, and using the estimate (12.421) for d^N and the size of the patch, we have: 



\\H\\lhm)< / ||||^tr X || i2(Wu) F : ,-_ 1 ( M )|| L ^JHda;. 
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Together with (110. 55p . this yields: 



II H 



4,p,q,l,m\\L 1 (M) 



\\\Pitex\\LHn u ) F j,-i( u )\\ L 2Vj(u)duj 

+(1 + pi )(2*|i/ - I /|2-' +J ' +Tn + (2% - i/|)32-2+f +m )£ 2 7 J 7 ;'. 

Taking Cauchy Schwartz in oj and u/, using the size of the patches, and using the Bochner 
inequality (I2.6ip and the finite band property for Pi and P m , we obtain: 



\\h 



4,p,q,l,m\\L 1 (M) 



(10.56) 



x 



L 2 , 



\P^T X \\ LHnu) F,(u)^i^) 

+ (1 + pi) (2^ - zy'|2- /+J ' +m + (2*|i/ - v'^T^ +m )e 2 ^' . 
In view of ( 110. 56p and the estimate (I6.18p . we finally obtain in the case m > j/2: 

||^4j3,g,i,m|U 1 (Al) ~ 2 m+Z+mm( '' m) ~ J ||/ij i j yji || L 2( Rx g2)||/i : , > / im || L 2( Rx §2) (10.57) 

+(1 + pi) (2% - j/|2-^' +m + (2% - i/\)h-^ +m )e 2 ^\ 
where the sequence of functions (/%>,j)j>j/2 on 1 x § 2 satisfies: 

X] 22 'llA i i:^lli 2 (Kxs2) ^ ^ 2 2 2j 11/11 L2(R3). 

Next, we evaluate the L l (M) of h^ PA ^ m . In view of the definition ( 110. 29p of h 5 ^ q j^ m , 
we have: 



5,p,<j,Z,m||L 1 (.M) 



< 



(6 + fe^V^^tr* (2^(iV - F h ^{uX{u:)dw 

2 y ,2 (P m tr X ') (2i(iV' - N^yF^u'frfWdu/ 



(10.58) 

L 2 (.A/f) 



L 2 (.M) 



where we used in the last inequality the estimate ( 18. 2 75 p for the first term and the estimate 
(110. 33p for the second term. 

Next, we evaluate the L X {M.) of he lP)q> i im - In view of the definition (110. 30p of h^ m ^ m , 
we have: 



||^6 J p,g,J,m|U 1 (M) 



(10.59) 



< 



L 2 (M) 



J Pfrx (2i(N - N U )) P F h ^{u)^{uj)duj 

(0> + b'-yib'W'iPnMx) (2i(N' - N vl )) q F^'X'^du' 

{& + b'-y(b'))f\PmtTx') (^{N' - N v ,)) 9 F^u'X' (co')du' 



L 2 (M) 



L 2 (M) 
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where we used in the last inequality the estimate (110. 15p . The basic estimate in L 2 (M) 
(17.11) implies: 



< 



< 



{6' + &'-y(&'))y /2 (P m tr X ') (2i(N> - F^u'X' {u')dJ 

sup {& + b'-yib'W'iP^rx') (2i(N' - N^Y ) 2% 

V v l°°,lh-h..,) / J 



(10.60) 

L 2 (M) 



2i< 



where we used in the last inequality the estimates (I2.37P (I2.39P (I2.40p for x', the estimate 
(I2.38P for b', the estimate (I2.42p for d^N and the size of the patch. Now, the Gagliardo- 
Nirenberg inequality (I2.49P yields: 



\f \P m trx')\\L±(P ttUl ) < \\f (^trxOIII.^JirC^trxOlll^P^,) 



< 2—^(1 + ^^)), 

where we used in the last inequality the Bochner inequality (I2.6ip . the finite band property 
for P m , the estimates ffHOB]) and ffT03D for f' 3 (P m trx'), and the estimate fl2T39|l for tr%. 
Together with the estimate (110.491) for fi, we obtain: 

\\f 2 (P m trx')\\LiL tl <2^e, 

which together with (110.601) yields: 

& + b'- l f{b'))f\P m tr X ') (2i{N' - N U ,)Y F^u'X ' (u')du' 

< 2 2+2£ 2 7 J. 



(10.61) 

L 2 (M) 



Finally, <^UM> and ffHTBTj) imply: 

\\h, P , q ,i, m \\ LH M) < V-^e 2 ^'. (10.62) 

Next, we evaluate the IM^M.) of /i7 iPi(? ,z im . In view of the definition (110. 3ip of h 7tPtqt i tm , 
we have: 



\h 7 . 



p,q,l,m\\L 1 (M) 



< 



iV(^trx) [2-2 (N- N v ) F jt . x {u)rfAu3)du 



L 2 (M) 



(10.63) 



L 2 (M) 
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where we used in the last inequality the analog of the estimate (I8.317P for the first term, 
and the estimate (110.331) for the second term. 

Finally, we estimate , x m . In view of the decomposition (110.241) of A^ u u , l m , the 
estimate and the estimates ffTTTMj) (jHT22j) (jHT35j) ( 1X045]) ( 1X052]) ffXlToT]) ' ltXTT58]) 

(|10.62P P0.63P for /il iPi(?i / im , /i2,p,g,Z,m; ^3,p,ij,I,m, ^4,p,g,«,m; ^5,p,(j,(,m, ^6,p,g,«,m; ^7,p,<?,Z,rru We 

obtain: 



(l,m)/2 ra ^( l - m )<2J\u-u'\ 



& E E' 

(«,m)/2 max ( i > m )<2i|i/-^'| P,9>0 
1 



E 



2 — ^- 2'+ m + m i n ('i m ) 

W (22|z/- Z/'|)P+9+3 
2 



||/^,dk 2 (Mx§ 2 )||/^y,m||L 2 (RxS 2 ) 



^ M (2%-*/|)^+2 



1+P + (1 + pl)2-^- j + 2~i(2i\v - 



22 u - v 1 



2~ 2'+™+min(i,' 



^ rot Izy — zy'h 3 

(Z,m)/2 max ('> m )<2J>-i/ \ I I' 



+ 



1 



+ 



+ 



■||A t j>,«IU 2 (]Rx§ 2 )||A i j,i/',m||L 2 (Rx§ 2 ) 
1 2 ^ 



(2%-z/|) 3 (2i\v-v'\) 2 2i(2i\u 
where the sequence of functions (fij <u ,i)i>j/2 on I x § 2 satisfies: 

^2 22 'llA i j,^lli 2 (Kx§ 2 ) ^ ^ 2 2 2j ll/H hiuay 

v l>j/2 

This concludes the proof of Proposition 110.21 

10.2 Proof of Proposition [10T31 (Control of A 2 j l/y i m ) 

In order to prove Proposition 110.3] recall that we need to show: 



E 

(/,m)/2 max ( i . m ) <2i \v-v' 



A 2 



(l,m)/2 m ^ l > m )<2i\v~v'\ 
1 



+ 



2 — 2'+ m + m i n ('i" 1 ) 
(2% -✓!)» 

1 



ll/^.i^ll^ORxs 2 )!!/^ 
i 



x§ 2 ) 



(2i\v-v'\Y (2i\v-v'\)i 2i(2i\v-v>\) 
where the sequence of functions (fij tU ,i)i>j/2 on 1 x § 2 satisfies: 

EE 22 'ii^ii^(mxs 2 )<^ii/ii 2 



1 2 v v 1 



v l>j/2 
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and where A? , t is given by ( 110.5)) : 

,2 2 -2, f f (N' - g (iV,iVOiV)(P;trx)(iV - g(N, N')N')(P m (tT X ')) 

j ' v,u ' ,l ' m LUxf? g(L,L')(l-g(iV,iV0 2 ) 

x Fj (u)Fj- X {v!)T% (co)Vj' (co')dujduj'dM , (10.64) 

We integrate by parts using (17.143p . 

Lemma 10.5 Let A 2 uu , lm be defined by (110.641) . Integrating by parts using (I7.143P 
yields: 

A 2 j tU y t i tm (10.65) 



2 5 C pg I 

p,q>0 ^ A 



1 



m (2t\N v -N u ,\)p+*+ 2 
1 



\N„-N V ,\ 2 



+ ^3,p,q,l,m + ^4,p,9,i,m) + |^ _ jy^ | (^5,p,q,l,m + K,p,q,l,m + ^7,p,q,l,m) + ^8,p,q,l, 

where explicit real coefficients such that the series 



dM, 



CpqX P y^ 



has radius of convergence 1, where the scalar functions hi )Piq> i im! h' 2 p g l m , h' 3pqlm , h' Apqlm , 

K,p,q,l,m> K,p,q,l,m, h 7,p,q,l,m 071 M ar& 9™eU by. 

K, P ,q,i, m = ^f(L(Par X ))(2HN-N u )yF J ^ 1 (uX(u)d^ (10.66) 
x(f f(P m trx') (2i(N' - N v ,)) q F^u'X'tu'W 



h' Mm = nf(P l tr X )(2HN-N u )yF j ^ 1 (u)rj^uj)d^ (10.67) 
x ( I f'(L'(P m trx')) [^{N'-N^y F^u'X' {uj')duj> 



h' Mm = ^H 1 f(Par X )(2HN-N u )yF^ 1 (uX(u)duj^ (10.68) 
x(f f'{P m trx') (2i(N' - N v ,)y F^u'X' {u')duj' 



K, p , q>l , m = Q 2 KP i ^)(2i(iV-iV l/ )) P F,,_ 1 (n)^(a;)^ (10.69) 
x (J H 2 f(P m trx!) (25(iV'-iV ^/ ))V iI _ 1 K)<(w , )^ , 
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K v ^m = UnPit^^HN-N^F^uXiu)^ (10.70) 
x ( I f\P m trx') (2i(N' - Nsj) * F h ^(u'X' (uj')du' 



K, P , q ,i, m = UHsViP^^HN-N^yFj^iuX^du^ (10.71) 
x(f V{P m trx') (2i{N' - N v ,)) q F^u'X' (u')duj' 



h' Mm = ^J(P l trx)(2HN~N,)yF^ 1 (uX(u)du^ (10.72) 
x ^H 4 V(P m trx') (2*(JV'-JV^))V i ,_i(u , )<(w , )dw / ) , 

and: 

K, P , g ,i,m = ^nPt^f^HN-N^yF^uX^du^ (10.73) 
x ( [ f'(N'(P m trx')) (2i(N' - N,)) * F jt _ 1 (u')< {cS)dJ) , 



and where the tensors Hi, H 2 , H 3 and H 4 are given by: 

H l = x + e + 5 + n- 1 S7n + L(b), (10.74) 

H 2 = x' + t + 5' + n~ l Vn + L'(b'), (10.75) 

H 3 = k + rT l Vn + 9 + b~ l f(b) + X + C, (10.76) 

and: 

H 4 = k + n~ l Wn + & + & ,_1 V(&') + (10.77) 

The proof of Lemma \\ 0.5 1 is postponed to Appendix L. In the rest of this section, we use 
Lemma ["10. 51 to obtain the control of A^ u u , l m . 

We evaluate the L\M) norm of h' lp q l m , h' 2pqlm , h' 3 l m , K ^ q l m , K pqlm , h' 6p q l m , 
K.p g,i,m starting with h' l p q l m . In view of the definition (I10.66P of h' lpqlm , we have: 

K,^ = J GfiLiPtrx)) (2i(N - N U )J F^uX^du, 
where G is given by: 

G — J ^ f'(P m tr X ') (2*(N' - N u ,)y F^u'X'tu'W. (10.78) 
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Using the analog of (17.131) . this yields: 



\h[ 



< 



sup 

a/£supp(»y'' 



G [2i(N-N v ) 



L 2 



2 i erf (10.79) 



< ( snp \\G\\ LlxrLr )2^E^, 
, wesupp(^) 



where we used in the last inequality the estimate (I2.42p for d^N and the size of the patch. 
Now, in view of the definition ( 110. 78p of G, the analog of the estimate (I7.76P yields: 



\G\ 



L 2 ,Lf 

11. . .71 ' L 



< 



< 



sup 



2*(JV' - iW)) I x ) e(2i\v - v'\ti + (2§|i/ - 



e2*(2i\u-i/\)~g 



where we used in the last inequality the fact that 2 m < 2 3 \ v — v' | , the estimate ( I2.42p for 
d^N and the size of the patch. Together with ( 110.791) . we obtain: 

ll^ M ,/, m llL 1 (A4)<2 J (2^|z,-z,'|)e 2 7 J 7 /. 

Now, since m > j/2, we finally obtain: 

ll^, m IUM^)<2^2f(2i|z,-^|)5 2 7 ; 7 /. (10.80) 

Next, we evaluate the IM^M.) norm of h' 2pq l m . Comparing the definition ( 110. 67p of 
h' 2 p q l m and (110. 66p of h' l p q l m , we notice that these terms are similar. We proceed as for 
h' lpq i m , and we obtain the analog of (110. 80[) : 



\Km,iJ\l HM ) < 2^2f (2* \u - v'\)eh]l v ;. 



(10.81) 



Next, we evaluate the L 1 (A / 1) norm of h' 3 lm . In view of the definition (110. 68p of 



h 3,p,q,l, m i we have: 



HxfiPttvx) (2 2 (N-N U )) F h ^{uX{u)du 



L 2 (M) 



(10.82) 



x 



f'(PmtTx') (tf{N' ~ N v ,)) q F h ^(u')^\uj')duj' 



< 



HifiPttrx) (2*(N-N V )) F^uX^du 



L 2 {M) 



L 2 (M) 



2^7j 



where we used in the last inequality the estimate the analog of the estimate ( 18.31 7p . Now, 
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using the basic estimate ( 17.1 j) in L 2 (.M), we have: 



HrfiPMx) [2*{N-N V )\ F^ x {u)rfAu)du 



(10.83) 



L 2 (M) 



< 



< 



< 



2^7,- 



(supll^ll^H^trx)!!^^ ||(2i(iV-iV,)) P |[ oo ^ 2* 
sup||i/i|| L .o L 2^ £22 7 J, 



where we used in the last inequality the estimate (I2.70P for ^7 (P</trx'), the estimate 
(I2.42p for o^iV and the size of the patch. In view of the definition (I10.74p of Hi, we have: 



\Hl\\ L ™L 2 t ^ HxIIl°?L 2 + ||e|| L oo L 2 + ||5||ioo L 2 



-i 



Vn|| La?L 2 + ||L(6)|| L »^ 



< 



where we used in the last inequality the estimates (12.391) (I2.40p for x, the estimates (I2.36P 
(I2.37P for e, the estimate (I2.37P for 5, the estimate (12.361) for n and the estimate (I2.38P 
for b. Together with (110.831) . this yields: 



Hif(PttYx) 2 2 (iV - N„) F^i{uX{u)duJ 



L 2 (M) 



< e2^- 



(10.84) 



( 110821) and ( 1X084]) imply: 



\h'. 



II <^ o7 ,-2„ f„ z/ 



Now, since m > j/2, we finally obtain: 

IIM 



S.p.^mlU 1 ^) ^^ 22 e 7j7j • 



(10.85) 



Next, we evaluate the IM^M) norm of h' 4 !m . Comparing the definition (110. 69p of 
h' ipqlm and (110. 68p of h' 3pqlm , we notice that these terms are similar. We proceed as for 



h 



3,p,q,l,mi 



and we obtain the analog of (110. 85p : 



\K, P , q ,i, m \\L H M) <2H™e^l- '■ 



(10.86) 



Next, we evaluate the LM^M) norm of h' 5pqlm . Comparing the definition (110. 70[) of 
h' 5pglm and ( 110. 27|) of h^ pq> i >m , we notice that these terms are the same. Thus, in view 
of the estimates ( 110. 43|) and (110.451) . we have in the case m = j/2: 



< 2 J+ i 



.2, ,i/_y 



(10.87) 



and in the case m > j/2: 



I U 1 II <' o m +'+ m i n (': m ) — 7 II , , II II., II 

l^p^mW^iM) ^ ^ ||/^i^,i||L 2 (Rx§ 2 )||/^i,!y',m||L 2 (RxS 2 ), 



(10. 
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where the sequence of functions (fJ>j,v,i)i>j/2 on M x § 2 satisfies: 



EE 22 'ii^ii^(Mxs 2) <^iifii 2 r 



L 2 



v l>j/2 



Next, we evaluate the L 1 (A / 1) norm of h' 6 lm . In view of the definition (110. 7ip of 



K, P , q ,i,mi we have: 



6,p,q,l,m\\L 1 (M) 



< 



X 



< 



ff 3 V(P,trx) (2?(N-N V )) F^ x {uX{u)<hj 

V(P m tr X ') (2i(N' - N^tf F^u'X' ' (u')du' 
# 3 V(P,tr X ) hi(N - N U )Y F^uX^du 



(10.89) 



L 2 {M) 



L 2 {M) 



L 2 (M) 



where we used in the last inequality the analog of (I8.317p . Now, the basic estimate in 
L 2 (M) flUD yields: 



(10.90) 



# 3 V(ptr X ) (2*(N-N„)) F^uX^dw 



L™L 2 (Hu) 



< (sup ||# 3 V(ptr X ) (2i{N - N V )J 

< ^sup||ff 3 ||L r xJ,||V(fltrx)|U ?L 4 ||(2i(iV-iV,)) P || Loo ^ 2§ 7 * 



< ( sup||F 3 ||roo Z 4 ) e2^ + i^, 



where we used in the last inequality the estimate (18.5751) for V(P;trx), the estimate (I2.42p 
for d w N and the size of the patch. In view of the definition (110. T6 [) of H 3 , we have: 



3||L?°L 4 



^ II^IIl-l 4 , + \\n Vn|| L c» L 4 ; + ||0|| L oc L 4 ; + \\b y(6)|| L oo i 4 / + ||x||LfL«, + 



L t °°L 4 , 

z X.' 



< 



where we used in the last inequality the embedding (12.511) . the estimate (12.371) for k, the 
estimate (1236]) for n, the estimates (1237]) (12391 (1230]) for 9, the estimate (12381) for b, 
the estimates (1239]) (jZHOD for x, and the estimate (jZHD for £. Together with ffT(r90l) . 
this yields: 



iT 3 V(P,trx) (2"(iV - N V )) P F jt . x {u)-rf;{u)du 



L 2 (X) 



Finally, (EES! and (fltm]) imply: 



\\K 



6,p,g,Z,mlli 1 (A^) 



(10.91) 



(10.92) 
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Next, we evaluate the IM^M) norm of h' 7p lm . Comparing the definition (jl0.72j) of 
h' 7p q l m and (110.71 j) of h r 6pqlm , we notice that these terms are similar. We proceed as for 
h' 6pqlm , and we obtain the analog of (110. 92ft : 

ll/'T 



7, P , q ,i, m \\LHM) < 2^e 2 ^'. 



(10.93) 



Next, we evaluate the L l (M) norm of h' 8 „ qlm . In view of the definition (I10.73P of 



h 8,p,q,l,m> We haVe: 



11^ 



8,p,<j,i,rrilli 1 (A^) 



< 



fiPttrx) (2*(N-N V )) F^uX^du 



L 2 {M) 



X 



f(N'(P m tT X ')) [2i(N' - N„) F^u'X {u'W 



(10.94) 



L 2 (M) 



where we used in the last inequality the analog of the estimate (18.3171) for the first term, 
and the analog of the estimate (18.6141) for the second term. 



Finally, we estimate Aj vv , lm . In view of the decomposition f llU.65j) of A 2 - u , 



the estimate (IQ2|) . and the estimates (11080]) (H"Tl8T]) (1111851) (11086]) (111187]) (jflTBBj) 
P0.92 p P0.93P (| 10.94 [ ) for h' lpqlm) h' 2pqlm) h' 3pqlm , h' 4pq ^ m , h' 5pq ^ lm , h' 6p q l m , h' 7p q l m , 



K, P ,q,i,m> we obtain: 



E 



/4 2 
j,u,u' ,l,m 



< 



2 ^ 2'+ m + m i n ('; m ) 



\\Hj,v,l\\L 2 (RxS, 2 )\\Hj,u',m\\L 2 (VlxS, 2 



(Z,m)/2 max ( i '" 1 )<23|i/- i y'| 



+ E 



1 



1 + -^—^ r + 2 ~ 2 (2* ^ - 



2i\v-j/\ (2*\v-i/\ 



o — # oZ+m+min(Z,ra) 

< v 



||/^>,dU 2 (KxS 2 )||/^,^m||L 2 (Rx§ 2 ) 



(Z,m)/2 max ( ! > m )<2.?|y-i/| 
1 



+ 



1 



(2%- z/|) 3 (25|i/-i/|)3 2*(2*|i/-i/ / | 



where the sequence of functions (fJ>j,i>,i)i>j/2 on 1 x § 2 satisfies: 

xS 2 ) ~ £ ' L 2 (R 3 )- 



This concludes the proof of Proposition 110.31 
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A Proof of Lemma 18.71 



Recall from (I8.42p that -Bj'J'J/' 1 is given by: 




b 



-i 



> M Js 2 x& 2 L' 
x Fj (u)F h _! {u')tf{u)rf {u')dudu'dM , 

We integrate by parts in Bsj^ m using (I7.137P with 

_ L(trx)& / trx / , . 

We obtain: 

1KL (A.2) 



,1,1,1,1 



2_2J " 1 / / i <5/v ( ( N - *WC0 + (trO - g(iV, iV')tr0' 



-0(JV' - g(iV, N')N, N' - g(N, N')N) - g(N, N')b- l (N' - g(N, N')N)(b) 

+ i- g g(^!ivV ( g/(iv ~ g(iv ' iy,)iv/ ' * ~ g(iv ' iV ' )iV/) 



-g(iV, N')6{N' - g{N, N')N, N 1 - g{N, N')N))Jh 

x Fj r _i(u) Fj^iu')^ (uj')dudu'dM . 

Next, we compute the term (AT — g(AT, N')N'){h). We have: 

(N-sWNWXh) (A.3) 
Vjy-gWJVQ^C^Ctrx))^ L(ti X )(N -g(N,N')N')(bftT X ') 
S(L,L') g(L, L') 

(N - g (iV,iV')iV , )(g(^^'))^(trx)& , trx' 



g(L,L') 2 

Decomposing iV - g(iV, JV') iV' on iV and iV - g(N, N')N, we have: 

N — g(N, N')N' = (1 — g(AT, N') 2 ) ^ - g(JV, JV') ( JV' - g(JV, N')N) (A.4) 

which yields schematically for the first term in the right-hand side of f]A.3|) : 

VN- s{ N,N>ML(trx))b'tr X ' _ N(L(tr X ))b'tr X '(N - N'f f{L{ti X ))b'tT X \N'-N) 
g(L,L>) g(L, L') g(L, U) 

(A.5) 

where we used the fact that: 

l-g(N,N') 2 = (l+g(N,N'))(l-g(N,N>)) = (l+g(N,N') f {N ~ N ' 2 N ~ N,) ~ (iV-iV') 2 . 
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Finally, in order to estimate the third term in the right-hand side of (IA.3j) . we need 
to compute (N - g(iV, N')N')(g(L, L')). Since g(L, V) = -1 + g(N,N'), we need to 
compute (N - g(N, N')N')(g(N, N')). Using the structure equation fTCTj) for JV and the 
decomposition flA.4j) . we obtain: 

Vjv- g (jv,iV')iv' (g(N, N')) = g(V n-s(n,n')N'N, N') + g(N, Vn- s (n,n')n' N') (A.6) 

= -(1 - g(N, N') 2 )g(b- l Vb, N' - g(JV, N')N) 
-g(JV, N')6(N' - g(N, N')N, N' - g(N, N')N) 
+6'(N - g(N, N')N', N - g(JV, N')N'). 

Now, we have: 

(N - g(N, N')N') + (N' - g(N, N')N) = (N + N')(l - g(N, N')) ~ (N - N'f . (A.7) 
Also, since 6 = \ + k by definition, and since k does not depend on u, we have: 

e-o' = x -x'- (A.8) 

In view of (1A.6[) . OA .70 and (IA.80 . we obtain schematically for the third term in the 
right-hand side of (1A.3I) : 

(N - g(N, N')N')(g(L, L'))L(tT X )b'tT X ' 



g(L,L') 2 

L{txx){0 + b-yib^b'trx'iN - N') 3 L(trx)9'b'trx'(N - N') 3 

g(L, L') 2 + g(L, L') 2 

, ( X ~ x')L(tT X )b'tT X '(N - N') 2 



(A.9) 



g(L,U) 2 

Finally, ( 1A.3j> . (1A.5j) and ( 1A.9|) imply, schematically: 

(N -g(N,N')N')(h) (A.10) 
N(L(trx))b'trx'(N - N') 2 f{L(ti X ))b'ti X '{N - N') 
g(L, U) + g(L, L') 

L(tT X )f(b'tTx')(N - N') L{txx){0 + b~ l f(b))b'tix\N - N'f 



+ 



g(L,L>) g(L, L') 2 

L(txx)d'b'tTx'(N - N') 3 (x - x')L(trx)b'trx'(N - N') 2 



4 g(L,U) 2 ' g(L, L') 2 

We consider the term multiplied by ft, in the right-hand side of AA.2D . Using (|A.8[) , we 
have schematically: 

tr0 - g(iV, N')tr9' - 6(N' - g(N, N')N, N' - g(N, N')N) (A. 11) 

-g(N, N')b-\N' - g(N, N')N)(b) 

+ l- 8 g^N N N') 2 ( m ~ g(iV ' N ' )N '> N ~ g(iV ' NW) 
-g(N, N')6(N' - g(N, N')N, N' - g(N, N')N)^ 
= X ~ x' + 0(N - N') + 6\N - N') + b-yitfiN - N'). 
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Thus, in view of (1XTT]) . f[Q|) . flA~T0]) and (lA~TTj) we obtain: 

Bf// = 2-* [ [ HF^^F^iu'XiuX'^dudu'dM, (A.12) 

with the tensor on A4 given, schematically, by: 

^ = 1 f N(L(tT X ))tTx'(N-N') 2 | y(L(tr X ))tr X '(iV-iV') 



>,(N } N>yy g(L,L') g(L,L') 

L(tTx)b'~ 1 f'(b'trx')(N - N') L(trx)(0 + b- 1 f(b))trx'(N - A') 3 

L(tr X )fl'tr X '(A ~ A') 3 (x - xq^trxjtrx^iV - A') 2 , . 

+ g(L,L>)* + g(L,L') 2 (A - 13) 

+ (x ~ X' + 0(N - A') + 0'(A - A') + r^(6)(iV - a')) • 
Recall the identities flOU]) and fl83T]) : 

cr(N - N' N - N') 

g(L, L ) = -1 + g(iV, A') and 1 - g(iV, A) = ^ ^ L 

We may thus expand: 

and 



(1 - g(N, N>y)g(L, V) ' g(L, L>) (1 - g(N, N>y)g(L, L' f 
in the same fashion than f)8.33p . and we obtain, schematically: 

H = , 1 JTcJ i N - N "X( N '- N "'X) (A.14) 

where the tensors Hi, H2 and if 3 on M. are given by: 

#! = iV(L(tr X ))tr X ', (A.15) 

H 2 = y(L(tr X ))tr X ' + L(tr X )6'- 1 y / (6 / tr X / ) + ^(trx)Wtrx , (A.16) 
+ (6 + 6' + b- 1 f(bj) L(trx)tr X ', 

and: 

# 3 = (X-X')£(trx)trx , ) (A.17) 
and where explicit real coefficients such that the series 

^ ^ c pq% p y q 

p,q>o 

has radius of convergence 1. In view of flA.121) . flA.14[) . (jA.15j) . flA.161) and (1A.17I) . we 
obtain the decomposition flCTj) ([H35D QH3SD flH5ZD (USED dH3SD fl830l) of B^J' 1 . This 
concludes the proof of Lemma 18.71 
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B Proof of Lemma 18.8 



Recall from ( I8.43P that -Bj'*'*; 2 is given by: 



/ .VI </S 2 xS 2 g(-^) ^' 



We integrate by parts in S^,' 2 m using (17.137P with 



trxyj-'(trx') . . 

" = g(L,L0 ' (B1) 



We obtain: 



B'i 1 / (b.2) 



-0(iV - g(iV, iV')iV, iV' - g(iV, iV')iV) - g(iV, N')b-\N' - g(N, N')N)(b) 
+ 1 2 -^N N N'A 9 ' {N ~ g(iV ' iY ' )iV/ ' ^ ~ g(iV ' 



—g(N, N')6(N' - g{N, N')N, N 1 - g{N, N')N) ) ) // 
x Fj r _i(u) Fj^iu)^ (u))tf (uj')dudu'dM . 



Next, we compute the term (JV-g(JV, N')N'){h). Proceeding as in ([Q]) . f lA3|) . ( jOjl 
and OA.lOp . we obtain schematically: 

(N-g(N,N')N'){h) (B.3) 
iV(trx)6'L / (trx')(^ - iV') 2 y(trx)& , I/(trx')(iV' - W) 
g(L, Z/) + g(L, l7) 

trxy'(6 / L / (trx / ))(iV - iV') trx(0 + ^ 1 y(6))& , L , (trx')(A r - N') 3 



tr X 0W(tr X ')(iV-iV') 3 , (% - x')trx^(tr X ')(iV - iV') 2 



+ 



g (L,L') 2 

Thus, in view of ART]) . f|B~2|) . (TB73|) and f OTTTj) we obtain: 



R i,i,i,i _ o-2j 



I [ HFj^i^Fj^iu'Xicu^'iu^dcodco'dM, (B.4) 
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with the tensor H on M. given, schematically, by: 

H = 1 ( N(tix)L'(tTx')(N-N>y | f(tr X )L'(tT X ')(N-N' 



l-g(N,N>y\ g(L,L') g(L,U) 

tixb , ~ 1 f'{l/L'(tTx')){N - N') tvxje + b- l f{b))L'{tr X '){N - N>) 3 

g(L,L>) + g(L,L>y 

tr X 6'L'(tr X ')(N-N') 3 , ( X - X ')tT X L'(tx X ')(N - N') 2 



g(L,L') 2 g(L,L>y 
+ (x~x' + 0{N - N') + 9'(N - N') + 6-^(6) (N - N'^j . 

Proceeding in the same fashion than (IA.14I) . we obtain, schematically: 

* = jw^f- (E c » {w^t\f (w^t\i) (a5) 

x [Hx + -H 2 + -H 3 

V \N V -N U ,\ \N V -N V ,\ 2 3 

where the tensors Hi, H 2 and H 3 on M. are given by: 

Hi = N(tx X )L'(tr X '), (B.6) 

H 2 = f(ti X )L\tT X ')+ti X b'-y(b'L\tT X '))+tT X (9)L\tT X ') (B.7) 
+ (0 + 6' + r 1 y(6))tr X L'(tr X '), 

and: 

H 3 = ( X - X ')tv X L'(tx X '), (B.8) 
and where c pq are explicit real coefficients such that the series 

P,9>0 



has radius of convergence 1. In view of flB.4j) . flB.5|) . flB.6j) . (IB.7|) and flB.8|) . we obtain the 



decomposition f lSTSTj) (RTS2j) <gM> <KMf <gM> (jSHSD flSSfl of B^p. This concludes 
the proof of Lemma \~ 



C Proof of Lemma 18.13 



Recall from ( I8.95P that B^'^, x m is given by: 



B)^ tl , m = -12-1- 1 ! [ — 1— (L(P,tr X )P m tr X ' + P,tr X L'(P m tr X ')) 
x(r x - 6 ,_1 g(iV, N'^F^ii^F^u'm^^'iu^dudu'dM. 



257 



We integrate by parts in B-' 2 ' 2 , l m using (I7.136P with 



3v 



L(Ptr X )P m tr X ' + Ptr X P(P m tr X ') (b 1 - b) 

ft =" soo ■ < G1 > 



B £'Lm ( C - 2 ) 



We obtain: 

j,u,f',l,m 



= -I- 23 ' 1 [ [ : 4^ AI „ 2 (V - g(iV, N>)N)(h) + (trff - g(N, N')tr9 
-&{N - g(N, N')N', N - g(JV, N')N') - g(N, N')b'~ l (N - g(N, N')N')(b') 

+ i- g g(^!ivV ( g(iv/ ~ g(iv ' N ' )N ' N ' ~ g(iv ' N ' )N) 

-g{N, N')6'{N - g(N, N')N', N - g(N, N^N'f^Jh 

x Fj-i (u)F j: -1 (u')rf(uj)rf' (u')dudu'dM . 

Next, we compute the term (A/ 7 — g(N, N')N)(h). We have: 

(N'-g{N,N')N){h) (C.3) 
V^-g( j v,7V07v(^(Pztrx))P m tr X / (y - b) L(P ; tr X )(iV / - gW iV / )iV)(P m trx / )(6 / - 6) 

, (iV'-g(iV,iV')iV)(P i trx)L'(P m trx')(& , -&) , Ptr X V^_ gW ^ )iV (^(P m trx , ))(& / - 6) 



g(^^) g(£,£') 
(N> - g(N, N')N)(g(L, L')) (L(P,tr X )P m tr X ' + P*tr X L'(P w tr X ')) (&' - &) 



g(L,P) 2 

Decomposing AT' - g(JV, N')N on AT' and N - g(N, N')N', we have: 

N' — g(N, N')N = (1 — g(A^, N') 2 )N' - g(N, AT) (AT - g(iV, AT') A 7 ') (C.4) 

which yields schematically for the second and the fourth term in the right-hand side of 
(jUp: 

L(Ptr X )(iV' - g (iV,iV')iV)(P m trx / )(& / -6) Ftrx^ N'- g (N,N')N(L'(P m tix'))(b' 



S(L,L') g(L, L') 

L{PitTx){N - g{N, N')N'){P m tix'){b' -b) L{P l txx)N'{P m %r X '){b' -b)(N - N'f 



g(L,U) g(L, U) 

PitvxV N - siNiN/)N iL'(P m tTx'W -b) P l tixV N/ (L\P m tT X , ))(b' - b)(N - N'f 



g(L,L') g(L,U) 
where we used the fact that: 

l-g(N,N') 2 = (l+g(N,N'))(l-g(N,N')) = (l+g(N,N') f {N ~ N ' 2 N ~ N,) ~ (N-N 1 ) 2 - 
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Finally, in order to estimate the last term in the right-hand side of (IA.3j) . we need to 
compute (N' - g(N, N')N)(g(L, L')). We have the analog of (tOj) : 



V N ,- g(N , N/)N (g(N,N')) = -(l-g(N,N') 2 )g(b'^Vb\N-g(N,N')N') (C.6) 

-g(N, N')6'(N - g(N, N')N', N - g(N, N')N') 
+6(N' - g(N, N')N, N' - g(N, N')N). 



In view of (1C6|) . ( 1A.7|) and (1A.8j) . we obtain schematically for the last term in the right- 



hand side of (10.3[) : 



(N' - g{N, N')N)(g(L, L')) L(P z trx)P m trx' + PfaxL' {P m tT X ') {V ~ b) 



g(L,L') 2 

L(P,tr X )P m tr X ' + P,tr X L'(P m tr X ')W - b)(6' + V^f^V) + 6){N - N'f 



g(L,L>y 

(X' - X) (L(P,tr X )P m tr X ' + P,tr X L'(P m tr X ')) (&' -b){N- N'f 



g(L,L'f 

Finally, (IC.3p . ( 10.5j) and (1C.7P imply, schematically: 



(C.7) 



(N'-g{N,N')N){h) (C.8) 
V^- g ( j v,7VQiv(^(P/trx))P m tr^(6 / - b) (N' - g(N, N^N^P^L'jP^x'fb' - b) 
S(L,L') g(L, L') 

L(P,tr X )(iV - g(iV, N')N'){P m txx'){b' -6) L(P ; tr X )iV'(P m trx')(&' - 6)(iV - iV') 2 



i 3 itrxV JV _ g(W ^(L / (P m trx'))(6' " &) P/tr X V iV '(^(^ m trx , ))(^ - &)(W - W') 2 



g(L,L>) g(L,L>) 
(L(P ; tr X )P m tr X ' + P,tr Xj L'(P m trx')) (&' - + 6'" Y(&') + 0)(iV - iV') 3 
+ g(^,^) 2 

(X' - X) (L(P^tr X )P m tr X ' + P,tr X L'(P m tr X ')) ip' - b){N - N'f 

We consider the term multiplied by h in the right-hand side of (IC.2I) . Using (IA.8j) . we 
have schematically: 

tr0 - g(N, N')tv9' - 6(N' - g(JV, iV')iV, N' - g(N, N')N) (C.9) 
-g(N, N'^-^N' - g(iV, N')N)(b) 

+ r^N~9r ^' {N ~ g(iV ' iV,)iV, ' N ~ g(iV ' 

-g(iV, N')6(N' - g(iV, iV')iV, AT' - g(N, N')N)^ 
= X~x' + 0(N- N') + 6\N - N') + b" 1 f(b)(N - N'). 
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Thus, in view of (lUl]) . (jU^l . flU^j) and (JU^l) we obtain: 

C;"„„ = 2- 2j / / HFj^F^iu'Xiu^^u^dudu'dM, (CIO) 



</§ 2 x§ 2 

with the tensor H on M. given, schematically, by: 
H 1 



l-g(iV, iV') 2 

" V^-gWivOivC^C^trx))^^^^ - b) (N' - g(N, N^N^P^L'jP^rxW - b) 
g(L,L>) g(P, U) 

L(Ptr X )(iV - g(N, N')N')(P m tT X ')(b' - b) P(P,trx)AT'(P m trx')(&' - 6)(JV - iV') 2 



PitYxVN- s (N,N')N>(L'(Pmtex'))(b' - b) , Ptr X V^ (P'(P m tr X ')) (6' -&)(#- iV') 2 



g(£,£') g(£,#) 

(p(Ptr X )P m tr X / + ptr X P(P m tr X ')) (&' - b){0' + ZT Y (6') + 6){N - N'f 
{X' - X) (L(ptr X )P m tr X ' + ptr X L'(P m tr X ')) (V - b)(N - N') 2 

+ (x - x' + 8(N - N') + 6\N - N') + b~ l f{b){N - N') 

f L(Ptr X )P m tr X ' + Ptr X P(P m trx')) (&' - b) 
x — 



Recall the identities f lOOj) and (jOIjl : 

s(N — N' N - N') 

g(L, P) = -1 + g(iV, JVO and 1 - g(iV, iV') = ^ J i. 

We may thus expand: 

and 



(1 - g(N, iV') 2 )g(P L') ' g(L, P) (1 - g(JV, 7V') 2 )g(P U)' 
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in the same fashion than (I8.33p . and we obtain, schematically: 



\N U - N v , 2 V V Wu ~ N w\J \\N V - N v ,\ 

+ (N' - N)(b' - b) r f{L{PitTx))PmtTX > + y( Pi tr X )L'(P m tr X ') 
g(L,L') z V 

+L(P;trx)y (P m trx ) + Pjtrxy (L (P m trx )) + 7TT7\ 

' X X )iJ/ h) r L(PHx X )Pmtrx' + Pitr X L'(P m trx') 



s (L,L>y 

where the tensors Hi, if 2 on Ai are given by: 

H x = L{m X )N'{P m ^){b' - 6), (C.12) 

and: 



H 2 = \^ + 0' + b- l y{b) + b'-y{b')^L{P l tix)PnMx'+ (C.13) 
and where c pq are explicit real coefficients such that the series 

p,q>o 



has radius of convergence 1. In view of ( IC.lOj) . ( IC.llj) . (1C.12j) . and (1C.13j) . we obtain the 



decomposition fl8^56|) (IH^BTj) (1H^58|) (18T259|) (EMU) (HlQ) of B^ v , l m . This concludes 
the proof of Lemma 18.131 



D Proof of Lemma 18.14 

Recall from (JESSED that B^fm is § iven h T- 



J ' ' " JmJs*x§2 
We integrate by parts in using (I7.137P with 

h = P l tT X b'N'(P m tTx) ip'-b). (D.l) 
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We obtain: 



B)%ff n (D.2) 
~ 2 ~ 2j [ I i H(n Am2 ((N-g(N,N')N')(h)+(tr6-g(N,N')tT6' 
—6(N' - g(N, N')N, N' - g(N, N')N) - g(N, N')b~ 1 (N' - g(N, N')N)(b) 

a . V) r 9 , {N _ g(iV) N , )N ,^ N _ g(iV) N , )Nl) 



l-g(N,N> 

-g{N, N')9(N' - g(N, N')N, N' - g(N, N')N)^ ^ h 

Next, we compute the term (N — g(N, N')N')(h). Proceeding as in (jA.3fl . flA.5[) and 
flA.lOj) . we obtain schematically: 

(N-g(N,N')N')(h) (D.3) 

= b'{l - g{N, iV') 2 )iV(P ^ trx)iV , (P m trx , )(& , - 6) 

+b'(N' - g(N, A^OA r )(P ^ tr X )iV , (P m trx , )(fc , - 6) 

+6'P i tr X y'(iV , (P m trx / ))(&' — b)(N — N') + &V 1 y(&)Pjtrx , A r, (P m tr X , )(A r - N') 
+f(b')P l tTx'N'(P m tT X ')(N - N') + 6'iV(6)P i trx , iV'(P m trx , )(A r - N') 2 . 
Thus, in view of fITXT]) . flTX2|) . (jTT5|) and flATTD we obtain: 

^iv' 3 m = 2- 2j / / ffF i ,_ 1 (u)F i ,_ 1 (t»0^(w)<(cy)dwda/dM, (D.4) 
with the tensor if on M. given, schematically, by: 

H = ! _ g (N, N 'y ( (1 " g( N > N T) N ( P ^x) N \ P ^x')(b' - b) 

+(N' - g(N, iV')iV)(Ptrx)iV , (P m trx , )(fe / - b) + P^xf {N\P m ti X 'W - b)(N - N') 
+b- 1 f(b)P l tr X 'N'(P m ti X ')(N - N') + 6 , - 1 y(6 / )Pztr X , A r, (P ro tr X , )(A r - N') 



+N(b)P l tr X , N'(P m tr X ')(N - N'f + [x ~ x' + 0{N - N') + 6'{N - N') 

+b- 1 f(b)(N - N'^PfrxN'iP^rxW - b) j . 
Proceeding in the same fashion than (I A. 141) . we obtain, schematically: 

H = IN - AT ,12 [ E C ^ f f iv I^.l ) I (D - 5) 



\Nu-Ns\t \ p ^ o m \\N V -N V ,\J \\N V -N V 

>Hl + TTT + P3 
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where the tensors Hi, H 2 and H 3 on A4 are given by: 

H 1 = ( X + + x' + L'ib') + e^tixN'iP^rxW - b), 



(D.6) 



H 2 = P^xfN'iP^ix^ + ifm + fib^PitixN'iP^x'), (D.7) 

and: 

H 3 = jV(6)P,trxJV , (P ro trx'), (D.8) 
and where c pq are explicit real coefficients such that the series 

P,9>0 

has radius of convergence 1. In view of (jD.4j) . (ID. 5j) . (1D.6[) . (ID . 7[) and (1D.8[) . we obtain the 
decomposition f!Q23|) f!Q24j) flQ25|) ( 1Q26D (IQ27D (g32HD (18329]) of B)f^ m . This 
concludes the proof of Lemma 18.141 



E Proof of Lemma 18.15 

,1,2,2,2,1 



Recall from (18. 296ft that B-'J v ) { m is given by: 



□1,2,2,2,1 = _ 2 -2j 
j,v,v',l,m 



(N' - g(N, N')N)(P l ti X )N'(P m tTx')(b' - b) 




xFj-iiu^i^Fj^u')^ (co')dcodu'dM, 
We integrate by parts in Bj' v ' u ; l m using (17. 137ft with 

b(N' - g(N, N')NUP,tix)VN'iP m txxW - b) 

h = *m ' ' ' 



We obtain: 



B)^f (E.2) 



l2 ~' 3 I I 1 TWJ^ \( N ~ N')N')(h) + (trO - g(N, N')tr9' 



—9{N' - g(JV, N')N, N' - g(N, N')N) - g(N, N')^ 1 ^' - g(N, N')N)(b) 
+ 1 ! g g^! )2 - g(iV, N')N>, N - g(iV, iV')iV') 

-g{N, N')6(N' - g(JV, iV')JV, N' - g(JV, N')N)^jh 
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Next, we compute the term (N-g(N, N')N')(h). Proceeding as in f lA~3]) . f TA~5]) . ( QOJ) 
and (lA.lOj) . we obtain schematically: 



(N-g(N,N')N')(h) (E.3) 
N((N' - g(N, N')N)(P l tT X ))N , (P m tTx')(N - N') 
g(L,L>) 

(N' - g(N, N')N)({N' - g(N, N')N){P l tTx))N'(P m tTx') 

&(L,V) 

y(^tr X ))y(jV / (P m tr X Q)(iV - N'f 
g(L,L>) 

^-i-.^A y(P,tr X )iV'(P m tr X ')(iV - N >) 



Next, we evaluate the first two terms of (IE. 3D starting with the first one. We have, 
schematically: 

iV((iV'-g(iV,iV')iV)(P,tr X )) = y(iV'(P z tr X ))(iV-iV')+Vv JV (7V'- g (7v,v')v)(^tr X ). (E.4) 

Using the structure equations for iV (I2.2ip together with the decomposition of N given 
by f )7.140p . we obtain, schematically: 

V N (N' - g(N, N')N) = 9'(N - N') + 6 _1 y(6) + b'~ l f(b'). (E.5) 

Together with (1E.4j) . this yields, schematically: 

N{{N' -g{N,N')N){PM X )) = f{N'{PM X )){N-N') (E.6) 

+ (6'(N - N') + b- l y(b) + 6'~ 1 y(6'))D(P i trx). 

Next, we evaluate the second term in the right-hand side of (IE. 31) . We have, schematically: 

(iV'-g(iV,iV / )iV)((iV'-g(iV,iV / )iV)(P i trx)) = f 2 Pitr X (N - N'f (E.7) 

+^V N ,_ giN:Nl)N (Ni- s (N,N>)N)(Pltex)- 

Using the structure equations for N (12.211) together with (1A.6I) and (1A.7I) . we obtain, 
schematically: 

V N ,- g(N , N , )N (N' - g(iV, N')N) (E.8) 
= Vn'sInwnN' - g(N, N')V N ,- S{N>N , )N N - V N ,. g{N , N/)N (g(N, N'))N 
= (1 - g(JV, N') 2 ) V N ,N' - g(N, N'Wn-xnwN' - g(N, N')6(N' - g(N, N')N, e A )e A 

-((1 - g(N, N') 2 )g(-f log(o'), N) - g(N, N')6'{N - g(N, N')N', N - g(N, N')N') 

+6(N' - g(N, N')N, N' - g(N, N')N))N 
= b'- l f(b')(N-N') 2 + (6 + 6')(N-N'). 

Together with (1E.7j) . this yields, schematically: 

(N 1 - g(N,N')N)((N' - S {N,N')N){Pitix)) (E.9) 
= f 2 Piti X (N - N') 2 + {b'~ l f{b'){N - N') 2 + (0 + 6')(N - N'^fptrx- 
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In view of (jEljl . flR2j) . (El, (lEJ]) . (jETfjl . and fTATTTj) we obtain: 

^ivi = 2 ~ 3j / / HF^F^u'^i^^uyudu'dM, (E.10) 
JmJs 2 xs, 2 

with the tensor .P on .M given, schematically, by: 

1 / f 2 (P l tT X )N , (P m tix , ){N - N'f f{N{P l ti X ))N\P m tix'){N - N'f 

l-g^iV') 2 ^ g(L,L') g(L,L>) 

, ^(P/trxOy'liV'^trx'))^-^ 2 



+ (x + X' + + 9' + 6-^(6) + iT 1 ^*/)) 



x y(Ptr X )iV'(P m tr y ') A _ ^ + (JV - iV') 3 



Proceeding in the same fashion than (IA. 14h . we obtain, schematically: 

x [Hx + -H 2 + -H 3 ) , 

V \N U -N U ,\ \N„-N U ,\ 2 7' 

where the tensors Hi, H 2 and if 3 on M. are given by: 

Hi = y(iV(ptr X ))iV'(P m tr X '), (E.12) 

H 2 = y 2 (Ptr X )iV / (P m tr X / ) + fiPttrx'W'iN'iP^rx'), (E.13) 



and: 



P 3 = (x + x' + + & + 6-^(6) + b'^W^fiP^N'iP^rx'), (E.14) 



and where c pg are explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. In view of flETTOj) . (jElTjl . flETT2l) . flRl~3]) and flRMl) . we obtain 
the decomposition (10301) . (g3HD , flB332J, (|B333J, dH3H, (ET335I) . (1Q46D . (KT537|) of 
Bjvv^im- This concludes the proof of Lemma 18.151 



F Proof of Lemma 18.16 



Recall from (18.4721) that B-'^'J t m is given by: 



Bffi) m = ft'*' 1 [ [ ^(P^r^tr*^ 

JM JS 2 xS 2 



I M J§ 2 x£ 
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We integrate by parts in B 1 m using (I7.136P with 



3v 



h = bLiP^PmtTx'- (F.l) 

We obtain: 

B j]v,v> ,i, m 

= -S- 2 ^ 1 / / b 7j^7^ (V - g(N, N')N)(h) + (tr9> - g(N, N')trd 

-9'{N - g(N, N')N', N - g(N, N')N') - g(N, ^> /_1 (iV - g(N, N')N')(b') 
2z(N N') f 

~* [ ' ■ ■ } — (9(N' - g(N, N')N, N' - g(N, N')N) 



l-g(N,N> 

-g(N, N')9'(N - g(N, N')N', N - g(N, N^N'j^Jh 

x Fj-x^F^u')^^)^' (u')dudu'dM . 
Next, we compute the term (N'-g(N, N')N)(h). Proceeding as in (gT3j) , (ETTj) 



and flC8[) . we obtain schematically: 

(N' -g(N,N')N)(h) (F.3) 
= &y(L(^tr X ))P m tr X (iV - iV') + &L(P,tr X )^ \P m tix)(N - N') 
+bL(P l tix)N>(P m tr X )(N - N'f + ( X - x')^(^tr X )P m tr X 
+ (0 + 0' + 6-^(6) + 6'" 1 y(6 , ))^(^trx)P m trx(AT - TV'). 

Thus, in view of ijFll) . (Q , flR3l) and fjClQil we obtain: 

= 2"* / / FF i ,_ 1 ( W )F i) _ 1 («0^(^)<(^)^^ / ^> (F.4) 

JS 2 x§ 2 

with the tensor on given, schematically, by: 

1 



H 



l-g(N, N') 2 

y(L(P i tr X ))P m tr X (iV - N') + L(P,tax)^(P ro trx)(iV - iV') 
+L(P l tix)N'(P m tTx)(N - N') 2 + ( X - x')L(Piti X )PmtTX 
+ (9 + 9' + b~ l f{b) + b'^fib'^LiP^PmtrxiN - N') 

Proceeding in the same fashion than (10. 1 1 j) . we obtain, schematically: 
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where the tensors Hi,H 2 , H 3 on M. are given by: 

H t = ( X - x')L(Pitrx)P m trx, 



(F.6) 



H 2 = y(L(P i tr X ))P m trx + L(P i tr X )y , (P m trx) (F.7) 
+ (0 + 0' + 6-^(6) + 6'" 1 y(6 / ))L(ptr X )P m trx, 

and: 

tf 3 = L(ptr X )iV'(P m tr X ), (F.8) 
and where c pq are explicit real coefficients such that the series 

has radius of convergence 1. In view of (IF.4p . (1F.5I) . (IF. 6j) . (1F.T|) and (IF. 8j) . we obtain the 
decomposition flQZp ( I5^75|) ( E375]) (15^77]) (jH27gp (|S3ZS1) dS3SDD (15351) of B)ffi] hm . 
This concludes the proof of Lemma 18.161 



G Proof of Lemma 8.17 



Recall from (18. lip that B- uu , lm is given by: 

b- 1 



d2 

j,v,v' ,l,m 



i2 ~° 1 I "TPTa I (S(N, N') - l)ptr X iV'(P m tr X ') + ( tr X - 8 - 8 
-(1 - g(JV, A/ ))(5 - 2C 7V _ g{iV)i v 0JV , 



r ,(L,L') 



x 



Ptr X P m tr X ' Fj{u)F jt ^(u')^(u)^' (u')dudu'dM. 



Together with the identity (I8.30P : 



;(L,L') = -l + g(N,N') 



we obtain: 



R 2 

j,v,i>' ,l,m 



M JS 2 xS 2 



;(L,L 



^ ( tr X - 8 - 8' - (1 - g(iV, AT')) 5 ' - 2C;_ gWiV , )iV , 



X^V - g(iV, iV')iV', JV - g(iV, jVQiV' 
g(A^) 



PtrxP m trx' 



+r 1 P ^ trxiV'(P m trx , ) 



Fji^Fj^iu'WiuX'iu^dujdu'dM. 
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We integrate by parts in B-' V 'J t m using (I7.137P with 



k = ^^^X-5-5'-(l-g(N,N'))5'-2C N ^ (N , N/w (G.l) 

X '(N - g(N, N')N', N - g(N, N')N') \ p ^ 
7i— ptt PitrxP m trx + b PitrxN {P m trx ). 



We obtain: 



" 2 ^7 / i ^aF /va2 f - ^'W CO + (trfl - g(iV, iV')trfl' 
—9(N' - g(N, N')N, N' - g(JV, N')N) - g(N, N')b~ 1 (N' - g(N, N')N)(b) 

+ i- g g(iv!ivV (^ ,(iv ~ g(iv ' ^ w ^ ~ g(iv ' 



-g(iV, N')6{N' - g(iV, iV')iV, JV' - g{N, N')N)j j h 

Next, we compute the term (N — g(N, N')N')(h). Using the structure equation for iV 
f !2.2ip . we have, schematically: 

V N-g(N,N')N' 

N - g(N, N')V N _ s{N>N r )N ,N' - V N - e(N , N , w (g(N, N'))N' 
= (1 - g(N, N') 2 )V N N - g(N, N')V N ,- S(N>N , )N N - g(N, N')9'(N - g(N, N')N', e A ,)e A , 

-((1 - g(N, N') 2 )g(-f\og(b), N') - g(N, N')6(N' - g(N, N')N, N 1 - g(N, N')N) 

+6'(N - g(N, N')N', N - g(JV, N')N'))N' 
= -(1 - g(JV, N') 2 )f log(6) - g(N, N')0(N' - g(N, N')N, e A )e A 

-g(N, N')6'(N - g(N, N')N', e A ,)e A , + (1 - g(JV, N'f) V^_ gWW hg(b)N' 

+g(N, N')6(N' - g(N, N')N, N' - g(N, N')N)N' 

-6'(N - g(N, N')N', N - g(N, N')N')N', 

which we rewrite schematically as: 
Vn-bwMN - g(N, N')N') = (6- 6')(N - N') + (6 + 6 f + b^fty)) (N - N') 2 . (G.3) 
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Proceeding as in (1A.3[) . (IA.5j) . (1A.9|) and (lA.lOj) . and using (lG.3p . we obtain schematically: 



(N-g(N,N')N')(h) (G.4) 
= (x + S + X' + ? + C(N - AT')) -^TJT) (fPMxP m tT X \N - N') 

+P l tT X fP m trx'(N - N') + iV(P / trx)P m tr X , (iV - iV') 2 ) + (f(x)(N - N') 

+f(5)(N - N') + D,v(x)(iV - N') 2 + N(5)(N - N') 2 + f'{ X '){N - N') 
+f(5)(N - N') + f((')(N - N') 2 + b'-y(b')(N -N') + ( x + 5 + x' + 5' 

+('(N - N'))(9 -6' +(6 + 6' + 6- 1 y(6))(iV - N'))) -JL-P^xPnMx' 

+ (1 - g(N, AO^CPtrxMPntrx') + b'(N' - g(N, iV')iV)(^trx)iV(P w tr X / ) 
+(N - N')b'P t tTxf'(N'(P m tT X ')) + (N- iV> / - 1 y / (6 / )PtrxiV , (P m trx , )• 

Thus, in view of (jGTTp . ( lGT2|) . (T0~4j) . (EO]) and flATTT]) we obtain: 

^ Am = 2- J W / / HF^i^F^u'XiuX'iuyudu'dM, (G.5) 
with the tensor P on .M given, schematically, by: 

i- g (^o a ( ( x + 7 + x ' + ~ 5 ' + C(N " *°) (^ tr * p - tr *'^ - ^ 

+Ptr X y'P m tr X / (iV - iV') + iy(ptrx)P m trx'(iV - iV') 2 ) + (^(x)(iV - N') 

+f(5)(N - N') + B N (x)(N - N') 2 + N(S)(N - N') 2 + f'{ X '){N - N') 
+f{t){N - N') + f((')(N - N') 2 + b'- l y(b')(N - N') + ( x + 5 + X ' + $ 

+('{N - N')){ X -x' + (0 + 0' + r 1 y(6))(iV - N'^—t—PMxPmtrx' 

+ (1 - g (iV,iV') 2 )6'iV(ptrx)iV / (P m trx / ) + (JV' - g(N, iV')iV)(ptrx)iV(P m trx') 

+ (iV - iVOPtrxy^iV^P^rx')) + - A^^Y (O^X^mtrx') 
Proceeding in the same fashion than (1A.14I) . we obtain, schematically: 



P 



\N v -N v ,\\^ pq \\N u -N v ,\) \\N V -N V 
X {\N„ -NA* Hl + \N„ -N^ Hi + \N V - NA HZ + HA 

where the tensors Hi, P2, P3 and P4 on M. are given by: 

Hi = { X - X'KX + S + X' + 5')PtrxP m trx', (G.7) 
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H 2 = (x + S + x' + S'XfPitTxPmtrx' + Pitvxf'Pmtrx') (G.8) 
+ (f(x) + f(S) + f'(x') + f'(S) + 

+(x + s + x' + f)(e + 0' + b-yib)) + { x - x')C)PfrxPmtex', 



H 3 = ( X + 5 + x' + ^NiPt^Pntrx + C'(^tr X P m tr X / + PfrxT 'P m tr X ')(G.9) 
+ (d jv ( X ) + iV(5) + y'(C') + C'(0 + 9' + 6-^(6))) P,trxP m trx', 

and: 

tf 4 = Ptrxy'WP^rx')) + 6 / " 1 y'(6 / )^trxiV , (P m trx') ) (G.10) 
and where explicit real coefficients such that the series 

p,q>o 

has radius of convergence 1. In view of (jG3]l . (103]) . (JGTTj), dGHJ), (ES§ and (iGTTOl) . we 
obtain the decomposition (gSZBD ( 18329]) (gSSOD (1833T]) (18332]) (18333]) (18334]) (183T5]) 
(183361) (18337]) (18338]) (18339]) (18340]) (1834T]) (18342]) of B\ v v , l m . This concludes the 
proof of Lemma 18.171 



H Proof of Lemma 18.18 



Recall from (I8.596[) that ^2 m<[ Bf^ u , l m is given by: 



j,v,V ,t,r 



V B 2.2 2 - 2j f f (N' - g(N, N')N)(P l tr X )N'(P <l trx') 

^ W' m JmLx* l-g(N,N>y 



(H.l) 



We integrate by parts using (I7.137P with 

W(N' - g(N, iV / )iV)(ptrx)iV(P<,trx / ) 
l-g{N,N') 2 

We obtain: 

B jiy,i,m ( H - 2 ) 

m<l 

= -i2~ 3j [ [ : * ^ ((N-g(N,N')N')(h)+(tr9-g(N,N')tr9' 



+T 



9(N' - g(N, N')N, N 1 - g(N, N')N) - g(N, iV')6 _1 (iV' - g(N, N')N)(b) 

2S K^nT 2 ( 6 ' {N ~ g(iV ' N ' )N '' N ~ g(iV ' N ' )N ' ] 



-g(N, N')0(N' - g(N, N')N, N' - g(N, N')N) ) ) h 
xF^^F^iu'^^^'^dudu'dM. 
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Next, we compute the term (N — g(N, N')N')(h). Using the structure equation for iV 
(I2.2ip . we have, schematically: 

Vn(N' - g(N, N')N) = 6 _1 y(6) + b'^f (b') + (N - N')9'. (H.3) 



Proceeding as in (IA.3j) . ( 1A.5|) . (I A . 9 1) and (IA. lOj) . and using (IG.3j) and flH. 3[) . we obtain 
schematically: 

(N-g(N,N')N')(h) (H.4) 

^' ' ' -^2^2/73. \ A r' (-D ±„„J\ , I AT AT>\3 



(N - N'YT (PitTx)N'(P^tTx') + (N- iV / )T(iV(^trx))iV / (P<ztrx / ) 



l-g(N, N') 2 

+ (N - N') 2 f(P l tr X )fN'(P< l trx') + ( (N - N')(0 - 9') 



+{N - N') 2 {6 + 6' + b- l f{b) + 6'~Y(6')) + (N — N') 3 {6 + 6' + N(b)) ) V(P,trx)JV / (P<,trx') 



+ (i- g (iv,iV0T ( (iV ~ ~ ^ + (iV " I nP^xWiP^trx'). 

Thus, in view of flrTTj) . (jlOl . pL4|l . f lA~8|) and flATTj) we obtain: 



m<l 



J2 B f,l>^ = 2- 31 / iTF^^F^CtO^H^C^^^dM, (H.5) 



with the tensor on Ai given, schematically, by: 

H = (1 _ N , )2)2 ((N - N'ftiPi^xWiP^) + {N- N') 3 f(N(P l tTx))N'(P< l tTx') 
+(N - N'ffiPitTxWN'iP^tTx') + ((N - N')( X - x') 



+{N - N'f{6 + & + b~ x f{b) + b'^fib')) + {N- N') 3 (9 + 9' + N(b)) ) V(Pjtrx)JV / (P<,trx') 



+ (l-g(iV,iV0 2 ) 3 ( - iV') 3 (x - X') + - Wb-yib) J KPtr X )iV'(P< i tr X '). 
Proceeding in the same fashion than (1A.14I) . we obtain, schematically: 



\N U -N V ,\ 2 \N V -N„ 

(N> - g(N, iV')iV)(Ptrx)iV(P m trx , ) 



+iV(Ptr X )iV / (P m trx / ) + 



i-g(N,N>y 
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where the tensors Hi, H 2 and H 3 on A4 are given by: 

H x =ix~ X , )V(P i tr X )iV'(P< i tr X / ), 



(H.7) 



H 2 = f^P^N'iP^tix^ + fiPi^f'N'iP^tix') (H.8) 
+ (6 + 6' + 6-^(6) + 6 , " 1 y , (6 , ))V(P i tr X )iV , (P< i trx / ), 

and: 

H 3 = y(iV(ptrx))iV'(P< i trx / ) + (0 + & + N (b))V (P^x) N' (P^ti X ') , (H.9) 
and where c pg are explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. In view of (1H.5H . (1H.6[) . (IH.7j) . (1H.8|) and (1H.9[) . we obtain 
the decomposition (183971) fl8398|) (183991) (18300]) fl830TD (183021) (18303]) (183041) (18305]) 
°f E m <i Bj'vv 1 1 m- This concludes the proof of Lemma 18. 181 



I Proof of Lemma 19.1 



Recall from fl£2} that 52(«,m)/2 m " i a.'")<2i[i/-^|<2»"a.'n) ^w',«,m is given by: 

^ ^ ■^•j,i',i/ / ,i,m 
(Z,m) /2 min ( i - m ) <2^ [i/— i/' | <2 max ('. m ) 

P> 2 ,|^| tr x(^-g(iV,iV')iV')(P< 2 ,|^|tr X ') 



-i2" 




x P j (u)F i ,_i(u')»^(w)»3|j' (oo')dujduj'dM . 
We integrate by parts in X](/, m )/2™( ; > m )<2J>-^|<2 max ( i . m ) A?>,fV,m using 07.143P with 

66'P >2J> _ i/ |tr X (iV - g(JV, iV')iV')(P< 2J> _ i/ |tr X ') 

" = = • (L1) 



We obtain: 



(Z,m) /2 min ( ! < m ) <2J | j/— i/ 7 1 <2 max ( ! > m ) 

- 2_2J / / -7t4v (^(>0 + ^Xh -Sh- th - (1 - g(iV, N'))8'h 

_ xXjV - g(iV, jVQiV^ iV - g(JV, iV')iV') 
z W-g(7v,v')v ft g(L,L>) ' 

Fj^F^u'^iu^'iu^dudu'dM. 
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Next, we compute the term L(h). We have: 

bb'L{P >2j \ v _ v ,\tr X ){N - g(N,N')N')(P <2]W _ u ,^) 

m = ^V) = (L3) 

, ^P >2J> _^|tr X L((iV-g(iV,iV')iV')(P< 2J> _^|tr X ')) 



{L{b) + L(bi))P >2]W _ v ,\tT X (N - g(N, jVQiVO(P <2J> _,, | trx / ) 

L(g(L,LQ)6yP >2J> _ l/1 trx(iV-g(iV,iV / )iV / )(P<2 j |^|trx / ) 

g(L,L') 2 

Decomposing L on P, N' and — g(iV, N')N', we have: 

L = L' + {N- g(N, N')N') + {g(N, N') - 1)N', (1.4) 

which yields schematically for the derivative in the second term in the right-hand side of 
O: ' 

L((iV-g(iV,iV / )iV / )(P< 2J> ^|tr X / )) (1-5) 
= L'((W-g(iV,jVOiVO(P<tf| v _^ 

+ (g(iV, iV') - 1)N'({N - g(7V, iy')iV)(P< 2J> -^|tr X ')) 
= (N - N')f(L'(P^ w _ u/l ti X ')) + [L',N- g(N,N')N'](P< 2 j W _ ull trx') 

+(N - N') 2 f 2 {P< 23W „ v ,\tTx')) + Vv JV _ g(iV , JV , )JV ,(7v-g(iv,7V')^)( P <2,| ^ ,-,'|trx , ) 

+ (N - N') 3 f'(N'(P^ w _ vl] tT X ')) + (N- N') 2 [N', N - g(N, N')N'](P^ w _ vll tr X '), 

where we used in the last inequality the fact that, schematically, 1 — g(iV, N') = (N — N') 2 . 
Next, we compute the two commutators in the right-hand side of (II. 51) . Using the structure 
equation for iV (I2.2ip . we have, schematically: 

[N' , N - g{N, N')N'} = b~ x f{b) + b'~ l f{b') + {N- N'){6 + 6'). (1.6) 

Also, using the fact that L = T + N,L' = T + N' and g(L, 11) = -1 + g(JV, N'), we have: 

[L',N-g(N,N')N'} = [L',L- S (N,N')L' + (g(N,N')-l)T] 

= [L', L] - L'(g(L, L'))N' + (g(iV, N') - 1) [L', T] 

which together with the Ricci equations (I2.17P implies, schematically: 

[L',N- g(N, N')N'} = -6L + t L' + (N - N') ( X + X + e + e) 

+ {N - N') 2 (( + ( + 5 + n- 1 Vn + 6~' + X ). 

Using the analog of (17.451) (17.461) for — 5L + 5 P, we finally obtain, schematically: 

[L',N -g(N,N')N'} = (N- N')( X + X ' + e + e' + 6 + 6' + n~ 1 Vn) (1.7) 

+ (N - N') 2 (k + n~ l Vn + X + Q. 
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Now, in view of ( lG.3p . (II. 5p . ( II. 6 P and (II. 7p . we obtain, schematically: 

L((iV - g(N,N')N')(P^ w _ ull tT X ')) (1.8) 
= (JV - N')f{L'{P<v\v-v>\tex!)) + (N- N'ff\P mv _ v ,^)) 
+{N - N'ffiN'iP^-^trx')) 

+(N -N')( X + x' + t + e' + 5 + 5' + n- 1 Vn)y(P< 2J> _ i/ |tr X ') 

+(N - N') 2 (k + n- l Wn + 9 + 9' + b^fty) + b'~ l f{b') + X + C)V(P< 2J> _^|trx')- 



Also, in view of (17.149)) . we have, schematically: 

L(g(L, L')) = (N- N') 2 (5 + 5' + n~ l Wn + x ') + (N - N'fC- (L9) 
Finally, (TE3|) . Oil and (JHH) yield, schematically: 



L(h) 



(1.10) 



66'(iV - iV , )^( J P>2,|,-,'|trx)y / (P< 2 ,>-,'|trx') 



+66 , P >23 >-,'|trxUiV - iV / )y(L / (P< 2J> _ l/ |tr X ')) + (N - N r ) 2 f\p< 2 ^ u ,^) 
+(N - Nff'iN'iP^^tvx')) 

+{N - N'){ X + x' + e + e' + S + 5' + n^Vw + L(6) + L'(tf))y(P< a ,| I/ _ 1 ,|trx') 
+(iV - N'f{k + n^Vn + 9 + 0' + 6 _1 y(6) + b'~ l f{b') + x + C 



+V^(6'))V(P< 2J> _^|tr X ') 

((iV - N') 3 (5 + 5' + n- l Wn + X ') + (N - N')X') bb> 'P^u-w^xf '(P^w-w^x') 

g(L,L') 2 



We consider the term multiplied by h in the right-hand side of (II. 2 j) . We have schemat- 
ically: 



trx - 5 - 5 - (1 - g(JV, iV'))5' - 2&_ gWm , 
x'(iV - g(JV, N')N', N - g(N, N')N') 
g(L,L') 

X + S + t + (N-NX+ ( (T r * ■ 



(1.11) 



Thus, in view of (pj, OJ, (ITT0|) and ( iLTTj) we obtain: 



(l,m) /2 min ( i ' m ) <2-? [l/— I/' | < 2 max(I,m) 

2- 2j / / HF^i^Fj^u'Xicu^^cuycudcu'dM, 

JmJS 2 xS 2 



(1.12) 
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with the tensor H on M. given, schematically, by: 
1 



H 



(N - N')L(P >23lu _ u/l tT X )f'(P< v \u-u'\tTx') 

+P>xWbx({N - N')f(L'(P^ w _ ull ti X ')) + (N- N') 2 f\p< 2JW ^,\tYx r ) 
+{N - N'Yf(N'(P< 2 i lv _ ull tTx')) 

+ (N - N')(x + x' + e + e' + 5 + 5' + n^Vn + L(b) + L'{b'))y{P<v ]v _ v ,\tvx!) 
+(N - N'f{k + n^Vn + 9 + 9' + b^ffi) + b'~ l f(b') +X + C + C 



+V A r'(6 / ))V(P<2,>-,'|trx / ) 
((N - N') 3 (6 + 5' + n^Vn + x!) + (N - N')X') P>2^\trxf(P<^-u'\tr X ') 



g(L,L') 3 

Recall the identities f lOOj) and (jOIjl : 

g(L, L') = -1 + g(iV, iV') and 1 - g(iV, iV') 
We may thus expand: 



l(N — N', N — N') 



and 



1 



g(L,L') 2 g(L,L') 3 
in the same fashion than f)8.33p . and we obtain, schematically: 



H 



\p,q>0 



AT — A 7 ,, \ p / iV' - AT,./ 



r#2 + 



where the tensors Hi, H 2 and if 3 on .M are given by: 

Hi = P>v\u-u^xf{N\P^ w ^tix')) 



\N V - N v , 
H 3 Y 



(1.13) 



(1.14) 



and: 



H 2 = P >2 3\u~vi\trx{y'\P<2^-v<\t^) + (k + n- l Vn + 9 + 9' (1.15) 
+b~ 1 f(b) + b'- l f'(b') + X + C + C + V^(&'))V(P< 2J> -^|tr X ')) , 



H 3 = L(P >2 j\ v _s { tT X )tf(P<2j\ V -S\tTX!)+P>2t\v-^ 

+(x + x' + e + e' + 5 + 5' + rT l Vn + L{b) + L\b'))f{P mv _ v ,\tYx!)\ , 
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and where c pq are explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. In view of (11.121) . fjl. 13|) . fll. 14[) . ( 1I.15P and (II.16p . we obtain 

the decomposition (E3J dS3D ®M (TO (EZD (ESD dMD §LM CP ( EED dM) fICTj) 

(EEDofE (/,m)/2 min ('> m )<2J|^-j/'|<2 max ( i ' m ) This concludes the proof of Lemma [9JJ 



J Proof of Lemma 110.1 



Recall from (110. 2p that Aj )V y t i >m is given by: 

, _. Q _ i / /• P/trxf,V-g(..V...V')..V)(.P„,tr A M 



*-j,l>,v' ,l,m 

xFj^F^^u 1 )^^)^' {J)dujduj'dM. 
We integrate by parts using (17.137P with 

WPfrxjN - g(N, N')N')(P m ti X ') nn 

We obtain: 

Aj,v,v',\,m (J-2) 
- 2_2J 7 / i Jr v N*\* \ {N ~ g(iV ' ^'W W + ftrg - g(iV, iV')trfl' 

JmJ&x& i - g{N,N'y y V 

—9(N' - g(N, N')N, N' - g(JV, N')N) - g(N, iV')6 _1 (iV' - g(iV, N')N)(b) 
2g(N,N') 



^ (V(iV - g(iV, iV')iV, iV - g(JV, iV')iV') 



l-g(N,N> 

—g(N, N')6(N' - g(N, N')N, N' - g(JV, JV')iV) ) ) 
Next, we compute the term (N-g(N, N')N')(h). Proceeding as in ( EOj) . f lX5|) . ( EJ) 
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and OA.lOp . and using (lG.3p . we obtain schematically: 

(N-g(N,N')N')(h) (J.3) 
W ( 

= g j rj ^ I (N' - g(N, N )N)(PitTx)(N - g(N, N')N')(P m ti X ') 
+P l tT X f' 2 P m (tTx')(N - g(N, N')N', N - g(N, N')N') 

+ (1 - g(N, AT') 2 )jV(^tr X )(iV - g(N, N')N')(P m ti X ') + (N - N>)(9 - e^Pfrxf (P m tix') 
+ (N - N'f{9 + 9' + b~ l V{b) + &'-y(60)^tr X )/(P TO trx') 

+ ^TLf ( (iV " N ' )3{9 " &) + {N ~ N ' )i{9 + 9 ' + ^f^P^xfiPrntrx')- 
Thus, in view of (|XI|) . (1X21) . flX3|) . fTA~8]) and (TATTD we obtain: 



A^,,^ = 2-^' / / HF^i^F^iu'XiuX'i^dudu'dM, (J.4) 



'J v ' '3 

I M JS 2 xS 2 

with the tensor H on M. given, schematically, by: 
H 

= g(L)L/)(1 ^ g(iV;iv02) ({N' - g(iV, N')N){ Pl t,x){N - g(iV, iV')iV')(P m tr X ') 
+P l tT X f 2 P m (tT X ')(N - g(iV, jV')iV', iV - g(JV, N')N') 

+ (1 - g (iV,iV') 2 )iV(P i tr X )(iV - g (iV,iV')iV')(P m tr X / ) + (JV - N')( X - ^)Pfcxf{PmW) 
+(N - N'f{9 + 9' + 6-^(6) + (^Ptrx^iUrx') 

'\3/„, „7\ i / AT AT>\^fa i fl' i U~l\ 



(N - N'Y(x ~ Xl + (N- N')\9 + 9' + b~y(b)) 



g(L,L') 2 (l-g(iV,iV') 2 ) 

XPitTxf(P m tTx')- 

Proceeding in the same fashion than (I A. 141) . we obtain, schematically: 

(N' - g(N, N'WjPfrxKN - g(N, N')N')(P m tT X ') 

g(L,L')(l-g(iV,iV0 2 ) 

Pttixf'PmjtTx'^N - g(N, N')N', N - g(N, N')N>) 

g(L,L')(l-g(iV,iV') 2 ) 
, NiPtrxW - g(N,N')N')(P m tT X ') 
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where the tensors Hi and H 2 on A4 are given by: 

Hi = (x~ x')Pitrxf'(PmtTx'), (J.6) 

and: 

h 2 = {e + e 1 + b- 1 v{b) + b'- l f{b'))p l tixf{P m ^x'), (J.7) 

and where c pq are explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. In view of (IJ.4p . (|J.5p . (1 J.6H and fl J.TD . we obtain the 

decomposition (|Itr3)l fTiTJ^j) ( 11113]) (IHTEj) (jTU7|l (1103]) (gDSD fTTirTU]) of A jjV y >l>m . This 
concludes the proof of Lemma 1 10. 1L 



K Proof of Lemma 110.4 



Recall from (110. 2p that A vv , lm is given by: 

A i 2 _2, f f Pttrxf'Pm^x'W - g(N, N')N>, N - g(N, N')N>) 

j ' v ' <l ' m JmUx* g(L,L')(l-g(iV,iV') 2 ) 

We integrate by parts using (I7.137P with 

bb'PMxf 2 P m ^x'){N - gjN, N')N>, N - g(N, N')N>) 

g(L,L')(l-g(iV,iV') 2 ) ' 1 • } 

We obtain: 

■ -« 2 " 3i / / 1 /vrm ( ~ N')N'){h) + (trg - g(iV, iV')trg' 

-9(N' - g(N, N')N, N' - g(N, N')N) - g(N, iV')6 _1 (JV' - g(iV, N')N)(b) 

+ i- g g^o 2 ( e ' {N " g(iV ' * ~ g(iV ' 

-g(iV, N')6(N' - g(N, N')N, N' - g(N, N')N)^j ^ h 
xFj^i^Fj^iu'^i^tf'iuj^dujduj'dM. 
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Next, we compute the term (N-g(N, N')N')(h). Proceeding as in ( EOj) . f lX3|) . ( QOJ) 
and (lA.lOj) . and using flG. 3|) . we obtain schematically: 



(N-g(N,N')N')(h) (K.3) 

— — — | (N - N'ffiPMxW^Pm^) 

g(L,L')(l-g(N,N') 2 ) y ' ^ V ' V rn AJ 

+ (N - A^A^trx^V^rx') + (N — N'fP^xf^iPnMx') 

+ ({N - N'f{9 - 9') + (N - N') 3 (9 + 9' + rV^) + b'- l f(b')) s )P l tTxf\PmteX ! ) \ 



W 



g(L,L')(l-g(N,N')*) \g(L,L') l-g(iV,iV') 2 
+(N - N') 5 (9 + 9' + b~ l f(b))\ Pfrxf^Pm^). 
Thus, in view of pCli) . pOjl . fHOjl . CO]) and (lATTj) we obtain: 



(AT - jV') 4 (# - 



4^7,™ = / / HF^F^u'XiujX (u')dudu'dM, (K.4) 
with the tensor PT on M. given, schematically, by: 

H = g( L, m - g( ^ ^ ( (iV - ^) 3 y(^)r a ( w) 

+ (iV - iV0 4 iV(P,trx)/ 2 (Pmtrx') + (A" — Ar / ) 3 P/tr X y 7/3 (P m tr X / ) 
+ ((JV - iV') 2 ( X - XO + - ^) 3 (^ + ^ + &" l V(&) + 6'- 1 y'(&')))^tr X y ,2 (P m tr X ') 



g(L,L')(l-g(iV,iV') 2 ) 2 Vg(A^) l-g(AT,AT') 
+ (iV - iV') 5 (fl + 0' + b~ l f(b)) jptr X y' 2 (P m tr X ')- 
Proceeding in the same fashion than flA. 14[) . we obtain, schematically: 

H = iiv^W(s«v.(]|^tT)'(i^^r) ) (K5) 

where the tensors Pi, H 2 and P3 on .M are given by: 

Hi = {x- x')Pitrxf\P m tTX r ), (K.6) 
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H 2 = f(PltX X )f (Prntix') + PltTxf (PrrMx') (K.7) 

+ (6 + 9' + b- l V(b) + b'-yib'Wtrxf^Pmtrx'), 

and: 

H 3 = iV(^tr X )y ,2 (P m tr X '), (K.8) 
and where explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. In view of (lK.4p . flK.5[) . (IK.6j) . ( \K.7\i and (1K.8[) . we obtain the 
decomposition (jTU^jl m^\> (jH| ( ITI07|I (nTT2"gj) flHEZS) f lHOUD fTTimD of A)^ V m . 
This concludes the proof of Lemma 110.41 



L Proof of Lemma 10.5 



Recall from (II 0.641) that A 2 uu , lm is given by: 

f [ (N' - g^AQiVXPtrxXiV - g(N,N')N')(P m (tTx')) 
ImUxW g(L,L')(l-g(N,N') 2 ) 



A 2 = ?~ 2j 

j,u,v' ,l,m 



x Fj _i {u')rf(u))rf' (co')dudu'dM, 

We integrate by parts in A 2 vu , lm using ( I7.143P with 

_ W(N'-g(N,N')N)(P l tTx)(N-g(N,N')N')(P m (tix')) 

g(L,L')(l-g(iV,iV') 2 ) ' 1 • ] 

We obtain: 

= " i2_3j 7 / - 7 ^f^)+trx/ i -^-^-(l-g(AT ) iV'))^ 

- g(iV, A^g, N - g(N, N')N') \ 

^N-g(N,N')N' n g(L,L') J 

FjiujFj^u')^)^' Xu')dudu'dM. (L.2) 

Next, we compute the term L(h). We have: 

66'L((iV' - g(iV, jVQiV)(P f trx))(iV - g(iV, N')N')(P m ti X ') n 
W ~ g(L,L')(l-g(iV,iV') 2 ) (L - 3) 

, ta'(iV' - g(N, JVO^)(^trx)L((JV - g(iV, N')N f ){P m tT X ')) 



g(L,L')(l-g(N,N') 2 ) 
(L(b) + £(&')) (iV - g(AT, jV')iV)(ptrx)(iV - g(iV, A^'K^rx') 



;(L,L')(l-g(iV,iV') 2 ) 



1 1 

+ 



x 



(L,L') l-g(iV,iV') 2 , 
L(g(L,L'))bb'(N' - g (iV,iVOiV)(ptrx)(iV - g(N, N')N')(P m tix') 
g(L,L')(l-g(N,N') 2 ) 
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In view of (JL7]), we have, schematically: 



L((iV'-g(iV,iV')iV)(P,tr X )) (L.4) 
(N - AT')y(L(P z trx)) + (N - N')( X + X' + e + e' + S + S' + n^Vn^Pfcx) 
+(N - N')\k + n^Vn + X + C)V(Pitrx). 



(L.5) 



Next, recall from (II. 81) that we have, schematically: 
L((iV-g(iV,iV')iV / )(P m tr X / )) 



(iV - iV')y(L'(P m tr X ')) + (iV - N') 2 f\p m tT X ')) 
+ (N-N') 3 f(N'(P m tr X ')) 

+(N - W)(x + X + e + e + 5 + 5' + n^Vn^P^) 

+{N - N'f{k + n^Vn + 9 + 9' + b^ffi) + &'~Y(6') + X + C)V(P m trx')- 



Also, in view of (I7.149p . we have, schematically: 

L(g(L, L')) = (N - N') 2 (5 + 5' + n~ l Vn + X ') + (N - N') 3 ('. (L.6) 
Finally, (TO]) . (jPj) . (1Q1) and (TO]) yield, schematically: 



;(L,L')(l-g(iV,iV') 2 ) 



66'(iV - N'fy^tixW (P m tr X ') 



(L.7) 



+66'y(Ptr X ) (V - iV') 2 y(L'(P m tr X ')) + - iV')Y 2 (P m tix') 
+ (iV-iV / )T(^ / (P m tr X ')) 

+(JV - N')\x + X' + e + e' + 5 + $ + " _1 V?i + L(6) + L'(&0M^m tr x') 
+(JV - N') 3 (k + n- x Vn + 9 + 9' + b^f^b) + b'^f'ib') + X + ( 



+V N >{b'))V{P m tr X ') 



1 1 
- I 77 + 



+ &&V(P*trx)^(P m trx')(iV - iV') 3 (£: + n _1 Vn + x + 



x 



g(L,L') l-g(N,N')\ 
((N - N')\S + S' + n~ l Vn + X ') + (N - N') 5 (') bb'f{P l tr X )f'{P m trx') 



g(L,L')(l-g(iV,iV') 2 ) 
Thus, in view of ( HIT]) . (IP]) . (jLTfjl and ( ITTTj) we obtain: 



4 2 = 9~ 3 - 7 

j,u,i>' ,l,m 




M JS 2 xS 2 



HFj^i^F^iu'MiooM'iuj^dujduj'dM, (L.8) 
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with the tensor H on M. given, schematically, by: 

1 



H 



;(L,L') 2 (l-g(iV,iV') 2 ) 



(N - N'YfiL^tTxWiPm^) 



+f(Pitr X ) ((N - N') 2 f(L'(P m tr X ')) + (N - N') 3 f 2 (P m tr X ') 
+ (N-N') 4 f'(N'(P m tr X ')) 

+ (N - N'f{ X + X f + e + e' + 5 + 5' + n~ l Vn + L(b) + L'(b'))f(P m tT X ') 
+(N - N') 3 (k + n^Vn + 9 + 9' + b^fib) + 6'" Y(6') +X + C + C 



+V N .{b'))V{P m tr X ') 



+ V(P l ti X )f{P m tY X ')(N - N'f{k + n~ l Vn + X + () 



+ 



x 



+ 



1 



(L, U) l-g(N,N')\ 
((N - N')\5 + 5' + rr x Vn + X ') + (N - N'f(') f(Pitr X )f'(P m tr X ') 



g(L,L') 2 (l-g(iV,iV') 2 ) 
Recall the identities ( ET30j) and (|EE5Ij» : 

g(L, L') = -l + g(N, N') and 1 - g(iV, N') 



r(N-N',N-N') 



We may thus expand: 
1 



and 



g(L, L') 2 (l - g(N, iV') 2 ) ' g(L, L'f{l - g(JV, N'Y) g(L, L') 2 (l - g(N, iV') 2 ) 2 
in the same fashion than (I8.33p . and we obtain, schematically: 



H 



N-N v \ p ( N' — N v i 



x ( #1 + 1 ^ r ^2 + ... - H r . 



(L.9) 



where the tensors ifi, if 2 and H 3 on .M are given by: 

H x = f{PM X )f{N\P m tT X ')), 

H 2 = f(P l tr X )f\P m tr X ')+ [k + n- l Vn + 9 + 9' 



(L.10) 



(L.ll) 



and: 



+b' 1 f(b) + b'-y'(b') + X + ( + (' + V N ,(b')j V(P,tr X )V(P m tr X '), 



H 3 = f(L(P l ti X ))f\P m tT X r ) + f(P l tr X )(f\L\P m ti X r )) 



(L.12) 



+(X + X' + e + e' + ^ + 5' + » Vn + L(6) + L' (b'))J (P m tT X ') 
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and where c pq are explicit real coefficients such that the series 

p,g>o 

has radius of convergence 1. In view of (IL.8p . (IL.9p . (IL.lOp . ( IL.lip and (IL.12p . we obtain 
the decomposition <MM\> <MM\> f fTUTBTD (UTTo^) ffTTOD ffTTTTOl <M7T\> f TUTT^ <^MM 
(dEHD (HnHSD fmr76|) (jin777|) of Aj^,^. This concludes the proof of Lemma fT031 
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